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PREFACE 


'T’HIS book is based on a series of lectures given at the Osmania 

University, and is meant for those students who are taking 
up the subject for the first time. While there is no lack of good 
books either on the popular or on the advanced side, there is 
ample scope for books giving a mathematical introduction to the 
beginner, presenting the fundamental principles in the light of 
their historical development and working out the mathematical 
theory as fully as possible. 

A knowledge of only the elements of classical dynamics and 
electrodynamics as well as of vector analysis, is assumed on the 
part of the reader. In order to make the book independent of 
other works, a brief account of the special theory of relativity 
and of the general theory of Hamiltonian dynamics is included 
in the first two chapters. 

Only the periodic phenomena arc considered in this first 
volume, and a few easy applications capable of illustrating the 
general principles are also discussed. It is intended to present 
the transformation theory, quantum statistics, theory of aperiodic 
phenomena, quaternionic mechanics, field theory and higher appli- 
cations in a second volume. 

For further study of the subject, the reader is referred to 
the original papers and treatises, a list of which is given in the 
bibliography. 

I am very much grateful to my respected teacher Professor 
W. Heisenberg, who went through the manuscript with me, and 
made many valuable suggestions. I am also indebted to my 
friend Professor N. R. Sen for much helpfiU discussion. 


Hyderabad'-Deccan, 
April 1937. 


Raziuddin Siddiqi. 
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Chapter I. 

THE THEORY OF RELATIVITY. 

1 •!. The Michelson-Morley Experiment. 

The starting point of the relativity theory was the experiment 
of Michelson and Morley in 1887 to measure the speed of the earth’s 
motion through the ether by means of sending light signals simul- 
taneously in two directions at right angles to each other, and 
measuring the times they take to come back to their starting point, 
after they are reflected at equal distances. 

Suppose the velocity of the light signals is c, and that of the 
earth through the ether is «. Suppose also that the earth is 
moving from east to west. 

TB 


1 |A 

O u <- 


Let O be the starting point of the signals, and let OA be any 
distance d towards east, and OB an equal distance d towards north ; 
and let there be two mirrors at A and B as shown, at which the 
light signals arc reflected. The earth is moving in the direction 
shown b}^ the arrow. The signal along OA will have the velocity 

c + w, and therefore the time it will take to reach A will be — 

c + u 

While coming back, its velocity will be c — w, and the time spent 
in arriving at O will be — ^ • Thus the whole time from O to A 

C w 

and back to O is 


d , d _ 2 cd 

c + w c — u 



( 1 ) 


Consider next the signal to OB and back, and suppose it 
takes time to do the whole journey. During this time when 
the signal arrives back to O, the whole apparatus would have 
moved a distance w /2 westwards. Therefore, during the outward 
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journey alone, the distance travelled by the apparatus is half, i.e.. 


B 


i 


\ 


\ 


\] 


B' 


d 


O 


Thus the actual path of the signal is the hypotenuse OB. So 
OB = 

This distance is traversed with the velocity c in time ^ 2 * so that 
^ c/2 = j 

which gives, on squaring and solving for / 2 ^ : 

2 ^ 

^ c* — W* "" ^ ^ 

i.e., 





( 2 ) 


. . . u 

Thus it IS evident that /^ = 5 ^ /g unless '- = 0. The difterence 

c 

h ^ai if observed, would give us the value u of the earth's velocity 
through the ether. But when Michelson and Morley performed 
their experiment, they got the completely unexpected result that 
both the signals arrive at O at the same time, i.e., /i== / 2 . The 
experiment was performed at all times of the year, and with very 
delicate instruments, but the result was consistently the same, 
viz., /i=/ 2 . And this in spite of the fact that neither u is zero, 
nor c is ©o. 

To explain this surprising result, Fitz Gerald and H. A. Lorentz, 
independently in 1892, suggested that the distance OA in the 
direction of the earth's motion contracts automatically, whereas 
the distance OB in the direction at right angles to the direction 
of the earth's motion remains unaltered. Thus the signal along 
OA and back, which has to travel a shorter distance, makes the 
journey to and fro in the same time as the signal along OB and 
back. 

If we accept this hypothesis, we can calculate the contrac- 
tion factor very easily. 
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Suppose the length OA is shortened to where k is the 

kd 

contraction factor. Then the journey OA takes the time — - , 

kd 

and the journey AO takes the time Thus the whole journey 

to and fro occupies the time, 


^ Jkd kd_ _ 2M 
^ c + u ^ c — u c 


0 ~?) 


(3) 


If ti = /j, then equating the right-hand sides of (2) and (3) we get 

k 1 

1/2 


1 






or 




(4) 


Thus, according to Titz Gerald and lyorentz, if a body is travelling 
through ether with a velocity u, each unit of length in the direction 


of its motion is contracted to k - 






where c is the 


velocity of light. This is called the Fitz Gerald-Forentz contrac- 
tion, and it cx]dains the Michelson-Morley experiment. But the 
contraction itself remained a puzzle, until Einstein published his 
theory of relativity in 1905. 


1 • 2. Einstein* s Postulates. 

From the failure of the Michelson-Morley experiment, and 
all other experiments of the same kind, Einstein argued that no 
experiment can ever detect the earth's speed through the ether. 
He went a step further, and proclaimed that Nature itself does 
not know of any motion of the earth through the ether. There 
is no such thing as absolute motion ; all movements in Nature 
are relative. Consequently, all axes of co-ordinates, or ** frames 
of reference", as they are now called, moving with the various 
observers, have the same status. The physical laws should, 
therefore, be independent of the motion of the observer.* At 
first Einstein confined himself to uniform motions of translation 
only, and put forward the special, or restricted, theory of rela- 
tivity. Eater, in 1915, he generalised his theory to embrace any 
kind of accelerated motion. 

The problem, therefore, which Einstein set himself was. 

How must the Laws of Nature be framed in order that it may 
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be impossible to. make an essential distinction between two 
systems which are in relative motion." 

This idea is found to a certain extent in Newtonian mechanics 
also. Consider, e.g., a system of particles mj,. ., moving 
under their mutual attractions. 

Let (Xr, yr, Hr) be the coordinates of the particle in a co- 
ordinate system K, and let denote the distance between the 
first and the second particle. The potential (j> of the system will 
then be a function of r^, f’ta 

The equations of motion in the co-ordinate system K will be 

Now we take anotlier co-ordinate system K' {x', y', z') of which 
the origin O moves witli a constant velocity v relative to the system 
K in the direction of the A:-axis. If initially both origins are 
supposed coincident, the distance between them after the lapse 
of time t will be vl, so that the new co-ordinates of the particles 
will become, 

x^ = Xf ““ n/, y, — y,., = z^, (2) 

However, the mutual distance of the particles will remain unaltered, 


so that, 

fia == ( 5 ) 

.Since according to the classical ideas, time is absolute, we 
have t' = t, and the c(|uations of motion in K' are given by 


where 


il*x; b<l>' , 

<f) “ ^ * ^13 t ‘ ^23 > * * ')» 


(4) 

( 5 ) 


showing that the new equations of motion (4) arc of the same 
form as the old equations of motion (1). 

The transformation (2) is called the “ Galilean-transforma- 
tion ”, and we have seen that from the point of view of mechanics 
the two co-ordinate systems K and K' connected by the relation 
(2) arc equivalent. But they arc not equivalent for every pheno- 
menon of nature. We shall give an example from electromagnetic 
phenomena to show that two co-ordinate systems connected by 
a Galilean-transformation arc not equivalent. 

Suppose a material point A lies at rest at the origin O in a 
co-ordinate system K, and sends at time < = 0 a short light signal 
in all directions. 
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At a subsequent time i the points which receive the signal 
lie on a sphere whose equation is given by : 

+^2 ^ 0 . ( 6 ) 

Suppose there are two more material points B and C which 
lie on a line through A parallel to the Af-axis, and at equal distances 
from it on either side. 

B A C 

The material points B and C are also at rest in K, and will receive 
the signal simultaneously, i,e., for the same value of t. 

Now relative to the system K', the material points A, B, C 
have the velocity v parallel to CB. The two origins O and O' 
coincide initially, so that in the system K' the light signal is sent 
at time — 0 from the material point A at O'. After time 
all the points which receive the signal will lie on the sphere, 

^'2 . j _ 2'2 ~ 0 . ( 7 ) 

Meanwhile A would have travelled a distance vt' from the 
origin O', so that the signal will arrive at C earlier than at B. 



B A 6' C 

'riiere is no real value of for which the two points B and C will 
lie on the sphere (7). Thus wc see that two events which are 
simultaneous in the system K are not simultaneous in the 
system K'. 

Kinslein was thus led to the conclusion that the classical 
notion of an absolute universal time cannot be retained. Each 
observer in relative motion has his own special or “ local " time, 
as it is called, which depends on his motion. We must find, 
therefore, a transformation connecting the co-ordinates of the 
two systems K and K', which is capable of replacing the Galilean- 
transformation. Such a transfoimation was first discovered by 
lyorentz in 1904 on electromagnetic grounds. But its true signi- 
ficance was recognised later (1005) by Einstein who derived it 
on broad principles which revolutionized the then prevalent 
philosophy of space, time and motion. 

Based on the experiments of Michelson and Morley, Trouton 
and Noble, and others, Einstein put forward the following two 
fundamental postulates, called the " Postulate of Relativity " 
and the ** Postulate of the Constancy of the Velocity of Eight". 
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The PosMaie of Relativity, — It is impossible by any physical 
measurement to trace an essential distinction between any two 
co-ordinate systems which are in uniform relative motion to each 
other. 

The Postulate of the Constancy of the Velocity of Light . — ^The 
velocity of light is constant in all directions, and in all co-ordinate 
systems which are in uniform relative motion to each other. 

In the next section we shall derive the lyorentz-transforma- 
tion, using these two postulates. 

1*3. The Lorentz-Transformation. 

Let the two frames of reference be K with the co-ordinates 
of space and time t, and K'with the co-ordinates x\y\ z\ t* . 

We assume the two origins to be coincident initially, i.e.y to the 
world-point x — y^ z = ^ — 0 in K corresponds the world-point 
X* y' = z* ^ t' 0 in K'. 

We assume further that the corresponding co-ordinate axes 
in both frames are parallel and that K' moves with uniform 
velocity v relative to K in the direction of the x-axis. This 
restriction to uniform translation is characteristic of the special 
theory of relativity, with which alone we shall be concerned in 
this book. The consideration of any kind of accelerated motion 
is the standpoint of the **Gencrar' Theory of Relativity. 

Thus we assume that each point of K' moves with the uniform 
velocity v relative to K, and that, inversely, each point of K 
moves with the uniform velocity ( — v) relative to K' ; that v is 
parallel to the ;^-axis and that the ^if-axis and the :^'-axis are 
always coincident. 

Now it must be taken as an obvious law of Nature that no 
one point in any frame should have privileged position, but 
that all points of space and moments of time should have the 
same status. This means that finite values of co-ordinates in 
K mjist remain finite in K' also. Further, it is evident that to 
uniform and straight motions in K must correspond uniform and 
straight motions in K'. All this makes it necessary that our 
equations of transformation must be linear. For, if the equations 
were non-linear, the origin will have a physically privileged posi- 
tion in at least one of the two frames. Besides, the uniform 
and straight character of the motion will not be preserved. 
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The coincidence of the x-oxis and the A?'-axis -is only then 
possible when from y = 0, 0, we gety'= 0, 0. Therefore, 

the transformation for y and z must be of the form 
y'=ay+Pz, z' = yy+8z, 

where a, j5, y, 8 may depend on the velocity v. But pure rotations 
in space are inessential, and therefore we assume that the x-y 
plane {z =0) transforms into the x'-y^ plane (/=0). Thus y 
can depend only onjy and z* can depend only on z, so that 
y' =€ {v) y, z' = €' (v) z. 

But motion takes place in the x direction only, so that the 
y- and jj-directions being both at right angles to it have 
equal status. € and c' must therefore be equal, and the trans- 
formations for y and z become 

y' = e (t;) y, 5 ;' = € {v) z. (1) 

We can show further that € is equal to unity. In fact, it 
is clear that e {v) = € { — v), because it is immaterial for the 
y- and ;?-directions whether K' moves relative to K in the 
direction of the positive A;-axis or the negative A;-axis. 

Now since inversely K moves with velocity ( — v) relative to 
K', the inverse transformation should be 

y=€ (~’V)y', (- v) z\ 

or, on account of e (t;) = € ( — v) , 

y ==€ (v) y , z {v) z\ (2) 

From (1), however, we get for the inverse transformation 


Comparing (2) and (31 we get 
1 


Z = “pr Z' 
€{V) 


{V) 


= e {v), or e (v) = 1. 


Thus the transformations for y and z are finally 

y' =y , z' — z. 


( 3 ) 

( 4 ) 

( 5 ) 


It remains for us to determine the transformation for * and t. 
By hypothesis, the point x' =0 must move with velocity v along 
the positive A:-axis, i.e., *' = 0 must be identical with x = vt. 
Similarly x = 0 must be equivalent to *' = — vt'. The required 
transformation must therefore have the form ; 


x' = y' {x — vt), 
X = y {x' + vt'). 


( 6 ) 
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It is easily seen that y' must be equal to y, if the relativity 
postulate is to hold. For, suppose an observer S' in K' measures 
the length of a rod which is at rest in K, and which has a length 
I as measured by an observer S in K. Then suppose the rod 
moves with K', and its length is measured by S. According 
to the relativity postulate the two measurements must give the 
same length. 

In the first measurement the two ends of the rod are given 
by a; = 0 and x = I in K. In K' these two points have at time 


/' == 0 the co-ordinates a;' = 0 and a;' = - /. For S' the rod has 

y 

therefore the length so that a unit rod will have the length ^ • 

Now in the second measurement the rod is at rest in K', and 
its two ends arc given by a?' = 0 and x' == L As measured by S, 

these two points have at / = 0 the co-ordinates a; = 0 and a; = • 


For S the rod has therefore the length - , so that a unit rod will 

y 

have a length • 

By the relativity postulate, therefore, we must have 


y 


= y. 


( 7 ) 


To determine the value of y we use the postulate of the con- 
stancy of the velocity of light. vSuppose a light signal is given 
at origin O at the time ^ = 0, /' = 0, and that it is received at 
a point situated anywhere on the A;-axis. This event would 
be described by S by a relation between x and t, and by S' by a 
relation between x' and In any case we must have, of course, 
X == ct, and x' = c/', because, according to the postulate, c is the 
velocity of light in both systems. Substituting these values in 
the equations (G), we get 

ct' — yt (c — v), 
ct = yt'{c+v). 

Multiplying both sides of these two equations, we find 
cH't\ = yH't — v^), 


or, 


^2 ^2 ^2 _ y 2 



y* 


1 


( 8 ) 
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V‘-3 


where we have taken the positive sign of the square root because 
for v=0, K' must be identical with K. 

From the two equations (6), we can find t' in terms of t and x. 
Thus 


y{x — Vt) ~ y “■ 


so that 


From (6) and (10) we have on account of (9) and (5) 


a: — vt 

-I' 


i — X 


y' 2 ' 


These are the required equations of the Lorcntz-transformation. 
For the inverse transformation we get easily : 


x' + ur , , 

* = /- "" 2 ’ y =y , z = z, 

~ ( 12 ) 

t'+ %x’ 

For the limiting value c -> ©o, the Lorenlz-transformation 
(11) and the Galileaii-transformation (2) §1-2 are identical, as 
we should expect. 

We can see now that the two frames of reference K and K' 
connected by the lyorentz-transformation are equivalent for 
electromagnetic phenomena. We consider the law of propaga- 
tion of light. 
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A spherical w^ve starting from O at time t = 0 has reached 
the spherical surface ** +>«* +2* - = 0, as observed by S. 

The same event must be expressible in K' by the equation 
x'i y’3 + = 0. Now, we have from (11) ; 

= yM« - J'O* - cV (/ - * )* 

= (yV - cY) + 2x/ {y^v - yY- 


But 


c« 

- cY -= - c* {y’“ - '/ J2) = ~ 

so that 

<c'a — cH’'^ — — cV. 

Thus we have finally 

x'i + y'i + z'2 _ cH'^ +y* +z* - cHK (13) 
We get the same result also in the differential form. The 
equation of wave-motion in the frame K is 


« ■ 


4 - 4 - 


1 bf 


) .^ = 0. 


(14) 


This equation is just the mathematical formulation of the law of 
propagation of light in vacuum. If we wish to transform (14) to 
the frame K', we must substitute in the function <f> {x, y, z, () the 
values from (12). Then we have 

d<f> _ ^ <)x_ h<t> M ^ ^ ^ . 

hx' " ^ bx' bt bx' "^bx bt ’ 


n _/ 


+ ’'c* bt 


wt 


V btf>\ 


^ bx^ 


I- 2y» 


V b ^<l> 

c» bxbi 


+ yS • 

c* bt^ ' 


b^(j> _ b^(j> b^<t> . 


b<i> _ b,j> bx b<f> bt ^ H , H . 
bt' “ bx bt' bt bt' ^ bx ^ ^ 


bt 


_ 
bt'^ 


-{^1 +>'L)'^’ 


_ .*» + iy» + y" 1/ 


= y*ua 
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U'<f> 



+ 




I ^ 




i< 


+ y 


2 V® t)V 
Si® 


+ 




2r 


j V 

“ c* bxU ~ 


^ 

c>3.'* 

1 a2<j4 
c- J)/* ■ 


Thus 

□'^ = (/ - 

== Q-^. 


i;*\ . b^<f> 


bx^ J)y 


+ 


{>2® 



yV\ b^(f) 
C^Jbi^ 


The characteristic expression Q(^ for the propagation of light is 
therefore invariant for the Ivorentz-transformation. 


1 • 4. Some Consequences of the Lorentz-Transformation, 


(a) The rule for composition of velocities . — Consider a particle 
moving along the ^i;-axis, whose velocity measured by S is w, 
dx 

so that u Then its velocity measured by S' would be 



y[dx '—_vdt) 
y{dt - I, dx) 


dx 

(it 


1 - 


— V 

V dx 
c‘^ dt 


u — V 


1 - 


uv 


0 ) 


In Newtonian mechanics, if S' is moving with a velocity v, 
relative to S, and if the particle is moving with a velocity « relative 
to S, then the velocity of the particle relative to S' will be simply 
u —V. The theory of relativity increases this velocity to the 
amount given by the expression (1). 

'fhe expression (1) for the composition of two velocities is 
true for all u <c. But if u = c, then 


«' = 



c. 


( 2 ) 


Thus when a particle is moving with the velocity c of light, as 
observed by S, its velocity as observed by S' is also c. The motion 
of the frame of reference of S' has no effect on the velocity of 



12 


The Theory of Relativity 


§ 1-4 


light. This verifies that the Lorentz-transformation equations 
are consistent with the fundamental postulate of the theory, and 
consequently with the results of the Michelson-Morley and other 
experiments. 

(6) Contraction in length . — Let a rigid rod of length be 
fixed in the frame K'. We wish to find its length as measured 
by S. 

Suppose first that the rod lies parallel to the direction Oy'. 
If the two ends of the rod have co-ordinates y^', yi respectively, 
then 

la =yi -yi- 

For the observer S the two ends will have co-ordinates y^, y^ 
respectively, and therefore the length / of the rod as measured by 
S will be 

I =y^ -yj r^-y^ - y/ = (3) 

We see, therefore, that lengths remain unaltered in a direction 
perpendicular to the direction of motion of the body as measured 
by an observer S. 

Suppose now that the rod lies parallel to the direction Ox'. 
As shown in § 1 -3, its length as measured by S would be S • But 

y 

from (7) and (9) § 1-3, we know that 



'I'lms the length I of the rod as measured by S would be 

where k is the contraction factor introduced in (4) § 2-1. This 
proves that each unit of length of the rod in the direction of its 
motion is contracted to k when measured by an observer S. 
Thus the Fitz Gerald-I,orcntz contraction is a natural consequence 
of the relativity theory. 

(c) Dilatation in time— Again let tf and tf be two times 
registered by a clock fixed in the frame of reference K' at the point 
x', and let ti and t^ be the corresponding times registered by a 
clock fixed in K. Then from (12) § 1-3, we have 



( 6 ) 
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Now the interval of time tq as measured by S' is • 

To = , 

and the corresponding interval t as measured by S is 

T = 

But from (6) we get on subtraction 
so that from (7) and (8) we have 



Hence each unit interval of time as registered by a clock 
fixed in K' appears to the observer S to be lengthened to an interval 
y. In other words, a clock moving relatively to the frame K, 
appears to an observer S at rest in K to be going slow. 

It can be proved similarly that rods fixed in K appear to S' 
to be contracted by the same amount, and that clocks fixed in K 
appear to vS' to be going slow. There is thus a complete reciprocity 
between the observers S and S' as regards the contraction in 
length and dilatation in lime. 

1 • 5. The Four-Dimensional Continuum, and the Interval 
hetiveen a pair of Events. 

Elaborating Einstein's ideas, H. Minkowski pointed out 
in 1908 that our external world is composed not of points in 
the Euclidean 3-dimensional space but of events in a 4-dimensional 
space-time continuum". An event can therefore be considered 
to have four co-ordinates {Xi, x^, x^, x^ of which three, say Xi, X 2 , % 3 , 
are space co-ordinates, and the fourth, x^, involves time. 

Let {Xi, X 2 , x^, and {x^ + dx^, x^ + dx^y x^ + dx^, x^ + dx^ 
be the co-ordinates of two neighbouring events in any frame of 
reference. Generalising the idea of distance between two neigh- 
bouring points in Euclidean space, we assume that in the special 
theory of relativity the " interval " between two neighbouring 
events in the 4-dimensional continuum is given by the normal 
quadratic form 


( 7 ) 


( 8 ) 


ds* = dx^ + dx^ + dx^ -f dx^. 


( 1 ) 
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Now consider all the events for which has some constant 
specified value ; these will form a 3-dimensional continuum. 
Since dx^ is zero for every pair of these events, their mutual interval 
is given by writing dxt^ = 0 in (1). Thus 

= dx^ + dx^ + ( 2 ) 

This is the same as the Cartesian formula for the distance 
between two neighbouring points in Euclidean space, with 
^ 1 , ^3 written in place of the usual x, y, z. Thus in general 

we shall have 

d^^ - dx^ + df- -f d7? + dxC-, (3) 

where the co-ordinate x^ involves the time. 

Now in Euclidean geometry, we know that the distance 
between two points is invariant for any change of axes. Similarly, 
in our 4-dimensional geometry we must have the interval between 
two events independent of the transformation from one frame 
of reference to anollier. Our equations of transformations are, 
however, not the Galilean or Cartesian equations, but the Eorentz- 
cquations (11) § 1* 3. As proved in (13) § 1 *3, it is evident that 
the quadratic dirfciential expression which is invariant for the 
lyorcntz-transformations is dx'^ + + dz^ — c^dt^, Tluis the 

invariant interval between a pair of neighbouring events must 
be given by 

^ dx^ + dy^ + dz^ ~ c^di"^. (4) 

Comparing (3) and (4), we see that the fourth co-ordinate x^ 
involves the time ai'cording to the formula 

== id, i = V— 1. (5) 

Thus the four co-ordinates of an event are 

Xi == X, X 2 =y, A'a — Zy Xy ^ icty (6) 

where c denotes the velocity of light in vacuum. 

The formula (4) for the interval is the basis of the whole 
special theory of relativity. 

the ** eigentime — The ** eigentime '' or ** local time*' of a 
body is defined to be the time t shown by the clock which is 
moving with the body. The ordinary time t is measured from 
the system at rest. 

Suppose the body fixed in the frame K', and consequently 
moving with velocity v relative to the frame K. Then the 
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eigentime t is the same which we have called i* hitherto. Let 
two neighbouring events have times t, t + rfr according to the 
clock moving with the body. The frame K gives times t, i di 
for these two events. Now, even if the velocity v is not uniform, 
we can suppose that for small intervals of time it can be approxi- 
mated by a rectilinear and constant velocity. Then we can use 
the results proved for dilatation of time in (c) §1*4, if we write 
dr for To and di for t. Thus 

di = ydr = — (7) 

The observer S finds the time-interval between the two 
events greater than the cigeiitime-interval. 

From (7) we get on squaring, 

d-r^ - vhir-). ( 8 ) 

But the instantaneous velocity v of the body, as measured 
by S, is given by 

, _ dx'^ + rfy® + dz^ 

“ dfi ’ 

or 

t ;2 dr- -= dx^- + dy^ + dz^. (9) 

vSubstituting (9) in (8) wc get : 

dr^ = \ (c^dr- - dx^ - dy^ - dz^). (10) 

C 

The right-hand side of (10) is invariant for the Lorentz-trans- 
formations. The eigentime, therefore, is also invariant. 

1 • 6. Relativistic Mechanics. 

According to Einstein's principle of relativity, all laws of 
Nature must be invariant for the Lorentz-transformations. The 
Newtonian equations of motion do not possess this character 
and must therefore be replaced by others which satisfy the prin- 
ciple. While doing this we must remember that for velocities 
very small compared to the fundamental velocity c, Einstein's 
equations must tend to Newton's equation. 

In Newtonian mechanics, suppose that a particle of mass m, 
moving in a given field of force, is situated at time / at a point 



16 


The Theory of Relativity 


§ 1-6 


(x, y, z). The components of its velocity vector u are {x, y, z)} 

and those of its momentum vector p are 

px = mx, py = my, p^ = mz. (1) 


If F is the Newtonian force-vector, the equations of motion are 

— 1? — I? ^P-? — F (21 

dt dt ~ y dt “ 


Multiplying these equations by u^—x, Uy — ’y, u^— z 
respectively, and adding, we get the energy-equation 

(!*'«) = + Vyiiy -f F,m^), (3) 


showing that the rate of change of kinetic energy is equal to the 
work done by the external forces in unit time. 


1‘0 (1). Mass and Momentum. 

Now in Newtonian mechanics, the mass of a moving body 
is always the same constant however the body may be moving, 
and with reference to whatever frame the mass is measured. 

From the equation (2) § 1 • 6 it is evident further that if F= 0^ 
i.e.y if no external forces are acting on the body, then the momen- 
tum remains also unaltered. 

In building up the relativistic mechanics, we naturally wish 
to take over these laws. But it is found that both these laws are 
not compatible in the new theory. If we assume the law of con- 
servation of momentum to hold, then we are forced to the con- 
clusion that the mass of a body is not invariant, but changes with 
its velocity in a prescribed manner. 

Bet mi be the mass of a body and Wi, Ui its velocity in 
the A:-direction as measured by the two observers S and S' respec- 
tively, where it is assumed, as before, that the frame of reference 
K' is moving with respect to the frame K with the velocity v in 
the •:!i;-direction. 


We write 



1 We shall often denote by dots the total derivatives with respect to time. 
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Then from equation (1), § !• 4 we have 

- V 


111 = 


1 _ 

c* 


( 2 ) 


Therefore 

y yi («i - v) 




t(l‘ 

/-2 


(«1 - I') 


w, — t; 


( 3 ) 


Also from (1) and (2) we get 

y/i/i' = 


Wi — r; 




( 4 ) 


But 


1 - 


so that 


1 - 


1 (Ml - Vf 

«■ (, _ M)- 


c’ (l - (". - >’l’ 

■ '• (- - 7)^“ 


— — 2?/iV + i;*)| 


= 1 - 


Substituting (5) in (4) we get 


yi«i 


M, — V 


( 5 ) 


(6) 


-ji (».’+»•) 

Comparing (6) with (3), wc obtain 

yi'Ui =^yyi{Ui-v), (7) 

Now suppose that there are a number of such particles moving 
in a straight line, subject to the condition that both the mass 
and the momentum are invariant as measured by S, so that we 
have 

Em I = constant, Eniyiti = constant. (8) 

2 V 
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Since y and v Tare also constants, being the same for all the particles, 
therefore from (8) we get 

Emiyv = constant, UntiUiy = constant, 
or subtracting the first equation from the second, 

Em^y {ui — v) = constant, (9) 

where the summation extends over all the particles. 


But from (7) we have 

y(«i - v) 




ri 


Substituting this in (9), we obtain 

27m, = constant. (10) 

Vi 

On the other hand, according to our fundamental hypothesis, 
moment uiii must also be conserved for the observer so that 


Em I til = constant. 
The results (10) and (11) will agree if 


mi 


Vi / -r ^ 

— m/ or if - = - 


ri * 71 

Similarly for all other particles. Thus 


1 

71 


m 


fft 

^ = -^ = an absolute constant 
7i 7i 

= 1^0 (say). 


( 11 ) 

( 12 ) 


so that for every particle, and for any frame of reference, if u is 
the velocity of the particle relative to that frame, then 



showing that the mass of a particle is not constant but increases 
with the velocity. This increase of mass has been verified experi- 
mentally for the cathode rays, and the radioactive ^-rays. 

For a particle at rest, « = 0, and therefore m = Mq. is called 
therefore the ** rest-mass,"' and the Newtonian mechanics is 
characterised by the fact that it always uses the invariant rest- 
mass m© instead of the actual variable mass m. For u very small 
compared to c, this gives a good approximation, but for velocities 
comparable to that of light, as occur in the atomic theory, New- 
tonian mechanics is no longer applicable. 
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1-6 (2). Relativistic Equations of Motion and Energy. 

Newton’s equations of motion (2) §1*G arc taken over in 
the relativity theory, with this difference, however, that the 
mass m of the particle is no longer constant, but changes with 
its velocity according to the law (13) § !• 6 (1). The components 
of momentum are therefore 


■ vr- 

where we have written 


m^y ^ m^z 

I Pz = — : = — * 

VI- Vi - 


^ “ c c 

The relativistic equations of motions are therefore 

dpy -X dpj> 

dt (it ~ ''>'* dt 

or 


1 

If dpz 

di 

^ y dt 

VIqX 

= F^-, etc. 

1 -i3^ 


Multiplying these equations by x, y, z respectively, and adding 
we get corresponding to (3) of § 1-6: 

dt (vi - dt (vi - f) ^ dt ivTzrf)} 

— + Vyy + t'J. 

or 


XX + yy + zz 


I - (1 - l8-)'“ 

But from (2) we have 


n -I- 

= + Vyy + Ri. (4) 


P- = I, (i® +y- 

so that 

+ yy+ ^2). 

Substituting tliis in (1) and remembering that j/-4- 
we get 

-»• + (1 - 
or 

.. iSiSc® {(1 - m B 4 -I- F V 4 - F r 
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or 


Wo 




“a — ^yy 

(1 ^ 

Integrating this equation with respect to time, we get 


(6) 




/ 




(1 - /3^)^ 


dt 


= j* + Vyy + F*i) dt. 


or 

= J 4- f VJz) + A. 
= - V + A, 


where V is the potential energy of the external field, and A is a 
constant. Thus 

f- V = constant. (6) 

Vl - jS* 

On the other hand, if we denote the kinetic energy by T as 
usual, we have the equation of energy 

q' 4- V = constant. (7) 


Comparing (7) with (6) 
be given by 


we see that the kinetic energy T must 


Vr- i8» 


+ A', 


( 8 ) 


where A' is some constant which must be determined. For this 
we remark that if « is very small compared to c, then the kinetic 
energy should be given by Newton’s formula | so that from 
(8) we must get 

§ (1 — 4- A' 

= nioC^ (I 4- 4,8*) + A' 

- + \ 4- A'. 

Thus we obtain 


A' 


- Mfnf". 


and the kinetic energy is given by (8) and (9) : 


T = 




- »«oC* 


Vl - iS* 

WC* — Wfo^* = >Wo)- 


( 9 ) 


( 10 ) 


WqC* is called the “ rest-energy ” or the ” internal energy of consti- 
tution ” of the material point, which is assumed to be possessed 
by the particle at rest. This corresponds to the fact that in 
mechanics only changes of energy are considered, so that the 
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total energy of a system is left vague to the e,xtent of an arbi- 
trary additive constant. We assume, therefore, that this additive 
constant for a particle of rest mass is m^. 

Thus the whole energy of a particle moving freely, i.e., in 
the absence of an external field, is given by 


so that 


E = T + 

= C® (W — Wo) + WjC*, 

Ts , E 

E = me®, or w = -g • 
c 


( 11 ) 


This is the well-known formula of Einstein's giving the inertia 
of energy, and it has been abundantly verified by experiments. 
It is of fundamental importance in the recent developments of 
quantum mechanics given in Chapter VI. The formula (11) 
signifies further that the two fundamental conceptions of mass 
and energy are identical. 


1‘7. Minkowski* $ Four ’■Dimensional Vectors, 


In §1-5, we saw that the external world is a four-dimen- 
sional continuum, in which the four co-ordinates of an event are 
given by 

Xf X2 y t ^3 X = %ct. (1) 

Our equations of motion therefore must have an invariant 
form in this continuum, and must have four components. Thus 
corresponding to the position " four-vector " (short for four- 
dimensional vector, to distinguish it from the ordinary three- 
dimensional vector in Euclidean space), we must have a velocity 
“ four- vector " {u^), with components u^, u^, and a force 
four- vector " (F^) with components Fj, Fg, F 3 , F 4 . We must 
naturally find the significance of the components of these four- 
vectors in terms of the classical quantities. 

Now in classical mechanics, the components Uy, of 
the velocity are given by differentiating the co-ordinates x,^y, 2, 
with respect to the time t : 


dx dy dz 

tix - «* - Jf- ( 2 ) 

In the classical theorj', t is invariant for all systems of co-ordinates. 


But in the relativity theory t is not invariant. However, 
in § 1*5 we have seen that there exists an invariant time, viz., 
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the eigentim6 t, connected with t according to the relation 

dr = - ^ dt = VT-y^ dt, (3) 

where u is the velocity of the particle. To get the components, 
of the velocity four-vector therefore, we must differentiate the 
co-ordinates (1) with respect to the invariant eigentime t. Thus 


11^ = 

dxx 

_ dx 

dt 


Jfr 

dr 

dt 

dr 


Vi 

- 


dx2 _ 

dy 

dt 



Uy 

112 “ 

dr 

dt 

dr 


VI 

— L , 


dXn 

dz 

dt 



'll. 

«3 = 

dr 

dt 

dr 


Vi 


«4 = 

dx^ 

dr 

_ ^ 
~ dt 

(id). 

dt 

dr 

= 

ic 

Vi - 


(4) 


The momentum four-vector [p] is given, in analogy with the 
classical momentum, by multyplying the velocity four-vector 
[m] by the invariant mass jMo ; so that the components of momentum 
are 

IHallx i. _ 

P, = =■- P, = nnu, = 

^ Mjm jt S ^ I II ■ AAA a M 

p3 — WqW-s — y , - C* 


»JoMi = 


» - -0-3 - -u-a 

From equation (11) § 1-6 (2) and the last equation of (5), we find 
that the time component p^ of momentnm is given by 


WlaC 


= unc — 


tme-^ 

c 


( 6 ) 


' ‘ Vi -p 

= 

c 

Thus the four-dimensional form of the equations of motion is 

{r = 1, 2, 3. 4). (7) 

We have now to find the physical significance of the components 
of the force four- vector. On re-introducing the ordinary time t 
from (3), the equations (7) become 


% = 


or, since pr = >»o% 
du, 
di 


m, = F^ VI - {r = 1, 2, 3, 4). 


( 8 ) 
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Substituting for Wj, their values (4), we get . 

d / \ x-^ . ?v» 




Comparing these equations with the equations (3) § 1*0 ( 2 ), 
we see that the first three components of the force four-vector 

(F), and the three components of the Newtonian force-vec'lor 

-> 

F are connected by the relations 

I? = =. Fa = (10) 

Vl - Vl - Vl - ^ ’ 

In order to find the significance of the fourth component 
F 4 , we multipty the equations (7) with and sum from 1 to 4, 
getting, since, p,. 

^ du ^ 

^ x= 1 r = 1 


{2 == 2 


But on account of (4) we have 

,£, i - i >‘ ' " r :'”= 


, = - c^ 


showing that the velocity four-vector has the constant magni- 
tude ic. From (11) we get, therefore, 

4 

2 F^ Ur — 0, 

r= 1 

i.e., on substituting the values of F^, Fj, F, from ( 10 ) and the 
values of Kj, « 2 , M 3 , from (4) • 

+ Fy«<y -f FjMj , I'^fc _ ^ 

“I Vi - p^ ~ 

Thus, we get the required value of F* 

F « == ^ y'/ll'jga 


(13) 
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Now the fourth component of the equation of motion ( 8 ) is 

dt ~ ~~ 

which becomes on writing the value of u^ from (4) and of F 4 
from (13) ; 


^ / »WnC^ 

dt Wi-'J 




+ + Vm.. 


If we remark that . — is just the energy E of the body 

vl — jS® 

as given in (11) § !• 6(2), and that the right-hand side of (14) is the 
work done by the external forces in unit time, then we see that 
(14) is only the expression of the energy theorem. 



Chapter II. 

GENERAIv THEORY OF DYNAMICS. 


2-1. Hamilton's Variation Principle, 

Suppose that (x, y, z) are the Cartesian co-ordinates of a particle, 
and that it is acted upon by a force whose components are X, Y, Z. 

dx 

Eet the components of velocity be denoted by u= 2 ^ = x,v — y, 

w = z, and those of momentum by p^ = mu, py = 7nv, = mi&. 
The kinetic energy of the particle is 

T = J ni {u^ + + xu^), 

so that 

^ ^T ^T ^ ^T ^T ^ hT hT 
dU bx ' bu ~~ by' bX£' bz 


Newton's equations of motion are 

mU = X, mv = Y, mw = Z, 


( 2 ) 


or, 


= X, Py= Y. P, = Z. (3) 

If the external forces are conservative, so that there exists 
a potential energy V, we have 


X = - 


bX 


Y == 


by 


bz 


(4) 


The equations of motion now become 


771U = 


bX 



7nw 



(5) 


Multiplying these equations by u, v, w respectively and adding, 
we get 


m (uii -f vv + ww) 


(hV 


V + 


\bx 

W + V 

by 


(bY 



DY 

\bx 

X + ^ 

by 

y + 

bz 

dY 




dt ■ 





( 6 ) 


Integrating (6) we find 

J m (m* + V® + TO*) + V = constant, 


( 7 ) 
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This is the law of conservation of mechanical energy for forces 
such as gravitational, electric and magnetic, which have a potential, 
and are said to be conservative. 

Let us now compare this motion with a slightly different 
motion in which Newton's laws are not obeyed. In this motion, 
let the co-ordinates of m at the instant i be (x\ y\ xr'), and let the 
components of velocity at the same instant be u\ v\ w\ so that 
dx' 

m' == etc. The co-ordinates of m in the actual motion at 
at 

the same instant t are [x, y, z) as above, and we assume that 
the modified motion differs so little from the actual that x' — x, 
u' -- ti, etc., are very small. This means that if we write 

w == Sw, etc., 

we can neglect higher powers of Sx, Sw, etc. 


If we multiply the equations (5) by 8x, Sy, Sz respectively 
and add, we get 

tn (uSx + vhy + Mz) = - 8:*: + 8y -h ^ 8;:). (8) 

Now, 

g (8,). (9) 


and 





(10) 


From this last equation we see that the operations of differ- 
entiation and of variation 8 are commutative, and we can change 
at 

their order without affecting the result. 


Substituting (10) in (9) we get : 

* “ it C'S*) - '<*“• (“> 


We get similar expressions for v and w. Substituting these 
in (8) we have 

m {ii8x + — {n8ii + v8v 4- 

- - (S' + S + S 
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If the dynamical system consists of a number of particles, 
an equation of this kind is true for each one of them, and at every 
Instant of the motion. It is, moreover true whatever the displaced 
motion may be, provided only that it differs very little from the 
actual motion. Thus for the whole system 

E m 1^- {lihx + vhy + whz) — + vSv + = — 8V. (13) 

In this equation V denotes the potential energy for the whole 
system. Now, 

T = i; J w (»2 + + w2), T' = I- (»'= 4- v'- + 

therefore 

8T = T' - T - 1 Zm {(«'2 - _ ^2) _ ^^,2)} 

= 12 ’ m {{u - 1 - 8/^)2 — u- -[ ( 7 ; + 87 ;)“— -|- {w -\~ 87 ^')“ — la-} 

= E m {uBti + 7;87> + re'Sze’), (14) 

neglecting {Suf, etc. 

Substitxiting this in (13), we get 

2 m (uSx + vSy + xmBz) = S(T - V). (16) 

We write 

L = T -- V. (IG) 

ly is called the I^agrangian function. Equation (15) is true at 
every instant of the motion. We integrate it for any two instants 
of the motion, say from t — to t — ti’. 

f |2 m {uBx + vSy + 7(^80) | dt = f 8ly cU, 

ti ii 

or 

E m [uhx + vSy + ic^8;r) = / 8ly dt. (17) 

-*/i 

The displaced motion has been so far quite arbitrary, except 
for the fact that it was supposed to differ very little from the actual 
motion. We now impose the further restriction that at* times 
ti and the configurations in the displaced motion are the same as 
those in the actual motion. Then we have at instants and 
8x = 8y = 8z = 0 
for all particles. So that 
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( 18 ) 


t2 t2 /2 

/ 81. dt = f (L' Vdt - f IJt 

tx tx ti ti 

t2 

= 8 / IM, 

h 

so that equation (18) becomes 

8 / = 0. (19) 

ti 

This is Hamilton's variation principle. It depends only 
on the kinetic and potential energies of the system and is indepen- 
dent of any co-ordinates. It can be shown that conversely from 
this single equation, we can determine the motion of all the known 
parts of the system as soon as the kinetic and potential energies 
are known. 

Now if we denote the constant total energy of the system 
by E, so that 1% = T + V, then 

= T - V = T - (E - T) = 2 T - E, (20) 

and the equation (19) becomes 

0 = 8/ l.dt = 8 / (2T - E) dt. 

h h 

^2 

But since E is constant 8 f IBdt = 0, so that 

tx 

tz 

8 / 2T^^=0. (21) 

tx 

• tz 

The function S ^ f 2Tdt is called the action of the motion, and 

(21) shows that the action is always an extremum. As a matter 
of fact, for an actual motion, the action is always a minimum, 
and that is why Hamilton's variation principle is also called the 
" principle of least action ", first enunciated by Maupertius in 1744. 
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2 • 2. Lagrange's Equations. ^ 

Suppose we have a dynamical system consisting of material 
particles and rigid bodies, which can move either freely or connected 
in any manner. We need a finite number, say w, of quantities 
to fix a configuration of this system at any time. For instance, 
if a rigid body is rotating about an axis fixed in itself, its configu- 
ration at any time will be determined if we know a single angle 0. 
Similarly, if a particle is moving on a spherical surface, its position 
will be fixed by the two angles 0, <{>. Thus in the first example, 
the Cartesian co-ordinates x, y, z of any point of the body will be 
functions of 0 only, whereas in the second system, the Cartesian 
co-ordinates of the particle will be functions of the two angles 
0 and <l>. Of course, time is the independent variable in both 
systems, on which 0 and ^ depend. 


The variables 0, are called generalised co-ordinates, 
and n is called the degree of freedom Usually we denote 
the generalised co-ordinates by ^ 2 > * • % of them being a 

function of t. Then the Cartesian co-ordinates x, y, z of any particle 
of the system are functions of the q*s, 


X = X (ji, 

so that 


’ * * > 


y 

II 

?«). ^ 

: = 

^ (?: 

dx 



+ 

hX . , 

... + 

hx 


dt 

— 

4i 

si. »> + 


9«. 

dy 

di 

II 

4i 

+ 

• • 

• + 

c)y 

4 III 

dz 

dz 




• + 

dz 


di 


4i 

• • 


4n- 


Thus, we know the velocity of each particle if we know 
x,y. z in terms of q’s and also if we know q^, • • • , q„. These last 
quantities are called the generalised components of velocities. 

The kinetic energy T ~\Em {i* + + z^) is now sqen to 

be a quadratic function of ji, • - q,,, the coefficients being func- 

tions of • • • , q„. The potential energy V depends only on the 
configuration of the system, and is a function olqi, • • • , q„ only. 

Thus the function L, =T —V is a function of ?!,•••, <?„, 9i, • • : 

1/ = 1/ (^1, qn I ?i> ’• *i ?«)• 
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The corresponding function L' in the displaced motion is 
the same function of • • •, q^ + : 

T, ~ Iv ((7l "f" ' ' ' Qn “h ^(/l» * * ’» (?// *4" ^4n)* 

SO that from Taylor's theorem vve have : 

= L= 8q,+ ---+ Sq„ + + • •• + hq„. 


Therefore from Hamilton’s theorem we get 


1 2 


bh 


bh 


1 


0 = / MM = / { ^ ^ i,q^ J hq', I 


But 


hq,. 

,■ = 1 

d . , V d 


( 1 ) 


^ CSO " ~ rf/ ~ di 

Therefore 

'= fL ff ,j, 

c)</^ dt 


/,i 




If we take the displaced motion such that at the times and 
the have the same value, then hqr == 0 both at and t^. Thus 
we have 

/ Sq^dt = - / I Qf) 8?, dt. (2) 


Pr 


^(T - V) _ 


{r - 1, 2,...w) (3) 


/i /i 

Let us wTite 

^T ^ , _ 

H, ^r Hr 

since V does not depend on q^. py is called the generalised momen- 
tum conjugate to the co-ordinate^;.. Then from equations (1), (2) 
and (3) we get : 

I " I If, I " “ 

Since* /i and tz are entirely arbitrary, we have 


, 1 . (!'- 


( 5 ) 


But all the St/'s arc independent, therefore (5) can be true only 
when each of the coefficients separately vanishes, so that 
dp y ^L 


r\ t .. 









§ 2-2 


Lagrange s Equations 


31 


or 


(r = 

Mr 


1 . 2 . 


n). (7) 

of the second order, and 
as functions of time. 


A /m ^ 

di Mr ^ 

These are n differential equations 
they enable us to determine • 

They are called '' Lagrange's Equations 

Supposing that the forces, and therefore the potential func- 
tion V, depend on time as well as on co-ordinates, then the Lagran- 
gian 1/ also depends on /, so that 

L 0- (8) 


It is easily seen that Hamilton's Principle and Lagrange's 
Equations are still true, btrt the mechanical energy is no longer 
conserved. 


2* 3. Hamilton* s Canonical Equations. 

In the last section, we saw that the motion of a dynamical 
system is determined by a system of n differential equations of the 
second order, where n is the number of degrees of freedom of the 
system. We shall see now that tlie motion can also be deter- 
mined by a system of 2n differential equations of the first order 
which can be easily derived from Lagrange’s Equations. 

Wo introduce a function T' defined by 

T' = f p,qr - T ; (1) 

r « 1 

then 


dV 


ft 11 n nY n 

Z p,dq, + E q,dp, - E dq,- E dq,. 

= 1 /■ = 1 ;. = 1 O'?; dqr 


c)T 

But from the definition of py we have py = c . , so that tlic first 

Mr 

and the last sums on the right-hand side cancel out, and we are 
left with 


n ft 

dV == r q,dPy - S dqy, (2) 

r=\ y^ \ ^^r 

which shows that T' is a function of p*s and q*s only. 

Now in Newton's mechanics, T is a homogeneous function of 
the second degree in j's, so that from Euler's well-known theorem 
in Calculus, we have 

" hr . 
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therefore, since pr 


ST 

Hr 


E pHr = 2T ; 
// = 1 

SO that from (1) and (3) wc find 


( 3 ) 


T' = S pHr - T = 2T - T = T. (4) 

r ~ \ 

Equation (4) expresses the fact that T' represents the kinetic 
energy, but whereas T represents the kinetic energy in the vari- 
ables q,., qy, i.e., in co-ordinates and velocities, T' represents the 
kinetic energy in q^ and py, i.e.y in co-ordinates and momenta. 

We define another function H as 


II = T' + V = ^ p,qy - T + V :- 
; == 1 


E 




(5) 


then wc see that H is the total energy expressed in the co-ordinates 
q and the momenta p, so that we can write H = H (/>, q) where 
p stands for all the pi, • • * p^^ and q for all the q^,* •• q^^. This 
function H {p, q) is called the '' Hamiltonian of the dynamical 
system, and we remark again that it represents the total energy 
(kinetic energy + potential energy) expressed as a function of 
co-ordinates and momenta. 

From the equation (2) we see that 


(r = 1, . . n). 


hT ^ bT ^ . 

^qy ^Pr ^ 

Thus Lagrange’s Equations (G) §2*2 may be written 

^Pr ^L ^ 


dt 


<)qy i)qy 


(T' + V) ■-- - . 


( 6 ) 

( 7 ) 


hV 


Also from the second part of (6) we have, since 


= 0 . 


dt 


A(r+v) 

ip, ip, ^ ip. 


Thus we have the system of 2n equations 


a = 

“ dt 


* = _ 1 2 


bU 

Hr 


, (r = 1, 2, • . 


■. m). 


( 8 ) 


( 9 ) 


These are called “ Hamilton’s Canonical Equations ” and they 
depend only on the total energy. With their help we can deter- 
mine the motion of the various parts of the system even if we do 
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not know the actual mechanism such as the i^iteracting forces, 
etc. They represent the simplest form in which the generalised 
dynamical equations can be expressed, and they form the basis 
of various investigations in higher dynamics, astronomy and 
physics. 


2 • 4. Relativistic Lagrangian and Hamiltonian, 

In the previous sections we saw that the Lagrangian function 
L is given by 

L - T ^ V, (1) 

where the kinetic energy T is cxx)ressed as a function of by 

means of the relations 


Pr = 


We have also seen that Newton's equations of motion are 
equivalent to Lagrange's equations 

dp^ _ d rbh\ ^ bh . 

dt dt\bqj bq/ 

Now the relativistic kinetic energy of a particle of rest mass 
vIq, moving with ilic velocity u == fic, is 


( 2 ) 


T = wtoC2 ( l) 

Vvi - js* ) 


( 4 ) 


We wish to express the relativity equations of motion in the 

^T 

Lagrangian form (3). But we find that does not give the 

coriect relativistic momentum p^ — — . We must there- 

Vl - 

fore find another function T* such that 




~ bx ’ 


Vi'-^ 

similarly for the y- and z-components. Then we have : 


( 5 ) 


di V. dx + dy + ^-dz 


bx 


nu 


(xdx + ydy + zdz) 




Vl ~ 

because == = x^ 4- y^ + z^. Integrating, we get : 

T* = + A, 

where A is a constant of integration. Now for a velocity u which 
is ver}^ small compared to c, the function T* must reduce to the 
classical kinetic energy J m^u^. Therefore 

3 F 
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so that. 


. i (I — + A, 

— — + liiigU^ 4- A, 

A = >n„c-. 


Thus the function T* is determined to be 

T* = w!oc^ (1 - vr- 

The relativistic Tagrangian L can now be defined as 

L - T* - V = (1 - Vr-^) - V, 

and then the relativistic Lagrangian equations 

d fhh\ <)L , 


iU Vcia:/ 


are identical with the equations of motion. 

As in Newtonian mechanics, we define the relativistic 
Hamiltonian to be 

II — fyX 4- pyy 4 pzZ — ly 

= z X - 1, — H - X — h. (9) 

t)A; i)x ' 

It can be shown that H still denotes the total energy, i.e., 

the sum of the kinetic and potential energies. 

We have in fact, on account of (5) : 

VA • r r- _ r x. 

- Z ^ ^ 

Vi - ^ >' + ) vi - Vi-i 32 

Therefore, from (9) and (7) and (4) : 

H = zp,x - 1, = - »hc^ (1 - vr:^’) 4- V 

iVT^ - l) + V = T 4- V, (10) 

sliowing that H is the total energy. 

Now from p, - f. = 


we have : 


Px^ + P/ + />/ = p— g? +y^ + z^) = == 1^2- 


«o*c* 1 |8* ~ 1 - )3* 
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Therefore 
1 1 


1 


1_ iga “ +/>/ + />»“) + 1— («'oV +/’/+/’/ +/>,*) 


wc find finally from (10) : 

H =: c + ~py^ + p.} — + V. 


( 11 ) 


With this value of H, the canonical equations of Hamilton : 
dx dpx 

dt hpx dt hx^ ^ ' 

are verified to be identical with the equation of motion. 

2-5. Canonical or Contact Transformations, Cyclic Variables) 
the Hamilton- J acohi Partial Differential Equation. 

Hamilton's canonical equations will determine (r = 1, 

. . . . , m) as functions of t, and of 2n constants of integration. 
These 2n constants can be chosen at will. For example, we can 
take the initial co-ordiantes and initial momenta. 

Now consider the integral 

/ t ^ 

\] =. {S p,qr~ H) dt. 


= 1 


then 
so that 


rfU =pidqi -I- 
C)U 


+ PtA^n ~ 'Hdt, 


Pu 


_ ^ _ _ H 


( 1 ) 

( 2 ) 

( 3 ) 


i>q, ‘‘hql 

From the last equation of (3), we get on substituting for p^ in 

11 (/^i» * ’ * » ' ' * > 0 • 


■f" 11 (^i’ ' ' ■> (7«* ’ ^/7 ' ^) 


. - WI. . -in. V (4) 

The function U defined in (1) satisfies the partial differential equa- 
tion (4) which was given by Jacobi. 

If the Hamiltonian H does not depend explicitly on we have 
seen that the total energy is conserved, and 

H (^'i, • • • , qnt pit • • • t pn) ~ ^ (5) 

The function U then becomes : 

t 

V = J {E P4r - E) = S - E<, ( 6 ) 


where 


t t 

^ — f PAr) dt =f E p,dqr. 

or 


( 7 ) 
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From (7) we, get 

(»'=!, •••.«). (8) 

and then the equation (5) becomes : 

( 9 ) 

Now suppose that the Hamiltonian II does not contain expli- 
citly one of the j*s, say Then from Hamilton's canonical 
equations : 

== ^dt ^ ~ S ^ ^ 

where is a constant independent of time. Such a co-ordinate 
qj, is called a cyclic variable, and p/, is an integral of the equations 
of motion. 

However, if all the are absent from H, we have n integ- 
rals of motion provided by the n momenta : 

/>i = tti, . . . , p„ = a„. (11) 

If further, the Hamiltonian does not contain the time explicitly, 
H is constant, and therefore from the other set of canonical 
equations, w’c get 

qr^ ^ constant = (i^ay), (12) 

so that 

q, +^,, (/ - 1 n), (13) 

In (11) and (13) we possess, tlicrcforc, 2n integrals of motion 
containing the 2w constants a,, 

We remark that the problem of integrating the canonical 
equations of motion is reduced to the following problem : ‘'Replace 
the variables p^, q^ by new variables P,,, Q,., such that they have 
the following two properties : 

(1) they preserve the canonical form of the equations of 
motion ; 

[i) they transform the Hamiltonian into one which does not 
contain Qi, . . Q„ explicitly." 

Suppose that such new variables P,., O,, are obtained by 
means of the transformation : 

~ (Ql> 0,2* • • •* On* • • •» 0* 

Pr ^ Pr (Qi» • • • f Qn* 0- 


(14) 
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We shall determine the condition that tliis transformation 
leaves the canonical form of the equations of motion unaltered, 
that is to say, that the transformation is a " canonical or 
a " contact " transformation. 

Now we have seen that the canonical equations of motion 
are equivalent to Hamilton's variation principle 

t t 

h J [Z p,qr - U) dt ^ ^ J hdl ^ 0. (15) 

or 0 

If we change to new variables Q^, the condition that they are 
canonically conjugate, i.e., that they satisfy the canonical equa- 
tions 


do,. bK d\\ c)K 

'dt ’ dt ' bQ,’ 

where K is the new Hamiltonian 

(10) 

K(Q„ P,, t) =- ll{q,,p,. i). 

would be 

(17) 

8/(i7P,g, -K) dl^Q. 

(18) 


0 r 


From Calculus we know that for each one of these equations 
to be a consequence of the other, it is necessary and siifTicieiit that 

{S P,q, - H) - (Z I’/j. - K) = (19) 

where / is any function of t and the canonical variables. 

That the condition (19) is sufficient can be seen immediately, 
for 

8 / P>qr - H) - (i; - K)} dl^h f f dt = S[/] = 0 (20) 

Q r y 0 at 0 

since the variables do not alter at the end points. 

It can be verified that the condition is also necessary. 

The equation (19) is a relation between the various canonical 
variables, of which any 2 m can be taken as independent. There 
will be four sets of these 2 m independent variables : 

( 9 li • • • 1 > P\> • • • > Pn) > (Ql> • • • > Q« > Pl> • • •> > 

(?!• • • •> 9 «> • • •> ^«) » (Qi> • • •> Q« > pi’ • • •) p!^- 

The most important case is the selection of the variables 

(?1 Px. • • -.P.,)- (21) 
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Then we must consider the equation (19) as an ideiitity in 
qr, Pr, so that we must equate separately the coefficients of each 

qr and P^, as well as the term independent of these. 

Now (19) can be written as : 

r l\. t)^ S pA - K(7,, P„ 1) + 

-f Q.iV-k(9„p.-0 -I- 

= - r Q,iv - Yi[q,, V,, t) -1- (22) 


where P == / + 2* P^ is also an arbitrary function of the 
canonical variables q^, P^, and of t. P'rom (22) we get then : 

1, 2, • • •, n), 
hV 


^ bV „ , 

" bq/ ~ bV/ 


II{q,, P,, t) = K(q,, V,,t) - 


bt 


(23) 


In the particular case when H does not contain t explicitly, 
we can, in general, choose V so that it also does not contain t 
explicitly. The transformation equations (23) therefore become : 


= bf,. Q'- 

Jl{q,. IV) - K( 7 ^, P,). 


•,n); 


(21) 

We see that in this particular case, the Hamiltonian is invariant, 
which is evident since it represents the total energy. 


2*6. Integration of the Canonical Equations. 


In this paragraph we write for Q;, and for P^ in order 
to conform to the usual notation in quantum tliaory. As we 
have seen, in order to integrate the canonical equations, we must 
choose a transformation such that the transformed Hamiltonian 
does not depend on g'l, • • • , q^ and t, but depends only on a^, • • • , a„. 
The transformation equations (23) § 2-5 are now 

pr = {qr, t), Pr = {qr, ^r, 0- (1) 

bV 

H {qr, ar, t) — K(a;.) — — {qr, ar, t\. 


The new canonical equations of Hamilton would become : 



hr — — 


bK 

hpr 


= 0 . 


( 2 ) 
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so that all the a's are constant : 

ctj — ^2> * *■ > * (^) 

and the new Hamiltonian K, being a function of the a's is also 
constant : 

K (tti, • * • , a,^) = Constant = R. (4) 


Thus is also constant, and we find 
oa,. 

(say), (5) 

i.e., 

cd/. + (/ 1, •• *, n). (6) 

Expressions (3) and (6) are the integrals of the canonical 
equations of motion, and they contain the 2n arbitrary constants 
Cj. and 


It remains for us now to determine the transformation 
function F. We set 


1' 0 -1" 0> 
and get on account of K depending on only, 

^ ^F . ^F , cW _ . bU 

bq^ bq/ ba^ ba^^ ba^- ba^ 

From (1), (4) and (8), we obtain therefore 


bq,' 

which is Jacobi's equation. 


yi- M.’ V 


( 7 ) 

( 8 ) 

( 9 ) 


We have consequently the theorem given by Jacobi : "If the 
complete integral U {qv ■ q„. o-i, •• •, o.„, t) of the equation (9) 

has been found which contains the n arbitrary independent con- 
stants a,, • • • , a„, then Hamilton’s canonical equations of motion 
have the 2n integrals : 


C)U , 


A - Pr 


C)U 


=-pr, 1, • ••. -n). (10) 


where Pi, • ■ P„ are new arbitrary constants. 


In the particular case when H does not contain t explicitly, 
the Jacobi equation (9) can be simplified by writing, as in (6) §2.5; 

U=S((7,)-K^ (11) 


so that 


5U 

iqr ^qP U 


P. 


- K. 


( 12 ) 
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Thus (9) becomes 

( 13 ) 

A complete integral of this equation containing n arbitrary 
constants aj, •••, a„ will be S (^i, •••,§’„, B, a^, •••, a„), so 
that the function U in (11) will contain « + 1 constants oi, • • 
a„, E. We write therefore 

K=a„ (14) 


Then 

U= vS {qi, • • •, q„, R, a,. • • •, a„) — K/, B V.t + U = vS {q, a), (15) 
so that from (10) 

== n . . . 

^a2 ^a2 


, ^>s _ c)U _C)S . 

<)B ' i)a^~ ' ha,, 


-P,.- ( 16 ) 


The (m — 1) equations ‘ ~ P,t give the form of 

h s 

the orbit, and the equation ^ ^ gives the time at 

which the system has a certain position in the orbit. 


We have also 








('' - 1. 


•, «)• 


(17) 


If orthogonal co-ordinates are used, the function H {p^, qr) 
contains the py as squares only, so that the Hamilton- Jacobi 

equation H 

In the applications with which we shall be concerned in this 
book, it will be found that it is possible to separate the Hamilton- 
Jacobi equation into parts each of the form 


Mr 




■■ a , contains the 


5S 

Mr 


only as squares. 



such that if each part is satisfied, the equation (10) is satisfied 
as a whole. Any one equation in (18) contains only one of the 
co-ordinates qr- If this separation can be effected, the complete 
integral of the Hamilton- Jacobi equation is then given by integrat- 
ing the total differential equation 
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SS , I <)S , t>S , 

^ 4 ?, + . • . + dq„ • 

= dqi + VfJqiTatfl dq., + ••• + V J„(q~7^ dq„, 

which gives on integrating 

s = /{fiiqi. ar)}i rf?! 4 • • • + / {/„(?„, a,)}i dq„, (19) 
where stands for all the a^, a.,, • • • The orbit and the time 
can then be determined from the equations (13). 

2* 7. Periodic Motions and the Action and Angle Variables. 

In the present volume we shall be concerned only with 
periodic systems. Now, this periodicity is of two kinds. Either 
q oscillates to and fro periodically in time between two fixed limits, 
or the corresponding j!) is a periodic function of q. The first 
case is spoken of as one of liberation and is illustrated by the 
oscillating (simple) pendulum. The second case is that of rota- 
tion and is typified by the conical pendulum. 

For convenience, we confine ourselves at first to systems 
with one degree of freedom. Then we choose the new variable 
(f) of the last section in such a way that it increases by 1 during 
one period of the motion. We denote it then by 7^ and the corres- 
ponding conjugate variable by J. w is then called an angle 
variable '' and J an action variable As lei and J are particular 
examples of the variables used in the last section, we see 

that the transformation function S will depend on q, J, so that 
S - S (q, J). 

Then from equation (17) § 2 - G, viz., . we get on writing 

w for J for a^, 

= ( 1 ) 

and 

P -= (q. J). ^ (2) 

The differential coefficient of w along the path is then 
bw _ b /J>S\ _ <) /c)S\ 
bq ■ ■ bq \bj) ^ b] Kbq) ' 

Then 

^ dw = (J) dq _ (J) “ dq _ (J) pdq. 


( 3 ) 
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where the symbol.^) denotes that the integration is to be extended 
over one period, i.e., in the case of liberation, over one back and 
forward motion of q, and in the case of a rotation, over a path of 
length 2w. 

That the period of iv shall be 1 therefore implies that 1, 

consequently 

This can be satisfied if wc take 

= (J)/>rf? = J, (5) 

or, in other words, J is equal to the increase of vS during one period. 

'I'lic above analysis gives the meaning and properties of the 
action and angle variables. The question in an actual case is 
how to determine J. For a system with one degree of freedom 
wc have the Hamiltorian H given as a function of some canonical 
variables p, q. The transformation function S [q, a) is then 
determined by ititegration of the Hamilton- Jacobi equation 


it-)- 


Then we find the value of 


Obviously J is a function of a, and inversely, we can find o as a 
function of J. When we substitute this value of a in S {q, a), we 
get S as a function of q, J. 

By means of the transformation 

. mq, J) 

p and q will become periodic functions of w with the period 1, 
and H will be a function a of J alone, i.c., II — H (J). The canoni- 
cal e(»iuations of mol ion are 

0, J = Constant, 

dw bll .. a 


where v is a constant. Since we have chosen %v so that it increases 
by 1 during each period of the motion, it follows that H is a 
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function which increases continuously with Consequently v 
must be a positive number ; it is equal to the number of periods 
in unite time, or the frequency of the motion. 

If the system has many degrees of freedom, say n, then we 
assume that each of the has a periodic character of one of the 
two kinds explained above. We also assume, as frequently 
happens in quantum-theoretical ai)plications, that the Haniilton- 
Jacobi equation may be solved by separation of the variables, 
i.e., as in (19) § 2* 6, that the transformation function S breaks up 
into a sum of n terms each of which depends on a single ; i.c., 
in the case of cyclic co-ordinates : 

vS “ Si [q^, ttj, • • • , a,l) >1- . . . -f [q,j, a^, • • • , a,;), (7) 

SO that 

= 1 * •••>^ 0 . ( 8 ) 

and py is a function of q^ alone. Therefore each integral 

1-) (9) 

taken over a period of q^ is constant, depending only on the con- 
stants tti, • • a„, as is evident from (7) and (8). Each of the 

is thus a function of Ui, • • • , and inversely therefore each of the 
is a function of Ji, Particularly Uj, i,e., H is a function 

of Ji» • • • » Jn- Each of the is then a function of q^, J:, • • • , J„. 

We can now introduce the angle variables Wr conjugate to 
the action variables by the equations 


1 


1 , • • •, n). ( 10 ) 


It is then not difficult to show that the q^^ are multiply 
periodic functions of the lev's, in the sense that e.g,, q^ 
goes through one period when is increased by 1 while the other 
w's remain unaltered ; the remaining q^ q^, • • •, q,^ may also depend 
on Wi, but they return to the initial values without going through 
a complete period. Similarly the function q^ (ze/j, zc'o, • • • , w,l) 
goes through one period when is increased by 1 while all the 
other w's remain unaltered ; q^ , w„), q^ 

•••»?« {^i» return to their initial values without 

going through a complete period. 

For a non-degenerate system, i.e., a dynamical system in 
which the number of independent frequencies • • •, is equal 
to the number of degrees of freedom, the action variables Jj, • • • , 
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are invariant. This theorem was proved by J. M. Burgers in 
1917. The action variables Jj, • • •, J„ are therefore also called the 
** adiabatic invariants 

If the system is degenerate, i.d., if the number of independent 
frequencies is less than n, it is possible, b^^ a linear transformation, 
to find new action variables J/ and angle variables w/ equal in 
number to the independent frequencies. It is then only these 
new J/ which are adiabatic invariants.* 


* For a complete proof of these theorems, as well as a detailed account of 
the subject-matter of this section, the reader .may consult Max Born’s 
Mechanics of the Atom, Chapter II, or G. Birtwistle’s Quantum 'Theory of the 
Atom, Chapter VII, 



Chapter III. 

STRUCTURE OF THE ATOM. 

3*1. Rutherford* s Investigations. 

Since the eighteen-nineties, when J. J. Thomson performed his 
experiments on the discharge of electricity through gases, it has 
been known that the atom is not a simple indivisible unit, 
assumed previously, but is a complex structure consisting of still 
smaller particles. One kind of these particles were discovered by 
Thomson, and are now called '' electrons The rest mass m of 
an electron is estimated to be about 9-04 x grams, and it 

carries a negative charge of electricity — e, where 4-77 x 10“^® 
E.S.U. An electric charge less than e has never been observed, 
and all experimental evidence leads to the conviction that it is 
the smallest amount of electric charge that exists in nature, all 
other charges being its integral multiples. 

In the early years of the present century, Rutherford and his 
collaborators performed experiments to determine the nature of 
atomic structure. These experiments consisted in their main 
outline in letting a dense current of sv/ift a-particles pass through 
a thin metal plate, and observing the deflections in their directions 
of motion. It was found that a small fraction of the a-particles 
were able to be deflected through a large angle, more than 90®. 
In the year 1911, Rutherford pointed out that these large deflec- 
tions would be due to the a-particle passing through a strong 
electric field existing within the atom. Thus, Rutherford was led 
to the conclusion that the atom consists of a positively charged 
nucleus of very small dimensions in which practically all the 
mass of the atom is concentrated. As the least value of the 
charge is the positive charge on the nucleus can only be Nd?, 
where N is an integer. How^cver, since a normal atom is electri- 
cally neutral, Rutherford assumed at the same time that the 
nucleus is surrounded by the number N of electrons, arranged 
about it at various distances. 

The large deflections of some of the a-particlcs can, on this 
nuclear hypothesis, be accounted for by supposing that they pass 
through the atoms in their path and enter the intense electric 
field in the neighbourhood of the nucleus, thus suffering deflection 
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from their rectilinear path. It is obvious that this deflection 
could not be caused by the surrounding electrons, since the mass 
of an a-particle is more than 7,000 times that of an electron, and 
its velocity is immense, being about one-tenth of the velocity of 
light. 

The value of the integer N in the charge on the nucleus 
can be deduced readily from the observed value of the deflection 
angle, if it is assumed that the forces between the a-particle and 
the nucleus are repulsive, and follow the law of inverse squares. 
It is known from elementary d 3 aiamics that in this case the 
a-particle describes a h^^perbola round the nucleus as the external 
focus. 


P 



Suppose that the nucleus of the atom is S, possessing a charge 
+ N^, and that the mass of the a-particle is M and its charge is 
+ E. As a matter of fact, an a-particle is a helium atom doubly 
ionised, and we know that its mass is about four times that of 
the hydrogen atom and its charge is 4- 2^. Let the a-particle 
enter the atom in the direction PO such that it just misses the 
nuclehs S by a distance p. This means that the distance SN 
from the nucleus S on the tangent at P is Let the velocity 
of the particle at P be v, and suppose that the particle describes 
part of the hyperbola PAP', so that on escaping the atom its 
direction of motion is OP'. OP and OP' are thus the two as^’^mp- 
totes and O the centre of the hyperbola. The deflection in the 
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direction of the particle is ^ = angle NOP'. If the lengths of the 
semi-transverse and scmi-con jugate axes are a and h respectively, 
and if 20 is the angle between the two asymptotes, then we know 

that tan ^ But 6 — n— 2 6, so that 0 {it — <!>), therefore 


i.e., 



cot 


^ _b 


But, if € is the eccentricity given by e* — 1 

p ^ OS siii0 = ae siii0 
h 


— at 


-t- 


= + 02- 


Va- -t- b-^ 




= b. 


( 1 ) 


( 2 ) 


Moreover, if the distance SP is r^, we have from the dynamical 
theory 

'■ = (i - (3, 

where /x is the force on the particle per unit mass at a unit 
distance. But compared to the dimensions of both the atomic 
nucleus S and the a-particlc, the distance is so large that we 
2 

can neglect the term • Then 


Now the force between the nucleus and the a-particle at any 
NcE 

point of the orbit is so that the force on the particle per 

unit mass is 


F 


N^ 

Mr* ■ 


( 5 ) 


Thus, on account of T = we obtain : 

N^R 
- M ■ 


From (4) and (6) we get therefore 




N^R . _ N^R 

M« ’ * Mu* ■ 


( 6 ) 


( 7 ) 
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Substituting (2). and 
cot 


(7) in (1), we get 
2 a N^E ' 


or 


N = 


= ' tan ^ • 
£’Iv 2 


(«) 


It was at first deduced from observations of the deflection 
angle <f> that the value of N was equal to about half the atomic 
weight. In 1913 Van den Brock suggested that the value of N 
was exactly equal 1o the atomic number, i.c., to the serial number 
of the (‘lenient when all the elements are arranged in the periodic 
table of ^lendeleef in order of the increasing atomic weight. This 
view was advocated by Bohr who adopted it for his quantum 
theory and it is now' universally accepted. 

The fundamental rc^-.ult of Rutherford's experiments is, there- 
fore, that each atom consists of tw'o parts. The centre of the 
atom is occux)icd by a nucleus " which is much smaller than 
the whole atom, and wdiich carries practically the wdiole weight of 
the atom. The nucleus, moreover, is positively charged, the 
magnitude of the charge depending on the atomic number N of 
the clement, being in fact equal to Nr. The second part of the 
atom, the extra-nuclear part, consists of a number of peripheral 
electrons, their number being equal to the atomic number N. 

As the dimemuons of the nucleus are exceedingly smaller 
than those of the atom, the internal structure of the nucleus 
will not affect semibly the distribution of the pcriidicral electrons. 
Consequently, as pointed out by Bohr, the ordinary chemical and 
physical properties of the elements will depend entirely on the 
number and distribution of the extra-nuclear electrons. 

The internal structure of the nucleus is responsible for the 
Xdienomena of Isotopy and Radioactivity. 


3*2. RtUherford’s Atom-Model. 

At the time of Rutherford's investigations, and even as late 
as 1932, only tw'o kinds of fundaniental particles were known ; 

(1) the electron, carrying a mass m and a negative charge ( — e), 

(2) and the ionised li 3 "drogen atom, or the Iwdrogen-nucleus, 
with a mass, 1817 m approximate^, and carrying a positive 
charge ( - 1 - e). This h^^drogen-nucleus is now given the name 
“ proton The piotou was until few years ago the smallest 
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known positively charged particle. It was therefore considered 
that all matter must be constructed of the two fundamental 
particles, electrons and protons. 

Rutherford applied this conception to his nuclear model, 
and gave the following account of the structure of the atoms of 
all the chemical elements in the Periodic Table. 

Let an atom belong to the chemical element of atomic number 
N, and atomic weight w, where it is known that except for hydrogen, 
i.e., N = 1, is always greater than N. From his investigations 
Rutherford knew that the nucleus has a charge + N^. More- 
over, the weight of the atom is w limes the weight of the hydrogen 
atom, and this whole weight is concentrated in the nucleus. 
Since the proton is much more heavier than the electron, we can 
neglect the weight of the electrons when considering atomic 
weights. The weight of the hydrogen atom is, therefore, taken 
to be the weight of its nucleus, that of a proton. The nucleus 
of the heavier atom miist therefore contain a number w of protons, 
to give the atom the necessary weight w. This would, however, 
give the nucleus a charge ( + ^ 4 ^) greater than the actual charge 
( + N^). This charge can be reduced only when the nucleus 
contains a number [w — N) of electrons. 

Thus, according to Rutherford, the given atom has a nucleus 
consisting of w protons and (w — N) electrons. Around this 
nucleus are distributed a number N of peripheral electrons. 

For example, the atom of hydrogen has N == 1, = 1. The 

hydrogen-nucleus consists, therefore, of one proton only, and the 
atom has one peripheral electron revolving round the proton. 

For helium, N = 2, av = 4. The helium nucleus consists 
therefore of 4 protons and 4—2=2 electrons. This is the well- 
known alpha particle. Around this nucleus there are two peri- 
pheral electrons. 

vSimilarly for all the atoms of the Periodic Table. 

In this account of the structure of atoms we have taken for 
granted that the atomic weight w is an exact integer. Btit this 
is not always the case. The weight of the heavier atoms is, in 
general, not an exact integral multiple of the weight of the 
hydrogen atom. For instance, the atomic weight of the neon 
atom is 20 • 17, and that of the chlorine atom is 35-44. To account 
for this discrepancy, it was assumed that there exist variants 
of the same elements, i,e., atoms, with the same nuclear charge 

4 F 
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and the same atomic number, but with different atomic weights. 
These variants of the same element are called Isotopes The 
actual existence of the isotopes was proved by the experiments 
of F. W. Aston, who designed his Mass-Spectrograph to detect 
them. Two isotopes of the same element would have the same 
spectral and chemical peoperties, since these properties would 
depend on the number of the peripheral electrons, or what is the 
same thing, on the nuclear charge only. And this nuclear charge 
is the same for the two isotopes. They differ simply in the struc- 
ture of their nuclei. Thus, chlorine has two Isotopes of atomic 
weights 35 and 37 — exact integral multiples. The nucleus of the first 
isotope consists of 35 protons and 18 electrons, and there are 17 
electrons round this nucleus. The nucleus of the second isotope 
consists of 37 protons and 20 electrons, and there are 17 electrons 
revolving round this nucleus. Chlorine, as found ordinarily, 
is a mixture of these two isotopes, and the atomic weight deter- 
mined by chemical methods, is the mean atomic weight of the two 
isotopes. 

Various isotopes of almost all the chemical elements, including 
hydrogen and oxygen, have been discovered. Some elements 
have more than two isotopes, thus tin has 11 and xenon 9 isotopes. 

This picture of the nuclear structure suggested by Rutherford, 
prevailed practically unaltered till 1932. In that year, however, 
two more fundamental particles, viz., the neutron and the positron, 
were discovered, placing the question of nuclear structure on 
entirely different fovmdations. 


3- 3. The Neutron. 

The existence of neutrons was postulated by Dirac and by 
Pauli in 1931 on theoretical grounds, but was experimentally 
demonstrated by J. Chadwick in 1932. When swiftly moving 
a-particles, emitted from the radioactive polonium, strike a 
beryllium plate, it was found by Bothe and Becker in 1931 that a 
radiation is ejected which is of such enormous penetrating power 
that it can pass through thick metal plates. It could not there- 
fore be the ordinary radiation. It was found further that this 
“ beryllium radiation " consisted neither of a shower of protons, 
nor of a- and jS-particles. Chadwick pointed out that this radia- 
tion could not even be the electromagnetic y-rays, but that it must 
consist of uncharged particles moving with large velocities. He 
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called them " neutrons, and determined experimentally that 
the mass of a neutron is ver^^ nearly equal to the mass of a proton. 
The collision of a beryllium atom with an a-particle producing 
a neutron can be represented by the equation : 

Be® + He^, + n\. 

where the upper indices denote atomic weights, and the lower 
indices the atomic numbers (nuclear charges). 

It was at first believed that the neutron is not an elementary 
particle, but composed of an electron and a proton. But tliis 
view has been given up, and the four particles, viz,, electron, proton, 
neutron and positron, are all considered to be elementary. The 
dimensions of the neutron are much smaller compared to the 
distance between the atomic nucleus and the peripheral electrons. 
It is evident therefore, that the neutron can easily pass through 
the atoms in the metal plate, tlie more so as it has no charge 
and is consequently unaffected by the electric fields of the nucleus 
and the electrons. 

3« 4. The Positron, 

Dirac\s relativistic-quantum mechanics published in 1928, 
made it theoretically evident that there exists the true counter- 
part of the electron, i.e., a particle of mass equal to that of the 
electron but with a positive charge e [cf. Chapter XI, especially 
§ 11*6). The actual experimental demonstration of the existence 
of such a particle was, however, long delayed, and it was only 
at the end of 1932 that Anderson and Blackct could discover it 
independently. These particles are called positive-electrons, or 
more .shortly positrons 

The positrons are created when the highly penetrating cosmic 
rays fall on matter, or when fa.st moving particles strike an atomic 
nucleus. Their presence is detected by means of the Wilson 
chamber from the fact that their tracks are curved in the opposite 
direction to the tracks of the electrons. They have, however, 
an extremely large tendency of combining with the electrons, so 
that both the i>ositron and the electron disappear and radiation 
is emitted. As remarked in the last section, the positron is an 
elementary particle, and one of the primary constituents of matter. 

3« 6. Structure of the Nucleus, 

In Section 3 *2 we saw that Rutherford considered an atomic 
nucleus to consist of protons and electrons, because these were 
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the only two kinds of ultimate particles known at that time. 
Since then, however, as described in the last two sections, two 
more ultimate particles, viz., the neutrons and the positrons, have 
been discovered. It was natural therefore, that physicists should 
consider a revision in our ideas of the nuclear structure. 

This revision became inevitable when investigations on the 
hyperfinc structure of spectral lines and the stability of radio- 
active elements, showed clearly that free electrons cannot be a 
constituent of the nucleus. 

In 1932, Heisenberg suggested that atomic nucleii are composed 
of neutrons and protons only, there being no free electrons. The 
hydrogen-nucleus consists of one proton. The helium nucleus 
(a-particle) consists of two neutrons and two protons. 
Hcj -> 2 + 2 p\. This is a particularly stable configuration, and 

therefore a-particles enter as fundamental particles in the combi- 
nation of heavier nucleii. Thus the nucleus of chlorine, of atomic 
weight 35 and atomic number 17, would be composed of 
8 a-particles, one proton and two neutrons : 

Clf, 8 HeJ -b 2 ni -t- p\. 

where we assume that the proton has ** atomic number 1. 

Now, if a neutron is added to the nucleus of the atom of any 
element, it does not increase the nuclear charge, but only the 
weight of the atom, thus giving rise to an isotope of that parti- 
cular element. If more neutrons are added, further isotopes of 
the same clement are produced. The number of isotopes is 
determined by certain conditions of stability. The neutron thus 
explains the formation of the isotopes as well. 

This account of the nature of matter is by no means complete. 
It is only one side of the picture, as it were. In Chapter VII we 
shall see that matter has not only a corpuscular asj)ect but a wave- 
aspect also. This dualism is a universal phenomenon in the 
domain of modern physics inasmuch as it is an integral and 
experimentally established fact in the theory of light as well. We 
shall devote the next chapter to an exposition of this dual nature 
of light. 



Chapter IV. 

THE QUANTUM THEORY OF RADIATION. 

4*1. The Dual Nature of Light, and Einstein* s Light-quantum. 

The optical phenomena generally known in the time of Newton 
and Huygens, were those of rectilinear propagation and of reflec- 
tion and refraction. It is well known that Newton proposed 
a corpuscular theory whereas Huygens put forward a wave-theory, 
to account for these phenomena. The controversy between 
the followers of Newton and those of Huygens was, however, 
mainly a philosophical one. The facts themselves, so far as they 
were known in those days, could be explained equally well on 
both the corpuscular and the wave hypotheses. 

Experimental investigations during the early part of the 
19th century revealed the hitherto undetected phenomena of 
interference and diffraction. It was found that these phenomena 
could be explained only on the wave-theory. The particle picture 
failed for them completely, and fell into disrepute. When 
Maxwell published his electromagnetic theory, and when this last 
theory was confirmed later by Hertz's discovery of the electro- 
magnetic-waves, the corpuscular hypothesis was completely 
obliterated, and the wave-theory reigned supreme in the domain 
of optics. 

By a strange irony. Hertz himself was the discoverer of yet 
another phenomenon which was to challenge the absolute supre- 
macy of the wave-theory, and which ultimately brought the 
corpuscular view again into the picture. There is this dif- 
ference, however, that whereas in the 18th century, the two views 
were rival ones in the sense that one of them could be chosen and 
the other discarded at will, they are complementary now in being 
both essential to a description of reality. ^ 

This latter discovery of Hertz — called the Photo-electric 
Effect " — defied all attempts at an explanation on the electro- 
magnetic or wave-theory. Einstein accounted for it in 1905 by 
going back to the corpuscular hypothesis. This conception of 
Einstein's is, however, not exactly the same as the old one of 
Newton. 
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Einstein, took his cue from an earlier idea of Planck's — the 
idea of the quantum of action put forward in 1900 (see Section 4-3). 
He assumed that the energy of the incident radiation does not 
get scattered in waves in all directions, but that it remains con- 
centrated in a stream of moving particles or “light quanta", 
Each quantum of light— or “photon", as it is now generally 
called — moves with the velocity c of light. We shall prove in 
§4*2 that the energy of each photon is a constant multiple of the 
frequency. 

Oddly enough, Einstein's theory of light-quanta did not 
receive much attention for a number of years, until in 1923 it was 
found necessary for the explanation of yet another discovery — 
the Compton Effect (§ 4*5). Since then it has made great strides, 
and has as firmly established itself now as the wave-theory. 

When Einstein introduced it in 1905, the conception of the 
light-quantum was a mere hypothesis which explained the photo- 
electric phenomena. The experiments of Bothe and Geiger and 
those of Compton and Simon in 1925, provided more or less direct 
evidence for the existence of the photons. 

All this does not mean, however, that the corpuscular theory 
of light does away with the wave-theory. We have seen that 
the phenomena of interference and diffraction require that light 
must behave as waves. We must retain therefore both the corpus- 
cular and the wave conceptions. They are both necessary and 
they supplement each other. 

This duality is one of the most fundamental facts on which 
the structure of Quantum Mechanics is built. In § 7*1 we shall 
see that there is an analogous duality in the nature of matter. 
Duality is therefore a characteristic of our universe. In Chapter X, 
we shall see how modern quantum mechanics attemjjts at recon- 
ciling these two contradictory conceptions of corpuscles and waves. 

4- 2. Relativity Theory of the Photon, and Derivation of 
Planck* s Law c = /i i/. 

We shall use the experimental fact of the dual nature — the 
corpuscular and the wave-nature — of liglit in conjunction with the 
relativity theory to establish important relations between the 
corpuscular quantities, energy and momentum, and the wave- 
quantities, frequency and wave-length. 
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We have seen in §1*7 that the momentum Vector p and 
energy c of a jDarticle are given by 

p = (1) 

and 

e == w (2) 

where m is the mass, v the velocity of the particle, and c the velocity 
of light. If Wo is the rest mass, then 



This equation shows that v can never be greater than c. 
No material particle can ever have even the limiting value c, for 
otherwise its mass m would become infinite. There is, however, 
one case when even for v = c, the mass w can remain finite, and 
this case occurs only when the numerator Wq also vanishes. Thus 
there can be only one kind of particle with the velocity c, and this 
has zero rest mass. This particle is Einstein's light-quantum 
or photon. 

Now, since =c for a photon, we get from (1) and (2) 

P=^ mv ^ ^2- ^ 

t.e., 

t - ( 4 ) 

Tet A be the wave-length and v the frequency in the correspond- 
ing wave-picture, then the wave-number k is defined in optics 

1 c 

as the reciprocal of the wave-length, t.e., k = But ^ 
so that we get 

k _ (6) 

Comparing the two equations (4) and (5), we find that the 

momentum p corresponds to the wave-number A, and the energy 

— ^ * 

€ corresponds to the frequency v. But ^ is a 3-dimensional vector 
having components px, Py, pi- To get the desired relation between 
the corpuscular and wave-pictures, we must therefore assume 
that the wave-number k is also a vector quantity having the 
components kx, ky, kg, which determine the direction of propaga- 
tion of the light-waves. This means that the direction of motion 
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of the photons in the particle picture coincides with the direction 
of propagation of the light waves in the wave-picture. 

The required relations between the corpuscular quantities 
pz* € and the wave-quantities ky, v are obtained 
by an application of the condition that they must be invariant 
for a Torentz-transformation. 

In the wave-picture suppose that the system of waves with 
wave-length A and frequency v is propagated in a direction making 
angles a, j3, y with the co-ordinate axes. The wave-equation is 
then known to be 

= 00 cos 277 f ^ - vt\ , ( 6 ) 

where 0 o denotes the amplitude of the waves. 

We have seen already that the wave-number k =^ \ must be 

A 


assumed a vector quantity, so that its components are given by 


h - _ cos ^ , cos y 

fix- ^ f^y - ^ ;y-'- 

( 7 ) 

Then equation (G) becomes 


p = pQ cos 277 + yky + zkg — vt). 

( 8 ) 

The phase of vibration </> is therefore 


(j) — 27 t {xkx + yky + zkz — vt) . 

( 9 ) 


This phase of vibration has evidently the dimensions 1 

L length J 

= [length]®, i.e., it has no dimensions, and is consequently an 
invariant quantity. From vector analysis we know that the 
scalar product of two vectors is also an invariant quantity, being 
independent of the choice of axes. The expression 

+ zkz — vt ( 10 ) 

must therefore be a scalar product of two 4 -dimensional vectors, 
since it is invariant. But we know that the space-time vector 
has the components 

, x,y,z,ict, ( 11 ) 

so that the other four- vector of the product ( 10 ) must have 
components 

Xv 

^Xf ^yt 

Now the expression 




( 13 ) 
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is also a scalar product of the vector (11) with itself. The two 
scalar products (10) and (13) should therefore behave similarly 
under a lyorentz-transformation, and are therefore invariant 
tpgether. 

We see thus that the phase (10) remains invariant under 
a lyorentz-transformation only when it is characterised by the 
4-dimensional vector (12). 

On the other hand, we have seen in § 1*7 that both momentum 
and energy together form a 4-dimensional vector with the 
components (5) § 1- 7 : 


'x — P 1 ^ , 

C 


Pi ^ Px p2 ~ Py — Pz ~ />. 

We have thus two 4-dimensional vectors with components 

Px. Py> Pz. 'f 


^Xi ^y» 


'IV 


(14) 


- c 

So that if there exists an invariant relation between the 
corpuscular quantities px, pyy p^y e, and the wave-theory 
quantities ky, k., v, it must be of the form ; 


Since this relation has to be invariant and independent of 
the choice of co-ordinate axes, h must be an absolute constant. 
It is called Planck’s constant (§ 4- 3). 

From (15) we have therefore 

Px = hkjc, py -= hky, p. = hk,, (16) 

and 

e =Av. ( 17 ) 

Instead of the three equations (16) we can write the one 
equation 

p =hk = 

A 


(18) 


or, remembering that A 


= we can write 

V 


P 


hv 

c 


(19) 


The two equations (17) and (19) are consistent with the two 
equations (1) and (2), or with the equation (4), since they give 
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p They show that the photon has energy hv and momentum 

c 

hv 

— . Thus the same ray of light which, when considered as 
c 

a wave, has frequency v and wave-length A, has the energy hv and 

momentum — when considered as a particle. 
c 

Equation (17), viz., e = Av, gives Planck's famous relation 
for the quantum of energy. It is the most fundamental relation 
of the quantum theory, and has been in fact the starting point 
of the whole subject. We have derived it here from the relativity 
theory on the experimental evidence that light behaves some- 
times as particles and sometimes as waves. Actually, however, 
the development was in the reverse order. We shall see in the 
next section that Planck proposed it — as an arbitrary hypothesis, 
of course — ^long before the corpuscular behaviour of light was 
recognised. We shall also see what a revolutionary conception 
it was, in as much as it admitted discontinuity in natural pro- 
cesses. Based on this energy hypothesis of Planck's, Einstein 
developed his quantum theory of light, and derived the momentum 
hv 

relation p = — by substituting (17) in (4). 
c 

4* 3. Black-body Radiation, and Planck* s Quantum Hypothesis. 

The quantum theory originated in an attempt to account 
for the characteristic properties of the heat radiated from a hot 
body. Eet a hot body be maintained throughout its substance 
at a constant temperature, and suppose that there is a cavity in 
the interior of such a body. Inside the cavity there will be 
a continuous stream of radiation in all directions. 

The problem is to determine the distribution of energy 
between the various wave-lengths of frequencies which make up 
the complete continuous spectrum of the black-body radiation. 

I» 1899, lyummer and Pringsheim solved this problem experi- 
mentally in the following way. A small hole is made in the 
hollow body raised to a uniform high temperature. The interior 
is seen to be incandescent, and it is well known that all bodies 
contained in such a furnace appear to be of the same colour. This 
colour is characteristic of the temperature, and is independent 
of the nature of the substance heated. The radiant energy 
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consists of a vast range of mono-chromatic radiations,* each present 
in a definite intensity, so that the total radiation has a definite 
spectral distribution. Summer and Pringsheim measured the 
intensity of each radiation, and traced a curve representing the 
distribution of energy among the various wave-lengths. They 
found that there is a particular wave-length A, intermediate 
between the upper and lower limits, where the energy of emission 
is a maximum. 

Moreover, as expressed by Stefan's law 

W = (1) 

where cr is Stefan's constant = 5 *72 x 10“®, and W is the total 
quantity of energy radiated per second in all directions, the total 
energy is increased as the temperature i is raised. At the same 
time, the wave-length corresponding to the maximum energy 
moves towards left, i,e., it becomes shorter. These facts are de- 
scribed in the accompanying figure, where Ea denotes the energy 



corresponding to the wave-length A. 

During the latter part of the nineteenth century, • many 
attempts were made to account for these experimental facts on 
the basis of the classical theory. Kirchhoff had showm in 1860 
that the amount of energy per unit volume, as well as the distri- 
bution of this energy among the various wave-lengths, is indepen- 
dent of the form and the size of the cavity and of the surrounding 
bodies, and depends only on the temperature. From the general 
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principles of -thermodynamics, Wien deduced the law that 

E, =p/{A<). (2) 

where / is a function entirely independent of the nature of the 
sttbstance, thus confirming Kirchhoff’s results. 

The principles of thermodynamics are, however, not sufficient 
for the determination of the analytical form of /, which can be 
obtained only when some special hypothesis is made as regards 
the mechanism of emission and absorption of energy by the 
vibrating electron. 

b 

Wien proposed that /{A t) should be taken as a e where 
a and h are constants, so that 

E, ri (3) 


It was found, however, that this formula gave good results 
only for short wave-lengths, but failed for long wave-lengths. 

At the same time, Rayleigh found that /{A t) = cA t, where 
c is a constant, and later Jeans proved that the classical electro- 
dynamics could lead only to this form for the function /, so that 

E, -nA/-T.- W 


A* 


This formula again was found to be deficient in so far as it 
gave good results for long wave-lengths only, and failed for short 
wave-lengths. 

Planck then discovered that the experimental facts are truly 
represented if /(A t) is taken as — , so that the law of 

^ - 1 


radiation is 



1 

£2 ' 
eA^- 1 


where and Cj are certain constants. 
If A is small, ^ is large and therefore 



- 1 ^ 


( 5 ) 
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so that for short wave-lengths Planck's formula (5) agrees with 
Wien's formula (3). 

If A is large, then ~ is small, so that neglecting higher powers 
we get 


1 1 \ \t 



Thus, for long wave-lengths Planck's formula (5) agrees with the 
Rayleigh- Jeans formula (4). 

It was found, however, that the formula (5) could not be 
derived theoretically from the classical theory, so that Planck 
saw himself forced to break away from classical ideas. On 
14th December 1900, he put forward the epoch-making hypo- 
thesis that the charged particle — usually called the oscillator, 
or vibrator, — which is the source of the monochromatic light, 
absorbs and emits energy only in discrete quanta. It changes 
its energy not continuously, as supposed in the classical theory, 
but by sudden jumps. The oscillator can liave therefore only 
discrete amounts of energ}’- E given by 

E = n,hv, [n = 1, 2, 3, • • •), (6) 

where v is the frequency of the radiation, and A is a universal 
constant, called Planck's constant. It is evident from (6) that 
h has the dimensions of energy divided by frequency, i.e,, of energy 
multiplied by time. It has therefore the character of an action. 
Its value has been determined to be 

A = 6-55 X 10“^^ erg x sec. (7) 

approximately. It is one of the most fundamental constants 
of physics and dominates the whole of atomic theory. 

4- 4. Theory of the Photo-electric Effect. 

In 1887, Hertz let a beam of ultra-violet rays fall on an 
uncharged conductor, and found that under the influence of the 
rays the conductor became positively charged. After the dis- 
covery of the electrons it was recognised that the cause of this 
electrification was the ejection of electrons from the atoms of the 
conductor. 

This effect is called the “ photo-electric effect ", and the 
electrons which are emitted are called the " photo-electrons 
It is now generally known that photo-electrons are emitted from 
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a large number 9 f metals and from some gases, under the influence 
of X-rays, ultra-violet rays and even visible rays. 

It is known, further that if the incident light is monochro- 
matic, the number of electrons emitted per second is proportional 
to the intensity of the light. But the energy of the emitted 
electrons docs not depend either on the intensity of the incident 
light or on the temperature of the metal. The only effect of the 
diminishing intensity is that fewer electrons are emitted. The 
energy, and consequently the velocity, of the photo-electrons 
is found to depend only on the frequency v of the incident light. 
These velocities are found to range from zero, upto a certain 
maximum v which depends on the frequency v. If the frequency 
V of the incident light is less than a certain minimum value vq, 
no photo-electrons arc emitted. The value of vq is different for 
different metals. The velocity v of the photo-electron increases 
with the frequency v of the incident light. 

As already remarked, the classical wave-theory of light was 
quite unable to account for these facts of the photo-electric effect. 
In 1906 Einstein showed that they could be explained only when 
recourse is had to a corpuscular theory of light. He assumed 
that light of a definite frequency v consists of particles having 

the energy € =hv, and momentum ^ This quantum of 

c 

energy does not get scattered in spherical waves in all directions, 
but remains concentrated in a small region of space. In every 
elementary process of emission and absorption of light, energy 
can be transformed only by an amount hv. 

On this hypothesis of the light-quanta, Einstein could easily 
account for the photo-electric phenomena. He pointed out that 
the emission of an electron from an atom is due to the absorption 
by the atom of one of these quanta. If € is the energy required to 
remove the electron from the atom, then hv — € is used in giving 
it the kinetic energy of motion after the emission, so that if E 
is the* kinetic energy with which a photo-electron is ejected, we 
must have 

E=Ai/-€. (1) 

If m is the mass and v the velocity of the emitted electron, then 
we have 

= E == Av' — (2) 

This equation gives us the velocity of the photo-electron, which 
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is expelled under the influence of the light of a given wave-length. 

€ is constant for a given atom. 

Since \mv^ cannot be negative, we see from (2) that no 
photo-electron can be emitted unless Av > t.e., unless 

y ^ Vq where (3) 

vq is tlie lowest frequency under w^hich an electron can be just 
liberated, and then its velocity would be zero, vq is therefore 
called the "threshold frequency". 

Combining the equations (2) and (3), we get : 

Imv^ = A (v — Vo). (4) 

The maximum value of the velocity v would be when vq = 0, 
i.e., on account of (3) when c = 0, i.e., when no work has to be 
done in liberating the electron, this maximum value being 

( 5 ) 

Thus the velocities of the emitted photo-electrons range from 
zero upto the maximum value (5). 

If V is the potential difference, necessary to obtain electrons 
of energy i m then we can write 

\inv- — eYt ( 6 ) 

where e is the electronic charge. From (6) and (2) : 

\mv^ = hv — € = eW. (7) 

This is Rinstein's equation, and it was verified experimentally by 
R. A. Millikan in 1916. 

Einstein's theory of light-quanta thus explains all the features 
of the photo-electric effect in detail. The basic conception of 
this theory is Planck's law, that the interchanges of energy between 
atom and radiation can only occur discontinuously by quanta, 
and not continuously as assumed in the classical theory. 

4 • 6. Theory of the Compton Effect, 

In the year 1923, A. H. Compton discovered that when a 
beam of X-ra^^s fell on a body, the frequency of the scattered 
radiation remained unaltered in the direction of the incident rays, 
but became lower in other directions, the frequency being in fact 
a function of the angle of deviation. 

This change in the frequency, or the wave-length, of the 
scattered radiation is contradictory to the electro-dynamical 
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theory of scattering given by J. J. Thomson. According to 
Thomson's theory the frequency of the scattered radiation must 
be the same as that of the original radiation. The classical 
theory therefore fails to account for the Compton effect. Conse- 
quently, Compton saw himself forced to adopt the light-quantum 
hypothesis put forward by Einstein several years ago, and found 
that the quantum theory gave results in agreement with experi- 
ments. 

According to the classical theory each X-ray affects every 
electron in the matter traversed, and the scattering observed 
is due to the combined effect of all the electrons. Assuming the 
light-quantum hypothesis, Compton pointed out that a quantum 
of X-rays is not scattered by all the electrons in the radiator, but 
gives up all of its energy and momentum to some particular 
electron. This electron, in its turn, scatters the rays in a definite 
direction making the angle Q with the incident beam. 



This deviation in the path of the quantum of radiation 
resull^s in a change in its momentum. The rest of the momentum 
is spent in giving the electron a motion of recoil in some direction 
0'. The principles of conservation of energy and momentum 
give the required values of the frequency v' of the scattered radia- 
tion, and the recoil velocity v of the scattering electron. 

This takes it for granted that these conservation principles 
are valid for the elementary quantised processes. Until a year 
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or two ago this was in fact the general conviction among physi- 
cists. The experiments of Bothe and Geiger,’ and of Compton 
and Simon, were supposed to have established the universal 
validity of these principles. 

But recently some observations have been made in connec- 
tion with the radio-active disintegration of substances, which 
appear not to agree with the principle of conservation of energy. 
This is particularly the case with Shankland's experiments. 
These observations have led Dirac and others to propose that the 
])rinciple of conservation of energy cannot be retained any longer. 
Pauli and Jordan, however, consider the energy principle 
indispensable, and have put forward the suggestion that certain 
exceedingly small particles arc emitted along with j3-rays, which 
account for the necessary energy balance in the disintegration 
processes. These particles — called Neiitrinos — are supposed to 
have no charge and a vanishingly small mass. Many experiments have 
been carried out to detect them — if they exist — , but so far all 
attempts have been unsuccessful. 

Dirac himself has pointed out that even if the principle 
of conservation o£ energy is not possible, that part of quantum 
mechanics which is non-relativistic, would not be affected. The 
crucial question itself is, however, by no means settled yet, as 
Shankland’s results have not been confirmed by other experi- 
menters, and throughout the present volume we shall assume 
that both the energy and momentum principles are valid. 

From the energy principle we have therefore in the present 
case : 


hv ~ hv + w, 




( 1 ) 


where Wq is the mass of the electron and v its velocity of recoil. 
We use the principle of the conservation of momentum in the 
two directions along and at right angles to the direction of the 
incident beam, and get : 
hv 
c 


0 = 


cos 0 + 
c 

m^v 


( 2 ) 


VwO 1/ J 

V* 

c® 

hv' . . 

- sin d — 
c 

m^v 

- eiti 

( 3 ) 

; 1 

- Dill V . 

c* 


6 


V 



66 


The Qtiantum Theory of Radiation 


§4.5 


Instead of these two equations, we can take the single equation 
given by the laW of composition of two vectors easily deduced 
from (2) and (3) ; 

, }iv hv' 


W' -1/ 




cos 0. (4) 


From the equation (1) we get : 

h(v — v') 1 


inoC‘ 


V‘-:: 


1, 


or, transposing and squaring : 


__i_ = h + 

1 „ I ^ IHqC^ ) 


so that 


t.e., 


1 j. 0 O 4. 

■' ntnC^ mfc* 


1 _ 1 9 *'')* 

..2 ■■■ ,.2 mfc ^ 


1 - ^ 


^ 2h{ v - v' ) h^{v - v'Y 
Wo 


( 5 ) 


Substituting (5) in (4) we get 

2/!Wu(v — v') + \ (v — v'Y — -|- v'- — 2i/v' cos 6), 

C C“ 

or, simplifying and rearranging, 

2m^h[v — v) 

0 

or, dividing both sides by 27nQhvv\ since 1 — cos 0 = 2 sin^ 

1 


^ r/(l - cose), 


2h . 2 0 

— , sin^ - - 


2 

(6) 


] 

V V 2 

If A, A' are the wave-lengths of the incident and scattered quanta 

c c 

respectively, then since ^ ^ 8^^ from (6) 

A' - A = — sin* ® = -^ (1 - cos 6). (7) 

ntoC 2 OToC ' ' ' ' 

This is the fundamental equation of the Compton effect, giving 
the change in the wave-length of the scattered radiation dependent 
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on the angle of deviation. The vahte of AA = A' — A, found 
experimentally by Compton is in close agreement with that given 
by (7). 

‘ To find the value of the recoil velocity v of the scattering 
electron, we put 

hv h 


then from (6) we have on multiplying both sides by v : 


( 8 ) 


V , 2hv • n • 2 ^ 

— , — 1 = X sm* o = 2o sm* 

V 2 2 


so that 


^7 = 1 + 2a sin® 


( 9 ) 


V 2 

But, from the equation (1), we have on dividing both sides by hv : 


, _ V Woc; 

^ V h 


or 


or 


V hv 




(* - 7 > 


- 1 + -^ 


= 1 + 




( 10 ) 


Substituting (9) in (10), we get 

^ = 1 +a fl - 




+ 2a sin2 


or 




- 1 + a. 


Q 

2a sin® ^ 


1 + 2a sin® 


e 


1 -j- 2a(l d" a) sin® 




1 + 2a sin® ^ 
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Therefore, taking;^ inverse square of both sides, 

1 _ »■ = + 2- sm’ 

jl + 2<x(l + a) sill' "} 

or 

r2 ” ^ ” “I 

1 1 -j- 2a (1 + a) Slil® 2 1 

1 1 + 2a (I + a) sill* ^1* - |l + 2a sin" || 

= - flil 

|l + 2a (1 + a) sin* 

4a* (2a a*) sin'* ^ + 4a* sin* ^ 

|l + 2a (I + a) sni* 

Conse<iuently, we get for the velocity v ; 


V — 2ac sin 


^(2a + a^) sin* | -h 1 
1 + 2a (1 + a) sin* 


This theory of the scattering of an X-ray quantum by an 
electron shows that the problem is similar to that of the collision 
of two perfectly elastic smooth balls, for which also, as we know 
from dynamics, the two laws of conservation of momentum 
and energy must be obeyed. 



Chapter V. 

BOHR\S QUANTUM THEORY OF THE ATOM. 

5*1. Classical Theory of the Hydrogen Atom, 

In sections 3-1 and 3*2, we gave a brief account of Rutherford’s 
researches on the structure of the atom. This picture is, however, 
still incomplete, as we do not know how the peripheral electrons 
are arranged in an atom, and how they move. We must apply 
the classical electrodynamics to examine these questions, but 
we find that the theory breaks down completely. 

Thus, we consider the simplest atom, that of hydrogen, with 
its own electron revolving round the positively charged nucleus. 
The mass of the electron is its charge — e, and the charge on 
the nucleus is + e. It is easily calculated that the electric force 
between the electron and the proton is about 2 x 10®® times the 
gravitational force, so that the latter can be neglected. 

Suppose, for the sake of simplicity, that the path of the electron 
is a circle of radius a with its centre at the nucleus. 



Uet CO be the frequency, i,e,, the number of revolutions 
second, so that the angular velocity 0 is given by 

ijj = 27rco, 

and the linear velocity at the point P is 

V = 2nau). 

Now, the equation of motion is 

w - = 

a a® 

so that substituting the value of v from (2) we get 
, e® e 

CO == , CO = — > 

in^ma^ 2 tt sjmc? 


( 1 ) 

( 2 ) 

(3) 

(4) 


I/ct W be the ionisation potential, i.e., the amount of energy 
required to remove the electron from the atom. Then if the 
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energy of the ionised atom is taken to be zero, the energy of the 
normal atom is — W. So that if we denote the total energy of 
the atom by E, then since the kinetic energy is J mv*, and the 

potential energy is — ^ . we get 

E = — W = 1 wu* — —I 
* a 



( 6 ) 

( 6 ) 

(^) 


According to the classical electrodynamics, the electron, 
being in an accelerated motion, must emit radiation energy, so 
that E would continuously decrease, i.e., W, being equal to — E, 
would continuously increase. Therefore, as indicated by the 
equation (7), w would continuously increase. Since in a mass of 
gas, there would be hydrogen atoms in different states having 
all possible frequencies, and as the frequency w of the orbit is 
also the frequency of the corresponding spectral line, the result 
would be a continuous spectrum, not a line spectrum. But it is 
well known experimentally that the spectrum of a gaseous element 
is discontinuous, consisting of definite lines corresponding to 
definite wave-lengths. 

There is yet another difficulty with the classical theory. 
From equation (6) we see that the radius a of the orbit 
decreases continuously, and this process will go on until the 
dimensions of the orbit are of the same order of magnitude as 
the dimensions of the electrons, or those of the nucleus. The 
atom would thus be a very unstable system, different from an 
atomic system occurring in nature, which appears to have abso- 
lutely fixed dimensions. 
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5 • 2. Bohr’s Postulates. 

These considerations led Niels Bohr to the conclusion that 
the classical electrodynamics is inadequate to describe the 
behaviour of subatomic phenomena. We have seen in § 4 -3, that 
Max Planck was already forced to adopt this view-point in connec- 
tion with his theory of black-body radiation. Bohr suggested 
that Planck’s constant h is a universal characteristic of the atom, 
and must enter into any description of the atomic phenomena. 
The essential point in Planck’s theory of radiation is that, con- 
trary to the classical theory, the energy radiation takes place 
discontinuou.sly, the amount of energy radiated out from an 
atomic system of frequency v being equal to nhv, where n is an 
integer. 

Generalising Planck’s idea, Bohr put forward the following 
postulates in 1913. 

1. The energy radiation is not emitted or absorbed continu- 
ously, as assumed in the classical theory, but only during the 
passage of the system between different " stationary ” states. 

Translated in terms of Rutherford’s atom model, this means 
that the peripheral electrons cannot move in any arbitrary orbits, 
varying continuously, but there are certain privileged discrete 
orbits, on which alone they can move. Each distribution of these 
electronic orbits represents a stationary state, and associated 
with each of these stationary states is an energy value. Thus an 
atomic system has only a discrete set of energy values, or “ energy 
levels ” as the stationary states are also called, given by 

El, Ej, • • •, E«. (1) 

The atom is stable in any one of these states, i.e., it can remain 
indefinitely in a stationary state without radiating energy. 
Emission or absorption of energy radiation can take place only 
in a transition of the atom from one stationary state to another. 

2. vSo long as the atomic system is in a particular stationary 
state E„, its dynamical equilibrium is governed by the ordinary 
laws of classical mechanics. But in a transition of the system 
from the state E„ to another state E„', these laws do not hold 
any more. 

3. The radiation emitted by an atom or molecule during 
the transition from a stationary state of energy E* to another 
having a lower energy Ei, is homogeneous ; the relation between 
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the frequency v of the radiation and the total amount e of energy 
emitted, is given by the formula 

€ =-= Ka — Ri -- (2) 

where A is Planck's constant. 

Conversely, the absorption of radiation by an atom or mole- 
cule occurs during a transition from a stationary state of energy 
El to another having a higher energy E 2 ; and the relation between 
the frequency v of radiation and the total amount c of energy 
absorbed, is given by the same formula (2). The formula (2) is 
called Bohr's frequency relation". 

4. The different stationary states of a simple system con- 
sisting of an electron rotating round a positive nucleus, i.e., for 
a hydrogen-like atom, were determined by the condition that only 
such orbits were permissible in which the angular momentum 

of the electron round the nucleus is an integral multiple of z.^., 

h 

The angular momentum = n » (3) 

LTT 

where n is any one of the integres 1, 2, 3, , and where h is 

again Planck's constant. 

The equation (3) for determining the stationary orbits is 
called " Bohr's quantum condition". 

These are the fundamental assumptions applied by Bohr 
to Rutherford's atom model in his epoch-making paper published 
in 1913. He was successful in accounting for the rules given 
by Balmer and Rydberg connecting the frequency of the different 
lines in the line spectrum of an element. 

5- 3. Boh/s Theory of the Hydrogen Atom. 

In § 5 • 1 we saw that the classical theory breaks down com- 
pletely for the atom. However, since in postulate 2 § 5 • 2, Bohr 
lias assumed that the dynamical equilibrium in a stationary state 
is governed by classical laws, we can take over equations (4) and 
(6) from §5*1, so that 

iTthna^io^ = e®, (1) 

and 



( 2 ) 


where W = — E is the negative energy or ionisation, in the orbit. 
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According to Bohr, these two equations are not sufficient 
for determining the orbit, i.e., the stationary state. We must 
supplement them by a third equation given by the quantum 
condition. The linear momentum of the electron is mv, so 
that the angular momentum, i.e., the moment of momentum 
about the nucleus, would be mva. Thus from the quantum 
condition (3) § 5 • 2 we get 


mva = n 

j- ...). 

(3) 

But from (2) § 5- 1, 7 ; = 

^Trao}, so that (3) becomes 


477-^ 

il 

3 

(4) 

Solving (1) and (4) for a and w, we get 




(<'i) 


^ iiT^tne^’ 

and 

in-ine^ 

(C) 




The possible stationary states, i.e., the possible orbits for 
the electron, are circles with radii proportional to 1, 4, 9, 16, • • •, 
The orbit with the smallest radius «o. given from (5) by putting 
« = 1, is called the " ground orbit ”, 


_ 


(7) 


This is the orbit for the " normal ” state of the atom, having 
the minimum energy. All other (larger) orbits are those for the 
“ excited ” states. Formula (7) gives the value of oo of the order 
10"®, which agrees with the value calculated from other methods. 
From the equations (2) and (5) we get 



2 ’ ~ 


(9) 


giving the energy E« of the stationary state. The integer n 
occurring in the formulae (5) and (9) characterises the stationary 
state, and is called the " quantum number of the state ”. 


The frequency v of the energy radiation emitted during the 
transition from a state n to another state n' (n' < »), is given by 
Bohr’s frequency relation (2) § 6 • 2 : 

-E«' = W'„ - W„, 
or 


_ E„ - E„' _ W„' - W 

ft h 


V 


( 10 ) 
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Substituting in this the values from (9), we get 

2vhne*fl 1\ .... 

If c is the velocity of light and A is the wave-length of the 

c 

spectral line, then since v ~ x, we get 

A 

1 _ 1/ _ 27T^me^ / I 1 \ 

A c ch^ n^/ 

= (i - iO’ <'"> 


V _ 27T^me^ 
c ~ ch^ 


27r^mc^ 

ch^ 


( 13 ) 


is called the wave-nuinber of the spectral line, and the 


equation (12) shows that the wave-number of any si)ectral line 
is the difference of the wave-numbers of two other lines. This 


theorem was put forward on purely experimental grounds by 
W. Ritz in 1908, and is called the ** Ritz Combination Principle 


The constant R is the Rydberg constant, and its value 
109700 calculated from (13) agrees very closely with the experi- 
mentally observed value 109677, providing a strong confirma- 
tion of Bohr's theory. 


If in the formula (12) we put n' — 2, and n = 3, 4, 5, G succes- 
sively we get the well-known Baliner lines 11^, Up, Ily, II§ of the 
hydrogen spectrum. Giving other values to n' and n, we get the 
other lines of the spectrum. 


The same theory holds for any other heavier atom which is 
ionised so that all except one of its peripheral electrons are 
removed. The singly ionised helium atom IIe+, and the doubly 
ionised lithium atom are simple instances of such systems 

in which only one electron is left revolving round the nucleus. 
They are usually called hydrogen-like atoms. 


Thus if N is the atomic number of the element, the charge 

^2 

on the nucleus is + Ne, so that for the force between the electron 

t* 


and the nucleus of the hydrogen atom, we must take now ; 
consequently in all the previous formula: should be replaced 
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by Ne*. 

Thus for the equations (5), (9) and (11), • we get 



_ /»*n» 

^ ~ 47r*wNe*’ 

(14) 


_F -W 

(15) 


_ ^ _ LA. 

'' h? V«'* w*/ 

(16) 


The wave-number of a hydrogen-like atom is given by 

1 V _ 2 Ti*me* /I _ j_\ 

A ' c ch^ \n'^ n*/ 

" ( t -- - ii>} 

The spectrum of singly ionised helium is obtained from (17) by 
writing N = 2, and giving various values to w', w. Similarly for 
doubly ionised lithium we put N = 3, and so on. 

The orbit of the electron in this section has been assumed 
to be a circle. But from the classical dynamical theory wc know 
that the orbit of a particle under a central force of attraction is 
an ellipse. However, when calculations are made for the elliptic 
orbit, it turns out that the values of a, co and W are exactly the 
same as those found above for the circular orbit. It is also found 
that the energy of the orbit depends only on the length of the major 
axis, being entirely independent of the minor axis, which may 
have any value. Thus the hypothesis of elliptic orbits brings 
nothing essentially new in Bohr's theory. It shows only that the 
emission of a given line can take place in more than one way. 

For this reason we shall not reproduce the detailed calcula- 
tions for the elliptic orbit. In § 5-7 we shall consider the more 
general problem, taking account of the relativity effect. 

5 ‘ 4 . Motion of the Nucleus, 

In the first presentation of this theory, Bohr considefred the 
mass of the nucleus so large compared to that of the revolving 
electron, that the nucleits could be taken to be practically at 
rest. I^ater he found that results in better agreement with 
experimental facts can be obtained, if account is taken of the 
finite mass of the nucleus. This consideration leads us to the 
problem of two bodies in classical mechanics. 
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Consider Iwa particles of masses m^, moving at a distance 
r apart under a common attraction I'* (r) directed along the line 
joining them. As there is no external force acting on the system 



linefixed 
in space 


the centre of mass G has no acceleration, so that G has a constant 
velocity in space, and if it is initially at rest it will be always at 
rest during the subsequent motion of the system. 

Suppose that the distances of the two particles Pi and P 2 
from G are ri and respectively, and that the line joining them 
makes at any time an angle 6 with a line fixed in space. 

Wc have from the definition of G, vtir^ — so that 


rj ^ rt ^ fi + ra ^ __r 
W 2 >«i »ti + »»2 nii + mt 

where r = Pi P* ; therefore 


( 1 ) 


m 2 

r, = — —r, ro 

nil + m2 


m. 

^ - r. 

nil + m2 


( 2 ) 


The accelerations of nii relative to G along the radius vector 
G Pi and perpendicular to it, are 


ri 


roi * and ^ (r,® 0 ) ; 


( 3 ) 


but as the accelerations of G are zero, the complete accelerations 
of mi are given by (3). Substituting the value of from (2) in 
(3), we get for the complete accelerations of Wj : 


Wl + Ml, 


re% 


1 d 


mi + nta r dt 




{rH). 


( 4 ) 


The equations of motion of »ti are therefore 


Wi + »l2 


re^) = 


-F. 


Wi + Wa 


Id 
r di 


{rH) = 0. 


( 5 ) 


( 6 ) 
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These equations show that the motion of Wj relative to Wg 
is the same as if m 2 were fixed and Wj were replaced by - 




• The kinetic energy of the system is 
T = im^ir^^ + + * mo^h^ + r2^^) 


= 2»*1 { 


(wi + 


+ 




= I {P H- 

“ + m2 ^ ' 


(7) 


This is the same as if m 2 were fixed and were replaced 

The angular momentum of the system about G is 


by 


\niyY^e + 


= 1 


mon 


I "*^2 ,,2; 

y Of 


( 8 ) 


“ 1 + m2 

and again is the same as if m 2 were fixed and mi were replaced by 

Wi + ^2 

Thus to allow for the finite mass Mn of the nucleus, we can 
make the necessary corrections in Bohr's formuke (14), (15) and 

(16) of § 3 -5 by the mere substitution of for w, thus giving 


{m + Mn) 

47r2w/MNN^- ' 

(9) 

_ 27T^-mM^Wc^ ^ 

“ {m 4- Mn) nVi-* 

(10) 

4:7T^mM^We^ 

~ {nX'\-M^)nVi''^ 

(11) 


The frequency of the spectral line due to the transition from 
a state n to another state n', is given by 
W„' - W„ _ 2'nhnM„W-e* 


(m'* ‘ 


It must be remembered that Mh, the mass of the nucleus, is 
different for atoms of different elements. 

As remarked above, the formula (12) gives more correct results 
than those given by (16) § 5*3. It has also been very useful in 
clearing doubts about the origin of certain spectral lines left over 
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by the previous formula. The formula (12) can give definite 
answer as to whether a particular spectral line is due to one element 
rather than the other. 

Thus according to the previous formula, the wave-number 
of a helium line due to a transition from 2«i to 2«2 would be, 
since N = 2 for helium, 

i» _ 1 _ 27 T^W‘4g* 7 ^ _ 1 '\ 

c A ~ c/t® inf) 

_ me* / I 1 \ 

and is the same as the wave-number of a hydrogen line due to the 
transition from to n^. 


But according to the formula (12), the wave-number of a 
helium line due to a transition from 2«i to 2«2 would be 


1 ^ 2y‘»tMn. e * f Jl_ 1 \ 

A {tn + Mat) ch^ \nf nfj’ 

while the wave-number of a hydrogen line due to a transition 
from «i to would be 


^ _ ^nhnMg e* /J. _ 1^\ 

A (m + Mh) nfj 


(16) 


As M„o, the mass of the helium nucleus, is different from Mh, 
the mass of the hydrogen nucleus, (14) and (15) would not give 
the same results. 


6-5. Generalisation of the Quantum Condition. 

In developing Bohr’s theory for higher and more complex 
atomic systems, the first problem would be to generalise the 
quantum condition (3) §6-2, viz., 

ftJv 

The angular momentum — (» = 1, 2, • • •), ( 1 ) 

which was assumed for a system having a single degree of freedom. 
In § 6-3 we saw that for a circular orbit of radius a, described with 
the constant velocity v, (1) became 


mav = 


nh 

2w’ 


or mv {2Tra) = nh, 


i.e.. 



ds — nh. 


where the integral is taken over the perimeter of the whole circle. 
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Thus, if a is the period of a whole revolution, then 
mv J 

* . ds 

or, since ^ ~ 

a 

mv^ J dt == nh. 

0 

The kinetic energy T at any point is T == i mv'^, so that 

a 

/2T di ^nh, (2) 

But if we use the relation that momentum p — m v, and velocity 
q --^v, so that 2T = mv^ — pq, we can express the quantum 
condition (2) also in the form 

cr 

J pq dt nh, 

or, in the notation of § 1*5, if J is the adiabatically invariant 
action variable, 

J = «/i. (3) 

Thus we see that for a simply periodic system, i.e., one with 
a single degree of freedom, Bohr’s original quantum condition 
(3) § 5-2 turns out to be equivalent to the statement that the 

action variable J =(^pdq, whidi is an adiabatic invariant, 
should be an integral multiiile of h : 

J = nh (« = 1, 2, • • •). (4) 

Suppose now that the system is multiply periodic, having 
s degrees of freedom. We must therefore seek for the quantum 
conditions for this general case. The guiding principle was supplied 
by P. Ehrenfest in 1914. Considering the influence of the slowly 
changing external forces on the atomic system, he came to the 
conclusion that the quantum conditions are supplied only by 
equating the adiabatic invariants of the classical theory to nh. 
This is the “ Adiabatic Principle of Ehrenfest”. 

In § 2*7 we found that for cyclic co-ordinates in the case of 
non-degenerate systems, we get s action variables defined by 

Jr “ ^ pr dqrt = Ij 2, • • •, s). 


( 5 ) 
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Planck, vSommerfeld and Wilson proposed in 1915, that the 
generalised quantum conditions for systems of many degrees of 
freedom should be s in number, given by equating the s action 
variables (2) to integral multiples of h. Thus 

Ji = WiA, J 2 = • • •, Jj = nsh, (6) 

These conditions are natural generalisations of Bohr’s quantum 
condition (4). 

In 1916, Schwarzschild pointed out that although the 
equations (6) are suitably chosen for non-degenerate systems, 
for degenerate systems with only it independent frequencies 
(w <s), the imposition of 5 quantum conditions unduly restricts 
the number of stationary states. However, for such degenerate 
systems there are always new action variables J^', u in number, 
which can be derived from the by a linear transformation. 
These J/ are independent, and vSchwarzschild put forward the 
principle that for degenerate systems the quantum conditions 
should be 

Ji ~ fiiht J 2 = • • •, Ju == Uffh. (7) 

J. M. Burgers proved in 1917 that for non-degenerate systems 
the and for degenerate systems the J/, are adiabatic invariants, 
so that we sec that the conditions (6) or (7), as the case maybe, 
satisfy the adiabatic principle of Ehrenfest, and are therefore the 
required generalisation of the quantum conditions. 

5-6. The Correspondence Principle. 

The classical theory has been very much useful in a vast 
domain of the physical world where gross phenomena depending 
on a large number of atoms are considered. But the theory is 
insufficient to give us a true picture of a number of other pheno- 
mena, such as black-body radiation, atomic collisions, etc. The 
classical theory will, however, still hold for phenomena which 
lie on the borderland of these two domains. It is reasonable, 
therefore, to expect that for such phenomena, the quantum theory 
should yield no results which differ from those of the classical 
theory. Thus the fundamental idea of the Correspondence Principle 
is that the classical theory shall appear as a limiting case of the 
quantum theory. This implies that as the quantum number 
n becomes very large, the quantum laws should tend asympto- 
tically to the classical laws. 
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For, if a periodic S 5 ’'stem is in a state characterised by a large 
quantum number n, then the discontinuous variation of the 
actional variable J, due to the quantum condition J = wA, will 
become quite insignificant. Therefore, the behaviour of the 
system will be predicted correctly by the classical theory. Thus, 
the change of energy for a transition of the hydrogen atom from 
Ml to Mg is given by 




o o 1 / 1 1 \ 2TT^me^ / I 1 \ 

v„, = 2-n-me ( j-, - - — j. (1) 

If both Ml and are large, the value of the right-hand expression 
is very small, showing that the quantum law demanding a dis- 
continuous change of energy, merges asymptotically for large 
quantum numbers into the law of a continuous change of energy 
required by the classical theory. 


Now consider an electrically charged particle with charge e, 
situated at a point {x, y, z). According to classical electro- 
dynamics, the radiation from such a point is determined by its 

electric moment p whose components are given by 

px ^ cx i py = cy^ pz = cz. (2) 

From equation (6) of § 2-7 we know that if the motion of 
the particle is simply periodic, the angle variable w, with the 
period 1, is given b}' 

+ p, (3) 

where is the frequency in the orbit. Thus each of the co-ordi- 
nates X, y, z will be a periodic function of w, and on account of 
(2), each of the components p^, py, p^ of the electric moment will 
also be a periodic function of w, and consequently capable of 
being expanded in a Fourier series of the type 


Z C/ cos ^7tlw = 27 C/ cos 27r/ {vet + j3). (4) 


Thus, on the classical theory, the motion of an electrified 
particle with orbital frequency Vc gives rise to spectral lines of 
frequencies 2i/^, 3i/^, 


Now, in quantum theory, the frequency Vq of the spectral 
line due to a transition from to Mg, is given by 


- («i - «*) 

J Wj J «2 

where we have Jj = n^h, J, = n^t. 


-t X AE 

— («i — «g) . 


( 5 ) 


0 


F 
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In § 2*7 we saw that the Hamiltonian His a function of J 
only, and since H is the total energy E, we can take E to be a 
function of J, and that 


_ dll _ 
dj “ dj - 


( 6 ) 


Now, if the energy E changes slowly with J, and the quantum 
numbers and M 2 are not small compared to the difference Mi — M 2 

between them, then we can replace ^ j in (5) by obtaining 


from (6) : 

= (mi — Mo) IV == Am • (7) 

If we put successively Am ^ 1, 2, 3, in (7), we get the 
frequencies of the spectral lines, according to the quantum 
theory, by 




( 8 ) 


agreeing, for large quantum numbers, with the classical frequencies. 
It must be remembered that this agreement is only asymptotical, 
because there can never be any question of an actual identifica- 
tion of the two theories. According to the classical theory, all 
the frequencies v^, 2v^, • • •, are emitted together by one process, 
viz., by the description of a single orbit. But according to the 
quantum theory, each one of the frequencies is emitted in an 
independent process, viz., by the transitions from orbits of 
quantum numbers m + 1, m + 2, m + 3, • • • to that of number n. 

This is Bohr’s correspondence principle, which says that 
although the quantum frequency is, in general, different from 
the classical frequency in the limiting case of large quantum 
numbers n the quantum frequencies for transitions m + A m 
to M, nearly coincide with the classical frequencies Ivc, provided 
Am is small compared to n. 

Bohr further extended his correspondence principle to the 
intensities and polarisations of the spectral lines. From the 
classical electrodynamics, we know that the intensity of a spectral 
line of frequency Ivc is proportional to Cf, i.e., to the square of 
the corresponding amplitude in the Fourier expression. The 
correspondence principle requires that, in the limiting case of 
large quantum numbers, the classical intensity should agree with 
the intensity given by the quantum theory. From this fact 
alone we can draw some inferences about the possibility of the 
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occurrence of transitions. For instance, if the classical intensity 
of the line with the frequency Ivc vanishes, i.e.', if the amplitude 
C/ = 0, then according to the classical theory, the spectral line 
.with the frequency Ive is not emitted. 

In the quantum theory this signifies that for large n the 
transition n + l to n does not occur. It is, of course, compatible 
with the correspondence principle that for small n the transition 
may be possible. But as an extension of his correspondence 
principle, Bohr assumed that even when the quantum number 
H is small, the transition « + / to n is not possible. This can be 
explained in the following way. The vanishing of a certain 
coefficient in the Fourier scries is a consequence of the symmetry 
in the geometrical configuration of the system. This symmetry 
will be effectual in the quantum theory independently of the 
energy states, and will therefore lead to the impossibility of the 
corresponding transition. 

These considerations provide us with the " selection rules ” 
which explain the anomalies in the occurrence of spectral lines. 

The polarisation properties can be determined at the same 
time as the intensities by a consideration of the components 
Px> Py> pz> oi the electric moment. 

5-7. Relativity Theory of the Fine Structure of Spectral Lines. 

As an application of the foregoing theory we shall consider 
the problem of the hydrogen atom, taking account of the relati- 
vity effect. In §5*3 we remarked that the elliptic orbits yield 
nothing more as regards the energy and frequency than the circular 
orbits considered originally by Bohr. But it is well known on 
the experimental side that each line of the spectrum is split up 
into several components, if examined by spectrograijhs of high 
resolving power. For instance, the line, which is seen as one 
with ordinary instruments, is split up into three components 
when observed through a powerful spectrograph. 

Obviously the theory of § 5*3 is unable to account for this 
“fine structure” of the spectral lines, as it is called. It was 
Sommerfeld who explained it in 1915, by pointing out that Bohr’s 
theory developed in §5-3 is still incomplete, inasmuch as it 
neglects the relativity-effect. In that section we assumed that 
the mass of the electron is constant throughout, whereas it was 
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proved in § 1-6 (1), that the mass of a moving particle changes 
with its velocity. For the electron which is revolving rapidly 
round the nucleus this effect would be appreciable, and ought to 
be taken into account when the motion is considered. Thus 

1 


where Wq is the rest mass and v the velocity of the electron. The 
kinetic energy T is then given by 

T =-- c® (m - «io) = M/oC* ^ - l), (2) 

where 

V 

Now consider the elliptic orbit of a hydrogen-like atom of 
atomic number N. If the polar co-ordinates of the peripheral 
electron at any point of its orbit arc {r, 0), the principle of angular 
momentum gives one equation of motion 

( 3 ) 


where A: is a constant. Writing u 

dO k 


we get 


= ku^, 


d6 Am* 

d i ~ in ' 

If {x,y) are the Cartesian co-ordinates of the particle, 
d , d . .. dO Am* d , . . 

dl = de di ^ 


m dO 


ku^ 

d 


ku^ d 

( dx 

d0) 

ni 

de ■ 

dt i ' 

~ m dd 

r” de ' 

' dl } 

ktt^ 

d 

f . » d 




m 

de 

■ de 

[r cos 0)| 



khi^ 

d 


cos 0\\ 



fn 

de 

i de \ 

u J) 




m dd \ \ 

_ ^ 

m dd \dd 

k^u^ . /d 

cos 0 I , 

m \d 


( , / cos 0 du sin 0\] 

r"( “m*“ de iT )} 


cos 6 + u sin 


'“KS +”) 
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The relativity equation of motion in the • direction of the 
jr-axis is 


^ (w x) = force parallel to the .Y-axis. 


Ne^ 


Therefore, since the force on the electron is towards the 


nucleus, we get 

kV- .fdhi , \ N 

Hrfei + V = - f 


or 


m 

dO^ 


TT cos 0 






k^~ ' Vi“' 


(5) 


If V is the potential energy, E the total energy, then 
T + V = constant = E, 

Ne2 


so that, since V 


— we get from (2) 


WnC- 


(■ ~r= - . - A - = B. 

Wl - ) 


( 6 ) 


To get the differential equation of the orbit, we must substitute 

i from 

+ 1; 


the value of Vl — y* from (6) in (5). Now from (6) we get 

1 E + Ne*n 


Vl — y2 

therefore substituting this in (5) we get 

/E + \ 

I s - + V’ 



dHi . 


or 

de^ + “ 

^ ~ k^~ 


dhi / 

We* 

Writing 

de* ( 

, AV , 


A* = 1 - 


NV 

kH‘^’ 


we get finally 


A - Ne* 

dhi 

del + = A, 


(7) 

( 8 ) 


which is the differential equation of the orbit. We can write the 
equation (8) in the form 

r A\ . A\ 



86 Bohr's Quantum Theory of the Atom § 5*7 


of which the solution is immediately recognised to be 
« — ^2 = B cos {X9 + fi) 

or by choosing the initial line so that the initial phase jS = 0, 
we get 

M = B cos XO + ^2 ‘ 


Now write 


I = 


A2 
A ’ 


BA2 

A 


€ ; 


Then the equation of the orbit becomes 

^ == 1 + € cos X0. 


(9) 


( 10 ) 


In the limiting case when c — > oo, t,e , A -> 1, the equation 
(10) reduces to that of an ordinary conic. 

The minimum value of y is , -- when cos A0 = 1, i.e., 

when X6 = 0, 27r, in, *•••’, and the maximum value of r is 

— I — when cos AO = — 1, i,e., when XO =7t, Stt, hn, . 

1 ~ € 

Thus the apses of the orbits arc r = - and r = - ^ 

i + e 1 — c 

for the above values of AO, and therefore the angle between the 
successive apse lines is given by 



TT We* 

where 8 • The small angle between successive lines to 

the perihelion is therefore 


_ wW 


( 11 ) 


The orbit is therefore an ellipse rotating in such a way as to 
produce this advance of the perihelion. 


The orbit is of a rosette type whose form is that shown in 
the accompanying figure. This shows that while the electron is 
going round the nucleus in an ellipse, the ellipse itself is revolving 
slowly. 
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If <ji is the frequency of the electron in the ellipse, then the 
frequency of the rotation of the line is w', given by 

, cdS (t)N’‘e* 

^ = n = W- (12) 

Thus the atomic vsystem has a doubly periodic motion having 
two frequencies co, co'. The line structure of the spectral lines 
is accounted for by the introduction of tliis new frequency a>'. 

To give a quantitative account of the resolution of the 
spectral lines, we must calculate the energy, and the action and 
angle variables. 

If (r, 0) are the polar co-ordinates of the electron, then 

^ . xr ... / 1 A 


- T + V = «...> (vi-- - *) 


where 


^2 ^ y2yi 


li pi and p 2 are momenta conjugate to the co-ordinates r, 0 
respectively, then 


Pi = fyiY 


- mr^-a - ^ . 

v^i -^2- / 0 • 

We must eliminate r , g from H, and express it as a function 
of r, 6, Pi and only, as required by the dynamical theory of 
§ 2 "S. We have 


4- ^ ^ = 


(r* + rV) = 
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Therefore 




WJoV -h 


wt#*c*y* _ m^c? 
1 ~ f “ 1 - y* 


SO that 


Vl - y* 


sj 


,V + 


• 


Substituting this in H, we get 




c* + />!* + 


Writing p^ = p^ 


we get the Hamilton- Jacobi equation : 




<H, (14) 


where is the total eiierg,v. By an easy calculation it can be 
shown that this equation reduces to 

Urj + Aw ■-= cd“‘ + r)r‘ + 7" + 


But from Hamilton's canonical equation 


^ 0 . 


since H does not contain 0, as seen from (13), we, get p. =0, 
therefore 

~ ~ constant = oj (say) . (16) 

From (15) and (16) we have then 

/2)SY_ , V ,o A 


so that 


“ (^'"" + “;)“* + (”" + 1 -(“>'- 7 *) !■ ■ 

It 

= _ A 4- ^ /I' 

Ur/ ^ 


where 


A == — oi (2Wo + “‘), 
B = Ne* (mo + “/), 


C = tto* — 
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Now we must find the action variables J^, J*. Thus 

= OS') 

■ +-2bV_ c - * VAji - r){r~f). 


where a, /3 are the roots of the equation 


+ 


■2 _ 


2B 


+ 



i.e., where aj3 


A' “ + ^ 


A 


Thus jS is the minimum value 


of r, and a the maximum value. Since the integration is ex- 
tended over a whole period, i,e,, from r^in. to ^niax. and back to 
we get 

^ dy 

Ji = 2 \/A. V{a^r) (f 


Make the transformation r = a sin^ <f> + ^ cos^ 

TT 



(a 2 sin^<f> QOs^(f} , , 

a ^nV + ~P cos^^ “ 


then 


= 4 


TT 



sin^(f) — siii^^ 

(a — P) siii^ + p 




= 4 VA (tt — jS)* 

? ( 

X- f \ J ® 

j ; /-_ ov -t- /_ - 


- 

(a-W 


(a-iS) " (a - /3)® (a-)3)sinV + /3j 

4 VA (a - j8)* X 




X I — n na 


ap 


TT 

¥ 


/ 




4 (a — /3) 2 (a — (a — PY { a sin^^-f p cos*<^ 

«i9 


- 4 VA (a ^)« + 2 

=»7r VA(ct-f-^ — 2 V^)» 


•-iui 

2 VaiSJ 


( 18 *) 
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27rNe* (m, + “J) 


Ji = 


— 277 


/ 2' 
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(i^) 


a/ - “1 (2»»o + “ 2 O 

Similarly on account of (16) we have 

Sjr _ 27r 

J2= 0 = f = I == 27702. (20) 

0 OU 0 

We must determine from (19) and (20) the value of the total 
energy in terms of Ji and Jj. 

Let 

J i-TT^e* 2775* 

where h is Planck’s constant, a is called “ Sommerfeld’s fine 
strueture constant, ” and it is found that a* = 5 -31 X 10"®. 

Now we have from (20) and (21) : 

Substituting this in (19) we get 


' 477V - " = V Jj--*- A*aW. 

c 


c/mN 


Ji + 7 J2* - AW = 


{»to + 5) 


^ -a, {2m, + 

/7.aN(7«o + 


^fn^-{m, + 


But 

therefore 


oj = E = — W, so that W = — Oi 


Ji+ Via" - AVN* 


AoN 


r- - T-) 


/ 


TTT V 9 
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Ji + Vja*-/t*a*N» = 


Vl - M* 


= 1 + 


(Ji+ 7 J** - 

A*a*N* 


»Since from (21), a is a very small quantity, we neglect powers 
of a greater than 4, so that 


= 1 + 


WN* {j.+ J, (l - 


= 1 + {(J,+ J,) 

^ (Ji+ J*)* t 2J 
^ 1 + h . J 

h*a^ 

•*• "I' / T I ' T ^2 “• T '/ T 


2J** Ji 

/iVN*)-* 
212 ) ’ 



r 

1 2ja(Ji+j2) 

(Ji+ J*)* 

AVN* 

f, , A*a*N» ) 

(Ji+ J.)* 


A*a>N* 

¥a*N* 

J7(jr+J2j’' 

(Ji+ J 2 )'* 


Therefore 


M = ■! 1 + 




+ T-7 


¥a*N* 


(Ji+L)^ ^ J*(Jl + j2)* 


_ /i*a«N« 3 AVN« 

2 (Ji + J,y 2J, (J j + J,)3 + 8 (J, + J,)*' 


_ kVN^ h*a*N* (L + 4Ji) 

2(Ji+J,)* '8L (Ji + Ja)*-' * 

Substituting the value of «, we get 

, W _ /»*a*N* + 

Woc* 2(Ji+Ja)* 8J2(J2+J*)* 

Therefore, we get finally for the negative energy 


W 

1 - = 1 - 


AV - »»ocWN* < AV(Ja + 4J,)N*) 

2(J,+L)*r 4Ja(J, + D* I 




/iVN* 
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The quantum conditions are 

Ji = Ml ti, Ja ~ Mj/i, 


where Mi and m* are integers, so (22) becomes 

2 (MiA + Mg/i)* ( (MiA + Ma/i)^ njij) 

We take new integers m and I instead of Mj, n^, satisfying 


n = Ml + Mj, 

«2 = ^ + 

(23) 

/ “1“ 1 ^ M, 

. 

/A 

1 

(24) 


The inequality (24) shows that for any given integer n, I can take 
only the following m values 

0. 1,2. •..(m-2), (M-1). (25) 

It is customary in spectroscopy to call m the ” principle ” quantum 
number, and I the “azimuthal” quantum number. 


Thus on substituting the value of a*, rii and m^, we get 


^ ~ 2 («i + Ma)* (Ml + Ma)H* MajI 


■" Fm* 




277®»«oN V ( . a*N* / n 

Pm* ■ M* U + 1 



(26; 


Each stationary state is therefore characterised by two 
integers m and I, and is denoted as the M/ state. In the limiting 
case when c -> <x>, a -> 0 and (26) reduces to the old formula of 
Bohr’s theory. 

To be able to apply (26) to calculate frequencies of spectral 
lines due to transitions, we must have selection rules which would 
be provided by the correspondence principle. 

The transformation function S is obtained by the integration 
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Now ^ is a function of r, oj and aj, and on account of (20) and (22), 

c)S 

oi and 02 are functions of Ji, Jj. Hence is a function of r, Ji, Jj, 
ancl so we have 

S =/(r. Ji, (27) 


If Wx, W 2 are angle variables conjugate to Ji, Ja respectively, 
then we get 


/jl {^» Jl> J2)» 

/ < / T T \ 1 ^ 


(28) 


Solving equations (28) for r and 6, we get 

Ji,L). (29) 

e =2,Tie>2 L, Ja). 

Therefore, if x and y are the Cartesian co-ordinates and i = V— 

X + iy — ret^ — <{) (re',, J,, Jg) J,. Jj) 

= («'i. J i. J 2 ) 

Writing 0 (»•,, J,, J 2 ) as a Fourier series E Cj^ where 

ft 

is a function of J,, J 2 , we have 

X + iy —ECi e^"' (■^i + “-a) 
k 

= e2.T,(,tVj + V,) 


where v, and 1^2 are frequencies given according to 

«'i = Vit 4- Pi, Wi = vj, + jSa. 

Thus we see that x, y, and therefore the components p^,, py of 
the electric moment are Fourier series of the type 

E C cos {27r {kvi + V 2 ) 0- (30) 

k k • 


The quantum number m, corresponds to v,, and corres- 
ponds to 1 ^ 2 . The correspondence principle now shows that | Am, | 
may have any value, but |A« 2 l =1. w = Mi - f Ma may 
change by any amount, but Z = «, — 1 can only change at the 
most by unity. This appears from the fact that in (30) the 
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coefficient of vj is k which can have any value, whereas the co- 
efficient of 1/2 is unity. Consequently 

Ai = + 1, -1. 0. (30 fl) 

As an illustration, we shall apply this result to the calcula- 
tion of the fine structure of the Ha line of the Bahner series. For 
Hydrogen, N == 1, and the frequency v of the spectral line due to 
the transition « n', I -> V is given by 

R - E' W' - W 
*' “ ~ h h 


27r*»io e* 





If vq is the frequency of the original line without relativity 
effect, and R is the Rydberg constant, then 

*' ~ 1 “ 0 “ - Ol- 

Thus the single line of frequency vq splits up into several lines of 
frequencies given by (31). 


For the line Hq, n = 3, n' — 2. From (23) we see therefore 
that / < 3 — 1, Z' < 2 — I, i,e., I can have the three values 0, 1, 2, 
and Z' can have tlie two values 0, 1. From the correspondence 
principle we know that I can change only by unity, i.e., Z' — Z = 
4- 1 or — 1, so that we have the following possible pairs of values 
for Z and Z' : 


/ = O') Z - n Z - 21 

z' = ij r = oj /' = 


(32) 


Substituting these pairs of values in (31) we get the three 
resolved lines of Ha. The formula is found to give values in 
close agreement with experiment. 

The fine structure of the lines of any other element can be 
calculated similarly from (31). 


5*8. Development of Bohr's Theory. 

During the years 1915-22, Bohr's theory was applied with 
success to a number of atomic phenomena, such as the normal 
Zeeman-effect produced by an external magnetic field, and the 



§ 5-8 


Developmmt of Bohfs Theory 


95 


Stark-eflect produced by an external electric field. ^ The Hamilton- 
Jacobi theory of dynamics, in conjunction with Bolir's frequency 
relation and quantum conditions, gave the energy in the stationary 
states with sufficient approximation, while an application of the 
correspondence principle supplied the necessary selection and 
polarisation rules. 

We shall consider these problems according to modern 
quantum mechanics, in subsequent chapters. But they were 
explained more or less satisfactorily even on Bohr’s theory. 

Thus, it was found that when we bring an external electric 
or magnetic field in a definite direction, we have to introduce a 
new^ quantum number m, connected with the angle ^ of the electron 
round the axis of the field. Bor given values of the principle 
quantum number n and the azimuthal quantum number /, the 
new quantum number m can assume only the following 2/ + 1 
values : 

m 1), . . , 1, 0, 4 1, • • (/ 4- 1), /. (1) 

It w^as also found that only those transitions could take 
place for wdiich m changes at the most by unity, i.e., 

Aw = - 1, 0, + 1. (2) 


5*8 (1). Atomic Magnetism. The Magnetic Moment of the Atom. 

Consider an electron moving round in a small circle. Accord- 
ing to the classical electron theory, an electron in motion generates 
a magnetic field, identical in all respects with the field of a small 
magnet placed at the centre, so that the axis of the magnet is 
perpendicular to the plane of the electronic orbit. If J is the 
angular momentum of the electron in the orbit, the magnetic 
moment M of the equivalent bar magnet is given by 

2moC 

where e is the charge and Wq the mass of the electron. 

To prove this theorem, suppose that r, 0 are the polar .co-ordi- 
nates of the electron, A the area of the orbit, and a the period. 
dA 

Then would be the rate of description of area, whose value is 
known to be : 


M = - 


( 1 ) 


dA 

(it 


= ir 


dl ' 
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And since J = we get 


dA _ J 
dt 2mo 


( 2 ) 


Integrating this over a whole period, and remembering that J is 
constant for a circular orbit, we have 


A 



51 . 

2)^0 


( 3 ) 


If the frequency of the electron in the orbit is w = 1/a, then 
the electron passes a given point on its orbit w times per second, 

and therefore, is equivalent to a current i = to. Now, 

c 

according to the electrodynamic theory, a current i flowing in a 
closed circuit of area A, gives rise to the same field at a great 
distance as a bar magnet of moment 

M = * A, (4) 

situated at the centre of the orbit, with its axis perpendicular to 

the plane of the orbit. Since i = — w, we have from (1) 

c 


M = - ^ wA. 
c 


( 5 ) 


Hut from equation (3) we get 



therefore 


M = 



( 6 ) 


The direction of M is opposed to that of J, because the charge of 
the electron is negative. Thus, we see that the value of the 
magnetic moment of the equivalent bar magnet is that given by 
(1). For an atom having several electrons, we have simply to sum 
up the contributions of each one of them to get an expression of 
the same form as (6), but J would then denote the angular mo- 
mentum of the whole system. 

Thus we see that the orbital motion of the electrons in an 
atom produces a magnetic field, which comes into evidence in 
the Zceman-effect. 
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Now, from Bohr’s quantum theory of the circular orbit, we 
know that the angular momentum is an integral multiple of 
so that we have 

J = w A. (m - 1. 2. . . •). (7) 

Substituting this in (1) we get, 

ch 

^ ^ 4^' integer). (8) 

Tor the lowest orbit, characterised by the quantum number 
w = 1, the magnetic moment fz of the atom is given by 
sh, 

fx = = 0-922 X 10“*® gauss centimetres. (9) 

fjL is called the Bohr-Magnetoii ", and it is taken as the unit of 
atomic magnetism. For an atom whose Zeeman-effect is normal, 
the magnetic moment measured in magnetons is mfi, where m 
is any integer. 

The existence of atomic magnetism, confirming the value of 
M given above, was demonstrated exi3erimentally by W. Gerlach 
and O. Stern in 1921, and in subsequent years. The first exx^eri- 
ment consisted in passing the atoms of silver vapour through a 
non-uniform magnetic field, and measuring the deviation from 
their otherwise rcctliiiear paths by intercepting them on a screen. 
From this deviation the value of the magnetic moment can be 
calculated, which agrees closely with the value given in (8). 

5*8 (2). The Spectra of Heavier Atoms, 

From the atom-model proposed by Rutherford we know 
that a neutral atom of any element other than hydrogen consists 
of a positively charged nucleus, around which several electrons 
are rotating. Naturally, such an atom must have a multiplicity 
of stationary states, because there are several possibilities for the 
revolving electrons to arrange themselves in different orbits. 
The spectra of these atoms are therefore more complicated than 
the spectrum of the hydrogen atom. Their characteristic feature 
is that they can be grouped in sequences of lines called " series 
The four main series are the “ principal ", " sharp ", " diffuse " 
and " fundamental " series. 

7 


r 
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In §5-7, we saw that if we take account of the relativity 
effect, the energy* E of the atom in any stationary state is charac- 
terised by two quantum numbers n and I, where n is the principal 
quantum number, and I a second quantum number associated 
with the series to which the term belongs. Thus W = — E is a 
function of n and I, which we can denote by W («, /). We know 
also that I < n, and that t can change by 1 only. 

It is customary in spectroscopy to denote 

(1) W («, 0), {I = 0), (m = 1, 2, 3, . • .) as S terms, 

(2) W (n, 1), {I = 1), (n = 2, 3, 4, • • •) as P terms, 

(3) W («, 2), (/ = 2), {« = 3, 4, 5, G, • • •) as D terms, 

(4) W («, 3), (/ — 3), {n = 4, 5, 6, • • •) as F terms. 

A line due to a transition n — 5, I — 2 ->■ n' — 2, I' = I is 
denoted by the notation *P. 

The four series mentioned above are given by the transitions 

« P -> 1 S (« = 2, 3, 4, • • •) : Principal series ; 

M S -:>• 2 P (n = 2, 3, 4, • • •) : Sharp series ; 

« D -> 2 P (« = 3, 4, 5, • • •) : Diffuse series ; 

n F -> 3 D (« = 4, 5, 0, • • •) : Fundamental series. 

The scries lines, when observed through spectrographs of 
high resolving power, are found, in general, to be multiple in struc- 
ture ; they are therefore called "multiplets”. Thus it is found that, 
in the case of the alkali metals, the S terms remain single, but 
the P, D and F terms each split up into two, giving rise to doublets. 
Thus the alkalies Na, K, etc., have singlets and doublets. Similarly 
the alkaline earths Mg, Ca, etc., have terms which are singlets 
and triplets. To take a concrete example, in the spectrum of 
sodium, the first line of the principal series, the yellow D-line 
is found, when examined by spectrographs of high resolving 
power, to be really two lines separated by 6 A. 

To explain this multiplet structure, Sommerfeld and Dande 
proposed that two quantum numbers n, I are not sufficient to 
describe the terms, but that a third quantum number ‘ m ’ should 
also be introduced corresponding to the magnetic moment M of 
the atom, explained in the last section. We have remarked that 
for the Zeeman-effect and the Stark-effect, when we bring an 
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external magnetic or electric field in a definite direction in space, 
we have to introduce a new quantum number connected with the 
azimuthal angle <f> of the electron round the axis of the field. 
Similarly, the magnetic field due to the atomic magnetism, 
introduces the quantum number to which the inultiplet structure 
is due. This number ' m* is called the '' magnetic quantum 
number 

So far, we see that the negative energy W of a stationary 
state depends on three quantum numbers n, /, m. But in the 
course of investigations on the multiplet structure of series lines, 
it was found that we need yet one more, a fourth, quantum 
number to explain them. 

Thus consider the effect of an external magnetic field on an 
atom. In the normal Zeeman-cllect, it is found that each line of 
the hydrogen spectrum is resolved into three components under 
the influence of the external field. But the case is different for 
the alkali atoms. If the magnetic field is weak, each line of the 
multiplet is resolved into more than three lines. The displacement 
of these new components is proportional to H, but different for 
the various members of the multiplet. This phenomenon is 
called the anomalous Zeeman-effect 

It is found further that if the magnetic field is gradually 
increased, the resolution is gradually changed ; and finally when 
the field becomes strong, there remain only three components 
of each line of the multiplet, as in the normal Zeeman-effect. This 
change on passing from a weak to a strong field, is called the 
" Paschen-Back effect. 

The fourth quantum number mentioned above, was introduced 
to explain these phenomena. It is denoted by s, and is supposed 
to have only the two values + ^ and — It was at first 
assumed by Lande and others that this fourth quantum number 
s was connected with the angular momentum of the core electrons, 
but in 1924 Pauli showed that this cannot be the case. He pointed 
out that if s were connected with the core electrons, then the 
nature of the Zeeman-effect would depend upon the atomic 
number N of the atom. But experiment shows that there is no 
such dependence of the Zeeman-effect upon N. Pauli concluded, 
therefore, that the quantum member ^ is associated with the 
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series electron, just as the other three numbers are associated 
with it. 

This view was further strengthened by the hypothesis of the 
" spinning electron,” proposed by two Dutch Physicists, G. E. 
Uhlenbeck and S. Goudsmit, in October 1925. They suggested 
that the electron should not be considered to be a point charge, as 
hitherto done in Bohr’s theory, but must be taken to have a finite 
extension. Further, it should be assumed to be spinning about 
an axis fixed in itself, while at the same time moving in its orbit 
round the nucleus. The angular momentum of the electron is 

taken to be s where s = + J or — J, according as the spin is 

in one direction or the other. The hypothesis of the spin of the 
electron coupled with the relativity theory gave a satisfactory 
explanation of the spin doublets. But in 1928, Dirac showed 
that a systematic relativity theory of the quantum phenomena 
accounts for the spin effect quite naturally, without the arbitrary 
model of the spinning electron (Chap. XI). 

5-8 (3). Pauli’s Exclusion Principle. 

We have seen in the last section that each stationary state 
of an atom is characterised by the following four quantum 
numbers ; 

(1) The principal quantum number n, which can have 
any of the integral values 1, 2, 3, • • •, and which in a transition 
can change by any amount. 

(2) The azimuthal quantum number I, which, for a fixed n, 
can have only the following n values (25) § 5-7 : 

0 , ], 2 , •••,(«- 1 ), 

and which, according to (30 n) §5-7, can change in a transition 
by — 1 or + 1 only. 

(3) The magnetic quantum number m, which, according to 
(1) § 6 -S', has, for given values of n and I, the following (2 / + 1) 
values : 

-/,-(/-!),•. -- 1 , 0 , 1 , . . (/ - 1 ). /. 

and which can change in a transition by — 1, 0, or +1 only. 

(4) The spin quantum numbers s, which can have only the 
two values — i and + 
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Thus the negative energy W, associated with a stationary 
state, is a function of the four numbers n, I, m and s, so that 
we can write 

W =W(n,/,m, s). 

Now, from the time of the Greek philosophers, it has been 
taken for granted that two different pieces of matter cannot 
occupy the same part of space at the same time. Generalising 
this idea, W. Pauli put forward, in 1925, as a fundamental postulate 
of the quantum theory, that two electrons not only cannot be 
at the same point simultaneously, they cannot even be in the 
same orbit. As each orbit is characterised by the four quantum 
numbers explained above, this means simply that no two electrons 
can have the same four quantum numbers. In other words, 
each stationary state of the quantum theory’’ is defined completely 
and uniquely by a given set of values of the four numbers n, Z, m, s. 
This is Pauli’s Exclusion Principle ”. It is also called Pauli’s 
Equivalence Principle ” or Pauli-Verbot ”. 

This is a most useful principle, and can be applied to find out 
the number and arrangement of the extra-nuclear electrons in 
the atoms of the various chemical elements. 

5-9. Bohr's Theory of the Structure of Atoms, and the Periodic 
Table of the Elements. 

In § 3*1 we said that the chemical elements can be arranged 
according to their increasing atomic weight, beginning with the 
lightest of them, viz., hydrogen, and ending with the heaviest, 
viz., uranium. In the middle of the nineteenth century the Russian 
chemist, Mendeleef, suggested that as regards their chemical and 
physical properties, such as valency and the emission of spectral 
lines, these chemical elements, which were supposed to be 92 in 
number, can be divided into seven periods, having more or less 
resemblance to each other, and containing 2, 8, 8, 18, 18, 32, and 
6 elements respectively. The properties in each period are 
repeated, and each increase in the length of the period brings 
with it a number of elements with properties different from those 
of the preceding periods. 

When Bohr first proposed his quantum theory of the atom 
in 1913, he suggested that the chemical and physical properties 
depended on the peripheral electrons. Since that time it was 
believed that the repetition of the chemical and physical properties 
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with these periods., and the increasing length of the period, is due 
to a regular building up of the atoms. But it was only in 1922 
that Bohr was able to give a theory of the periodic table. His 
considerations were based on a detailed knowledge of the optical 
and X-ray spectra, the Zeeman-effect, and other phenomena. 
The theory was given a firm basis only after the publication of 
Pauli’s Exclusion Principle in 1925. 

In the last section we saw that the energy associated with 
any stationary state is characterised by four quantum numbers 
«, /, m and 5. We know also that only those configurations are 
most probable for which the energy is a minimum. Thus at 
each state the electrons in the neutral atom would be in the orbits 
of the lowest possible energy compatible with the condition of 
stability. These ideas together with the exclusion principle, 
provide the necessary clue for the fixing up of the arrangement 
of electrons in the various atoms. 

When the theory is worked out, it is found that in every 
atom there are two orbits in which the energy is equal and lower 
than in any other orbit. These are nearest to the nucleus, and 
their group is spoken of as the K-shell or K-ring. 

Next to these come eight orbits of equal energy, but sub- 
stantially higher than that of the K-shell. This group is called 
the ly-shell. After the E-shell we get 18 orbits of equal but still 
higher energy, and the group is known as the M-sliell. Similarly, 
the N-shell contains 32 orbits, and the 0-shell 50 orbits. The 
atoms arc successively built up by the addition of one peripheral 
electron to those of the previous atom. The electrons go into 
the various orbits beginning with the K-shell, and when one shell 
is complete, the additional electron of the next higher atom must go 
into an orbit belonging to the next higher shell. 

From Bohr’s theory of the hydrogen atom, we know that 
the value of the energy in a stationary state depends mainly on 
the principal quantum number w, and it is only the slight dif- 
ferences in energy due to the finer features which bring about 
the introduction of the other quantum numbers. 

Thus we see that the various shells are characterised by the 
values of the principal quantum number m = 1, 2, 3, 4, 5, etc., 
giving theK-,E-,M~,N--,0~, P-,Q - shells 
respectively. 
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From (26) § 6-7 we know that for a fixed ^value of n, the 
azimuthal quantum number has the n values : 

0, 1. 2, .... (n - 1). 

Therefore each shell has n sub-shells characterised by the value 
of 1. These sub-shells are distinguished by suffixes. Thus the 
three sub-shells of the M-shell (» =3), corresponding to the values 
0, 1, 2 of I, are denoted by Mj, M3 respectively. 

Now we must consider the other two quantum numbers m 
and s. We know that for given values of n and I, the number 
nt can have only the (2/ -f- 1) values : 

1 ), ..., - 1 , 0 . + 1 . - 1 ), 1. ( 2 ) 

and for each of these m, the fourth number s can assume the two 
values -1- 1 and — For any sub-shell the number of orbits 
would therefore be 2 [21 -f 1). And since each different orbit 
may contain an electron, the number of electrons in each sub- 
shell will be at the most 2 {21 -f 1). The number of electrons 
in the various sub-shells should be therefore 

2. 6. 10, 14, . . .. (3) 

The number of electrons in a shell is then 

— 1 

E 2(21 + 1) = 2n*. (4) 

/- 0 

This gives the maximum possible number of electrons in each 
sub-shell and shell, calculated from Pauli’s Exclusion Principle. 
But the electron configuration must satisfy also the second condi- 
tion that the energy of the atom shall be a minimum. When 
this second condition is taken into account, it is found that the 
higher shells do not have the maximum number of electrons 
calculated from the above theory, but that one shell begins to 
form before the previous shell is complete. 

The prevalent grouping of the electrons into shells and sub- 
shells for the more prominent chemical elements is given in the 
following table. We wish to remark here that 92 is not the upper 
limit for the number of elements. In fact E. Fermi recently 
created in his laboratory the element No. 93, which is, however, 
extremely unstable. Elements No. 94 and 95 have also been 
reported. 
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Chapter VI. 

HEISENBERG'S QUANTUM MECHANICS. 

6-1. Critique of Bohr's Theory. 

In the last chapter we gave an account of the origin and develop- 
ment of Bohr's quantum theory, and pointed out its culmination 
in the explanation of the periodic table of chemical elements 
published by Bohr in 1922. It became increasingly apj^arent, 
however, that this theory was not quite complete. It could 
explain the Zeenian-effect of the hydrogen atom, but gave wrong 
results for the anomalous Zeeman-effect. Further, the energy 
levels of the hydrogen molecule ion, of the normal and excited 
states of the helium atom, of the normal states of the hydrogen 
molecule, were calculated by many people during the years 
1923-25, but it was found that the results did not at all agree 
with experiments. The quantum theory broke down for the 
problem of the crossed fields, i.e., the problem of calculating 
the spectrum of an atom under simultaneous electric and 
magnetic fields in different directions. The phenomena of 
dispersion, i.e., of the collision of light with matter, and also 
those of the collision of electrons with gas atoms could not be 
accounted for successfully on Bohr's theory. 

Indeed, Bohr himself was never in doubt about the incomplete- 
ness of his theory of atom models and electron orbits. Max 
Born, W. Pauli, and many other workers of great repute were 
giving voice to their belief that a reformulation of the whole 
theory was urgently needed. This was felt to be the more 
necessary because the quantum theory was not a coherent whole ; 
there was an unsatisfactory looseness about its principles. The 
quantum conditions, the frequency relation and the correspon- 
dence principle are not integral parts of the theory, but are 
added to it as an after-thought, as it were. The theorv lacked 
the closeness and unity of the classical mechanics, which did not 
require any external ideas for the explanation of the phenomena 
with which it dealt. Several workers were seeking for a rational 
and unified formulation of the quantum laws, but it was 
reserved for a very young German physicist, W. Heisenberg, 
to provide the key to the solution. 
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6* 2. Heisenberg's Theory. 

Heisenberg pointed out in 1925, that any rational formulation of 
the quantum mechanics should concern itself direetb^ with ’the 
experimentally observable quantities such as the frequencies 
and intensities of the spectrum. The position of the electron 
in the orbit, the period of revolution and the amplitudes 
can never be expected to be experimentally observed, and should 
not be used directly in the mechanics. 

In the course of the last chapter, we have seen that the 
fundamental ideas of Bohr' s theory are : 

(1) the discrete set of stationary states characterised by 
the values E„ (w = 1, 2, • • • ), of the energy ; 

(2) the frequency v of the energy radiation emitted during 
the transition from a state n to another state n\ given by Bohr's 

E ^ 

frequency relation v == ) 

(3) the orbits of the electrons, selected by the quantum 
conditions (J) dqr nyh, {r ^ 1, 2, •••,«) i 

(4) the assumption that the classical laws hold for the 
description of motion in the stationary states, although they fail 
completely during transitions ; 

(5) the correspondence principle, that the classical theory 
gives the right results in the limiting case of large quantum 
numbers. 

The existence of the discrete set of stationary states 
for the atom has been confirmed more or less directly by the 
experiments of J. Franck and others on collision phenomena. 
The frequency relation can be taken to be an immediate conse- 
quence of the Ritz combination principle, which has been abund- 
antly demonstrated during more than half a century. These 
two conceptions, therefore, must find a place in the new mechanics. 

The case of the electron orbits is, however, quite different. 
It is almost certain that they can never be observed experi- 
mentally. Accordingly, the orbits should not enter directly in 
the new theory. Heisenberg thus gave up all mechanical 
models of the atom, just as previously, Einstein had given 
up the omnipresent ether of the classical electrodynamics. 
Moreover, the quantum conditions, which provided the selection 
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rules for these electron orbits, were completely, artificial ; they 
could not be interpreted rationally in terms of the ordinary 
corpuscular conceptions of the nature of matter. Their only 
juistification was their agreement with the facts of experiment in 
some cases. All that the adiabatic principle of Ehrenfest and 
the correspondence principle of Bohr could do for the quantum 
conditions, was to make them appear plausible to a certain extent. 

As regards the classical mechanics, Heisenberg put forward 
that it is not the equations of classical mechanics that are at 
fault, but that the mathematical operations by which physical 
results are deduced from these equations require modification. 

Heisenberg considered a simply periodic dynamical system, 
with the orbital frequency cu = 2 ttv. The co-ordinate q can 
then be represented by a Fourier series. 


q [i) = aQ + ai cos 2TTvt + «2 cos 2 + • • • 

+ bi sin 27rvt + sin 2 (27^^/) + • • • 

= - ih) + i («* - ibt) + • • • 

+ i («i + ih) + ih) + ... 

= ^0 + + 92 + qj + • • • 

+ q-i c-*’"’'' + 9-2 


+ o® 

= r (1) 

a = — oo 

where 

?o = J (^1 — ^ ^i)» (for a positive integral), 

and 

q-a = H«i + i hi). 

If we denote the complex conjugate of q by q*. then we see 
from the definitions of and that 

9-tt=--9«*- (2) 

Heisenberg assumed that in the new quantum mechanics, the 
coordinate q can be represented by harmonic components of the 
form Since in the quantum theory the observable 

frequencies and intensities of the spectral lines depend on a 
transition from a state n to another state m, q and v should be 
characterised by the two integers n and m instead of the one 
integer a of the classical equation (1). Now, according to the 
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Ritz combination principle, the frequency of a spectral line is 
given as a difference of two terms of the set : 

T 'P T . . . T ... 

* 1 > 2 > 3 » ^ n > » 

SO that 

= T„ - T„ (3) 

is the frequency of the transition from the state n to m. 

Thus 

- {Tn - T,,) + (T^ - T,) 

which corresponds to the obvious classical relation 

av + — (a + V. 

P'urther, we have 


r,,, - T, -- T, - 0, 


( 4 ) 


which embodies the fact that no radiation is emitted .so long as 
the system remains in the same state. Similarly 

^mn — (1« I'w) 

== — Vnm> (5) 

showing that the frequency of the radiation emitted during the 
transition n is the same as the frequency of the radiation 

absorbed dvtring the reverse transition m ^ n. It must be 
remarked that negative frequencies signify absorption in the 
same way as positive frequencies signify emission. 

Heisenberg found, therefore, that instead of the Fourier 
scries (1), the co-ordinate q should be represented in the new 
mechanics corresponding to all possible transitions w ( = 1, 2, 3) 
to w ( = 1, 2, 3, • • •), by the following two dimensional table : 

/ ?I1 ?12 ... V 

? = ( 921 922 923 . . . ) 

\ 981 ^32 . . . / 


or more, shortly by 

9 = ( 6 ) 

But from (4) we know that = 1^22 = I'as = 0, so that all 

the diagonal terms are constants • •• Further, since the 

dynamical variable q is real, and since = — v^ttn* we must 
demand that q^n should be the complex conjugate of q^f^t so that 

imn = Q^nmt ( 7 ) 
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inm qmn = I Qnm I*- (8) 

. In the classical theory, if two variables x and y belong to 
the same dynamical system with the orbital frequency co = 27 ry, 
then 

+ 00 

X S Xa 

U 3 — c >0 


4 - OO 

V = 27 V„ 

' j3 = _oo-^^ 

and 


Now let 


xy = {JO Xa <wV/)} (27 y. eP 

a ^ P 

= ESXayg w. 

a ^ ^ 


then 


where 


— y. ^=y — 

y a 

= 27 (A;:y)y 

y 


= 27 Xayy-a- 

a 

We see therefore that the same frequencies v, 2v, 3j/, 
into the product xy as into x and y alone. 


( 9 ) 

( 10 ) 
• • • enter 


Heisenberg wanted to find a rule of multiplication for the 
quantum dynamical variables so that no new frequencies should 
appear in the product. Thus if 

* = {X„^ 

y = {ynm 

then Heisenberg found that it is only when we stipulate that 
the n m component of xy should be calculated by the rule : 

ixy)„m = f x„it e^^'^mfykrn (11) 

k 


that no new freqencies appear in the product. In fact, since 
on account of (3), 

v„k + = (T„ - T^) + (T^ - T„). 

~ ('^>t !»») ~ •'«»>» 
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we have from (11) 

k 

= Ex„iyj^„e^”‘^,.m‘. ( 12 ) 

k 

According to this rule, the nm component of the product 
yx would be given by 

{yx)„m = ( 13 ) 

k 

In the general case, the sums E x„j^ and E y^k ^hn will 

k k 

evidently not be equal, and therefore {xy)nm for 

values of n and m. Thus the corresponding components in the 
tables for xy and yx are not equal, and therefore 

xy ^ yx. (14) 

This fact, that the commutative law of multiplication does not 
hold in the new quantum mechanics, was mentioned by Heisenberg 
explicitly in his very first paper published in July 1925. Max 
Born and P. Jordan pointed out in September 1925, that the 
Heisenberg multiplication rule (11) is exactly the same as that 
for matrices, well known to the mathematicians in algebraic 
theory. Thus, the dynamical variables in quantum mechanics 
arc " matrices 

6« 3. T/ie Algebra of Matrices. 

Suppose that x^, x 2 are two variables, which are considered 
to be components of a two dimensional vector x. In the same 
way we shall say that yj, yg components of a vector y ; Zi, Z 2 
are components of a vector z ; etc. 

We make the following transformation of variables : 

yi = flu + fli 2 ^2, yz = ^21 + ^22 ^ 2 - ( 1 ) 

We arrange the coefficients of this transformation in a square 
table of two rows and two columns : 

(»;: »::)■ '^1 

This table is called a “ matrix " of the 2nd order, and is 
usually denoted by a. Then the two equations in (1) can be 
written symbolically as a sort of vector equation 

y = ax. 


( 3 ) 
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We transform the variables again from y^, to Zy, z, by 
means of the transformation 


Zi — + hi^y^ , Z 2 — i2i.'V2 + 

or, shortly by 


2 = by, 

where b is the transformation coefficients matrix 


( 4 ) 

( 5 ) 


"< 1 : *::)■ («> 
Substituting the values of ^ 1 , y^ from (1) in (4), we can find 
the new variables Zj, z^ in terms of the original variables x^, x^ as 

^1 +C 12 A 2 , Z 2 —C 21 X 1 -\-C 22 X 2 , (7) 

where it is easily calculated that 

^11 ^12 ‘^Sl> ^12 — ^11 <^12 +^ 12 ^* 22 . 

C21 — f >21 ^It "h ^22 ^ 21 ' ^22 — ^^21 ^12 "h ^22 '* 22 - ( 8 ) 

We can write (7) shortly in the symbolical form 


z ■= cx, c = 

Substituting (3) in (5) we have 



( 9 ) 


z = by —b {ax} = bax, (10) 

which means that first the transformation a is applied on x, and 
then the transformation b is applied on ax. Comparing (9) 
and (10), we get 

c=6a, ( 11 ) 

that is to say that the product of two matrices is a third matrix 
whose elements are calculated according to the formulae (8). 
That the product ab is not the same as ba can be readily seen by 
applying the transformations in the other order. Thus let 

3'i' V 2 ' = d- (12) 

or, symbolically, 

y' = (13) 

Applying now the transformation a, we get 

^ 1 ' = + «12V2', = «2iV'i -f rt22>2', (14) 

= «y- (16) 

Substituting (12) in (14), we get 

Zf = di^Xi + <^12^2. V = + d2,^2> 


(16) 
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where 

^11 ~ ^\%— <* 11^12 "!■ ^ 12 ^* 2 > 

^21 ~ ^ 21^11 + ® 22 ^ 21 > ^22 = ® 21^12 "h ^ 22 ^ 22 - ’ ( 1 '^) 

Thus 

j;|). (is) 

Substituting (13) in (15), we get 

z' ~ ay' = a {bx} = abx. (19) 

From (18) and (19) we have 

d = ab. (20) 

Comparing (8) and (17), we see that in general all the four c's, 
viz., Cii, c, 2 , Cji, Cjj- same as all the four <i’s, viz., 

dll, di 2 , d^i, d^ respectively, so that c -fz d, i.e., 

ba = 5 t= ah. (21) 

Thus we see that the commutative law of multiplication does not 
hold for matrices in general. 

Now, let A be the determinant formed of the coefficient of 
the matrix A, and suppose that 

A = =5fc 0, (22) 

«21 «22 ' ^ 

then from (1), solving for Xi, x^^ in terras of yi, y^, we get 


= -A y-'A'-^- 


^21 ^11 
A “ A 


This is called tlic inverse transformation to (1), and the matrix 
of the coefficients in (23) is called the inverse matrix to a and is 
denoted by so that we can write (23) symbolically : 


X = a-^ = 


It can be verified by actually carrying out the double trans- 
formations, that 


where 




The matrix (25) is called the unit matrix of the 2nd order, and 
we see that every matrix “ commutes ’’ with its inverse, in other 
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words, that the commutative law of multiplication holds when 
a matrix is multiplied by its inverse. 


• All these results can be generalised to matrices of any order. 
Thus 


a 





(26) 


is called a finite matrix of orders. Each of the Ofnn is called an 
element of the matrix. The elements ^ 22 * *•*» ^ss said 
to constitute the leading diagonal. If s = 00 , the matrix is said 
to be infinite. 


A matrix a is said to be equal to another matrix b of the same 
order, if = b^n all m and all n. 

The matrix c is said to be the sum of two matrices a, b of 
the same order, if 

fni = 1, 2, 


Q ft _L. J 2, • • sSX 


this is expressed by the equation c = a + 6. 

The matrix c is said to be the product of two matrices a, b 
of the same order, if 


S afftHg bjj^f^f 
k 9aX 


(27) 


and this is expressed by the equation c =ab. This rule shows 
evidently that 

ba =i= ab, 

i.e., the commutative law does not hold in general. If in a 
particular instance the two products ba and ab are the same, 
the two matrices a, b are said “ to be commutable, ” or simply 
“ to commute 

It is easy to see that 

{ab) c — a {be), 

(I (6 + c) = + ac, 

i.e., the associative and distributive laws hold in general. 

It should always be remembered that the sum, difference, 
product of two or any number of matrices, will always be a 
matrix, and not an ordinary number. The matrix whose each 
8 


r 
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and every element is zero, i.e., for which a„„=0 for all m and 
all n, is called a " zero matrix,” and is denoted simply by O. 

It is easy to give examples of two matrices a, b of which 
each one is different from a zero matrix, and yet the product hb 
is a zero matrix. This is simply a consequence of the definitions 
and the rule of multiplication, and should not cause any surprise 
to the reader. We define a set of quantities as 

= 1 for n =m, 

= 0 for m. (28) 

The matrix whose elements are 8„„,, i.e., the matrix in which 
all the elements in the leading diagonal are 1, and all the other 
elements are zero, is called a ” unit matrix ”. We shall denote 
it by 8, so that 

n 0 0-- 

8 = 1 ^ ^ ® ‘ 

® I 0 0 1 •• 

\ • • • • • 

Now let c — rtS, where a is any matrix and 8 is unit matrix 
of the same order. Then from (27) 

^ ^mk bkn ” ^mn' 

k 

Thus c = «. vSimilarly, it can be shown that if 8 = 8a, then 
8 = «. Hence we get the result 

ah = ha ^ a. (30) 

Incidentally, we see from (30) that 8 commutes with every matrix 
of the same order. 

The matrix %mn> i-^-> one which has non-vanishing 
elements only in the leading diagonal, so that all the elements 
not in the leading diagonal are zero, is called a “ diagonal matrix ”, 
or a “scalar matrix”. Such a matrix is of the tj'pe : 

V, — ( ^ ^ 0 • • • 

I 0 0 E33 0 0 • 

It is easy to verify that a diagonal matrix commutes with 
every other matrix, so that Ea = aE. 

The elements in the leading diagonal of a diagonal matrix 
are called the “Eigenvalues” of this matrix. 


^ — ^mn bm/t)‘ (31) 
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The inverse matrix of a is defined by the relation 

= 8. ‘ (32) 

Then we have 

a (ar\i) = aS = a = Sa, 

so that on account of the associative property. 

(a a — Sa. 

Consequently 

a = 8 = a-^a. (33) 

Equation (33) shows, as already mentioned in (25) above, 
that the inverse of every matrix commutes with the matrix itself. 

On account of the non-coniinutative character of multipli- 
cation, the division of a matrix 8 by a matrix a is not unique. 
There would be in general two different quotients x and y, given 
by the two equations 



If we multiply the first equation by the inverse matrix 
on the left, we get 

a-^ax — or 8 .y = or x —■ 

Similarly, if we multiply the second equation in (34) by on 
the right, we get 

ya = ba”^, ory8 = ba^^, or y == ba^^. 

Thus the two quotients are a^^b and which are generally 
different. 

If ^fntt — ^nni Slid till thc iiiutiix (I is CQllcd 3 . 

'* symmetrical ” matrix ; but if a„,„ — — a„„^, a is called a 
“ skew-symmetrical ” matrix. 

I^et al,„ denote the quantity conjugate to a„„. Now, if 
a„„, — a*mn, the matrix a is called a ‘ Hermitian ’ matrix. The 
properties of such matrices were extensively studied by the 
French mathematician Hermite. They are most important for 
us, because on account of (7) § 6" 2, we find that the quantum 
mechanical variables must be matrices of the Hermitian type, 
if they are to be real. Thus 

^um ~ ^mtt- ( 36 ) 

Having discovered that the quantum variables are matrices 
Heisenberg, Born and Jordan, had to resort to a sort of dif- 
ferentiation of matrices, in order to be able to develope their 
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mechanics. But this was rather a lengthy and cumbersome 
method. A few days later, in November 1925, P. A. M. Dirac 
of Cambridge, found that if the '' Poisson Bracket expres- 
sions of the classical mechanics are introduced, we can avoid 
having to define a differentiation of the matrices. 


6*4. Poisson Brackets. 


Consider a dynamical system having s degrees of freedom. 
The generalised co-ordinates are • • • , and the conjugate 
momenta ps^ classical mechanics, any two 

variables x, y are said to have a '' Poisson Bracket ", given by : 


y\ 



( hx 

hqr ^Pr 


hx by \ 
^Pr 


( 1 ) 


The importance of a Poisson Bracket* expression lies in the 
fact that they remain invariant imclcr a canonical transforma- 
tion. We shall prove this theorem for the case of a single degree 
of freedom. The argument can be immediately extended to 
several degrees. 

We saw in § 2- 5 that if we change from the variables p, q 
to the new variables, P. Q, given by P = P {p, y), Q = Q {p, q), 
then the new variables will be eanonical if 

pdq + Q^^P = <^W, (2) 

where W is the transformation function, and where we have 
assumed that the Hamiltonian does not contain the time expli- 
citly, so that H {p,q) ='K. (P, Q). 


Equation (2) can be written in the expanded form ; 

which gives 

e»p 


dq + dp, 


hW 


i)p 


^ n ^ n 

iiq - ^ + ^dq' i>p ^ bp' 

b^W 

Since we must have we get from (4) : 


8? (# + 25f)-f,(2'^> 


(3) 

(4) 


* Sometimes we shall write simply P.B. for Poisson Bracket. 
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so that 


hp hq bpbq bq bp ^ bqbp* 


ro PI - - 1 

^ “ bq bp bp bq • 


This shows that if the transformation to the new variables 
is canonical, the Jacobian (functional determinant) must be equal 
to unity. 

Now let X, y be any two functions of p,q, and consequently 
of P,Q. Then the P.B. of x, y is 


bx 

by 



bP 


bx 

by 

bq 

Vq 


hq 

bq 




bx 

by 



bl? 



by 

bp 

bp 


bp 

hp 


i)P 

bP 


bx by bx by . 

“ 5p 5p 

on account of (5). This proves that the P.B. expression is 

invariant for a canonical transformation. 

Reverting to the general case of several degrees of freedom, 
if X is any function of the q/s and p/s, we have : 

- r ^PA =.\x -b^ 

^<ir ^Pk^qk) 

(r := 1. 2. . . s) (7) 

^ r ^lA - -Tx n^ 

hPr~ it I W ^Pi i>Pi ^qJ “ ^ 


Thus we find that differentiation w. r, to the variables q^, pr can 
be replaced by P.B. expressions. This makes it possible to 
write Hamilton's canonical equations of motion in the form : 

(^ = 1.2,.. s). (8) 

^ (9) 

This form of the equations of motion verifies immediately 
that they are invariant for a canonical transformation. 
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We can immediately prove from definition the following 
properties of the Poisson Brackets. 


^ ^ = 1 ^pr ^pr 

L /dx by _ Sy \ 

r = 1 ^Pr ^Pr ^^rJ’ 

= - [^>y]- 


(b) If c is an ordinary number, then ~ ^ 


therefore 


Fa; d - i ^ ^ W 0 

^ ’ ^ ", = i W. ^Pr^qJ 



^q» 

^Jm 



bpr 

bpr 

bqr) 

^qm 

hpr 

_ ^q» 

bPr 

= 0. 


(\Pm 

IPn _ 

^Pm 

t 


bpr 

■ bPr 

^qr. 

^Pm 

bqr 

- ^Pjl 

bqr 

= c 

1. 

(^U 

^p» _ 

^qm 


\hq^ 

bPr 

^Pr 

Mr. 


= 0 if m n, 

== 1 if m = n. 

This result can be expressed more systematically with the 
help of the S-function defined in § 6- 4 (28) : 

\flm^ Pn\ ^ ^rntr 

if) .1 = ,i 

_ J; ^ 4. z ^ ^^8 i>y \ 

r = 1 \^qr ^pr ^Pr ^r) = i \^r ^pr ^pr <>9r/ 

== [xi.y] + [*2. v]. 

(g) Similarly, we get 

[x,yi +>’2] = [x.yi] + 
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The properties (/) and (£) express the fact that the Poisson 
Bracket [x, y] involves x and y linearly. 

= f f ^ -k 

|,r, ^Pr^qrP * 

ir I i 

bp.bqjr 

= [1^1.3'] +-'Vi[^2.3']- 

if) Fat V V 1 = i 

= I r (^JL ^3'.i _ V 

Ir = 1 \^qr ^pr ^Pr ' * 


hx by2 


1 = 1 

b.yi]yi +yi [-^.val- 


^Pr 




It is important in (A) and (/) to keep tlie factors in tlie order 
indicated here, because although in the classical theory it does 
not matter whether we write [Xi,y]. x^ or Xz [Xi,y], but if we take 
them over into quantum mechanics, they would generally be 
different since Xi, X 2 and y are matrices. 


If we keep this order, we can define the quantum Poisson 
Bracket so that it also has all these properties. They would be 
calculated formally as in the classical theory. Usually, the 
dynamical variables x, y are power series in the generalised 
co-ordinates py. Then we can build up [x^ y] from the values 
(?;». ?«)» (pm> pn)> (flm^ Pn) with the help of the above-mentioned 
properties. Thus 

r^i. Pi] = [?i. PiPi] = [qi, P\] Pi +Pi [9i, Pli- 
But from (5) p{\ =1, therefore 

Similarly, 


iqi. Pi] = [9i 9i. Pi] = [?i. Pi] qi + qi [qi, Pi^] 
= ^Piqi + ^qipi- 


lqi\Pi^] =lqi^qi.pi^] =[p^pi^]qi +qiHqi.pi*] 
— 2 (Pi qi + qipi) + 2 

^^Pi S'!® 2 + 2 q^pi, 
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and so on. Thus we see that the Poisson Bracket [x, y] can be 
evaluated more conveniently by expressing it in terms of the 
simpler brackets. 

We must give now a formal definition of the quantum 
Poisson Bracket. In order to do this, we shall calculate the value 
of the Poisson Bracket [x 1X2, y 1X2] in two different ways. 

['XiX2,yiy2] -= [xi,yiy2] X 2 + x^ [X2,yiy2]> 

= +yi Lxi.yi]) Xi 

+ {[Xi.yilyi +yi [x^.y^]), 

= [-^1. .Ti] ViXi + Vi [Xi.yi] + x^ [X 2 , Ji] Vs + -ViVi Vg], (10) 

Similarly, we get on evaluating in the other way, 

[XiXi.yo’i] = [xiX 2 ,yi]y 2 + v, [^i, x^y^], 

{[Xi.yi] X2 + Xi [Xi.yiDy^ +yi {[Xi.yi] X^ + Xi iXi.y.^]}, 

= fvi.J'i] x^y^ -f Xi [Vj,>-,]y2 +y, [^ti.ya] +yiVi [x^.y^j. (11) 

Equate the two exiiressions on the right-hand sides of (10) 
and (11), and cancel out a?, [x^.y^y^ andy, [Xi.y^l x^, which occur 
in both in the same order, then 

[Xi.y,]yiXa -1-A;iy, [.V2.:>'sJ= [.Vi.yi] ATaya -f-yiV, [Ara,ya], 
i.e., on transposing, 

(xiyi -yiVi) [va.y*] =[v„y,] {x^y^ -ya-Y*). (12) 

In classical mechanics xy —yx = 0, so that each side in (12) 
vanishes. But this is not the case in quantum mechanics, so 
that we get 


Xiy i - V iXi 

[yi, yj 


Xzyz — y^% 
[Ys7y2]"~ 


a constant. 


( 13 ) 


Evidently, since “ does not dei)end on a:,, y,, and 

— Qoes not depend on ^x, yi, the constant value of the 

ratio cannot depend on Xi,yi, X 2 ,y 2 - Moreover, it must commute 
with ^x^x and X 2 y 2 ^yg^z* so that it cannot be a matrix 

but an ordinary number. 

By the use of the correspondence principle, Dirac found that 
for large quantum numbers the value of the constant comes out 
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to be Generalising this result, Dirac assumed that ahvavs 

xy - yx ^ (14) 

i.e., that the difference between the ** Heisenberg products'' 

1 h 

xy diiiAyx of two quantum numbers, is --- times their Poisson 

Bracket expression, where i = V — 1, and h is Planck's constant. 
This is Dirac's fundamental new postulate in quantum mechanics. 
It is based on the coirespon deuce principle, and we see that this 
principle is woven as an integral part in the new mechanics, and 
not loosely added to it as in the former theory. The formula 
(14) is an axiom of the new theory and requires no formal proof, 
jitst as Newton's laws of motion require no formal proof in the 
classical dynamics. All the proof that the formula (14) requires 
is that it should lead to results in agreement with experiments. 

It can be easily verified that the quantum Poisson Brackets 
defined by (14) satisfy all the conditions [a) to (ii). They are 
thus uniquely determined. 

The equation (14) fills the gap, as it were, left over by the 
noTi-commutative multiplication of the quantum variables. It 
replaces the classical condition that xy —yx =0. Further, 
it is a natural generalisation of the classical theory, since for the 
limiting case A 0, the formula (14) goes over to the classical 
formula xy — yx ^ 0. 


6-5. The Quantum Conditions and the Equations of Motion, 


In § 2 • 5 we pointed out that a canonical or contact trans- 
formation is one which leaves the form of Hamilton's canonical 
equations 


qr = 


^H 


h 



(r = 1, 2. • . s). 


( 1 ) 


unchanged, i.e., if the co-ordinates pr are changed canonically 
to the co-ordinates Q^, P^, and H is expressed in Q^, then 
the equations (1) become 







dH 


(r = 1, 2, •• •, s). 


( 2 ) 


We have already mentioned in the last section that the 
Poisson Brackets of the classical dynamics are invariant under 
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a canonical transformation, so that 


[x.y] = 



= 27 


r = 1 


( bx by ^ b^ ^y\ 

bQ, 5 p ; bv; bQj’ 


Consequently, Poisson Brackets are most suited for deter- 
mining the quantum conditions, and equations of motion in the 
new quantum mechanics. 


From Dirac’s equation (li) § 6*4, we have for the generalised 
co-ordinates qr, pr* (/ = 1, 2, • • • s), 

ih ^ ^ 

PmP» - P»Pm = 2 ^ [P,n, Pul ’ ( 3 ) 

^ImPu Pn^m — ^ [?»»> Pnl j 


for all m and all n. Combining this with the equations (c), {d) and 
[e) of § 6« 4, we get for all m and all n, 


Mn - Mm = 0 
Pmpn — Pnpm = 0 , 
qmp;t - Pnqm = 0 if W =?fc= n 
ih 

— ~ \i m — n. 

ItTT 


( 4 ) 


These are the new quantum conditions, which were deduced at 
first by Heisenberg and Born and others, from the old quantum 
conditions of Bohr’s theory, viz., 

(^prdQr = (r = 1, 2,- • • , s). 

by a use of the correspondence principle. They are derived here 
by a method due to Dirac. 


Differentiation of a Matrix w.r. to time . — Consider any 
dynamical variable x of the classical theory which does not 
contain the time explicitly, so that it depends only on the 
co-ordinates qr, pr- Its derivative with respect to time is 
dx . I, fhx hx 
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Substituting in this the values of qr> pr from the equations 
of motion (1), we get 

^ r = 1 ^Pr ^Pr ^<lr) 

= [X. H]. 

Thus every derivative with respect to time can be expressed 
as a Poisson Bracket. This result is taken .straight into the quantum 
mechanics, and we assume in general 

= [A% H], (5) 

where H is the Hamiltonian of the dynamical system. Com- 
bined with (14) § G- 4, this gives 

ii H] = - nx. (6) 

For (6) to have a meaning in quantum mechanics, we should 
give a definition of the differentiation of a matrix with respect 
to time. We assume that i is a matrix whose general mn element 
is the time derivative of the mn clement of the matrix x. Thus, 
since 

X = {Xfftn (7) 

the time derivative comes out to be 


X — Xffin ( 8 ) 

If a; is constant in time, then since 0 when n, 

and Vnn == 0, all the elements of x not in the leading diagonal 
are zero, and those in the leading diagonal are constants, so that 
all the elements of the matrix x are zero, i.e., by definition, the 
matrix x = 0. Then from (G) we get xU = i.e., x commutes 

with the Hamiltonian H. In this case, therefore, x must be a 
diagonal matrix. 

Writing p^ in succession for x in (6), we get 


ih 

277 

ih 

277 


?/' — 9/* H — 

1, 2, s). (9) 

H — Upr 


These are the equations of motion in quantum mechanics 
corresponding to the equations (1) in the classical theory. They 
could have been derived immediately from (8) and (9) of §6-4, 
if we knew the meaning of qr, )>r- 
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It is not difficitlt to show that any dynamical variable x 
which commutes with pr and with qr> commutes also with any 
function / of pr, qr- In fact, since prX = xpr, 


a = pA - xpr = [Pr. x] 


j, b ^Pr ^X 
k = i ^Pi 



1 2 


•• «)• 


bpr 

bpi bqj 


Similarly 

= QHl- 

~li ('■ = 1 . 2 , 

Therefore 


[f{(Ir,Pr),X\ 
SO that 


i ^ = 0 

t = i ^Pk ^Pi 

fx ~xf = 0, 


which proves our theorem. 


bqr ^x \ 
^Pi 


Further, if in (5) we replace * by t, we get : 


dt 

dt 


1 = [t, H], 


( 10 ) 


Comparing this with (5) §6-4, we find that the time t and the 
energy H are a pair of canonical variables. 

6-6. The Equation of Energy and Bohr's Frequency 
Relation. 


We know that the Hamiltonian H in classical mechanics 
denotes the total energy, i.e., the sum of the kinetic energy and 
the potential energy, and that for dynamical systems under 
conservative forces this total energy is constant in time. In 
the last section we have shown that any quantum dynamical 
variable x which is constant in time must satisfy the equation 
i: = 0, that is, x must be a diagonal matrix {x„„ S„„). 

In order to prove the equation of energy, i.e., that H is con- 
stant in time, we must show that 

H = 0, t.c., H = (H„„ 8„„), (1) 

or that H is a diagonal matrix. This follows immediately, if 
we substitute H for x in (6) or (6) § 6- 5. 
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We have seen in § 6 • 2 that each of the stationary states of 
the dynamical system is characterised by a term' value of the set 

( 2 ) 

and the Ritz Combination principle says that the frequency of 
a spectral line due to the transition to « is given by the relation 
(3) § 6- 2 : 

-T„. (3) 


Now consider the diagonal matrix T given by : 
0 0 • . • 


X = ( 0 T, 0 . • 
0 0 T, 0 


— (^ma ^mn)i 

where T„„ = T„, and T^„ = 0 when m n. 


( 4 ) 


Since both H and T are diagonal matrices, H — AT is also 
a diagonal matrix, and consequently commutes with every other 
matrix. Thus, for any dynamical variable x = [x„„ 
we have, 

* (H - AT) - (H - AT) a: - 0, (5) 

or taking the mn element : 

E{x„k (H,f„ - ATi„) - - AT,„.i) xm„ = 0, 

It 

or 

x„,„ (H„ - AT„) - (H„ - AT„,) x„„ = 0. 

Dividing out by x„„e^"'^mn‘, we find 

{H„ - AT„) - (H,„ - ATJ = 0, 


or, on account of (3) : 

^ h (T^ T«) = hv„ 

Thus we get finally : 

H„-H„ 


which is Bohr’s frequency relation. 


( 6 ) 


In the last two sections we have considered dynamical 
systems having s degrees of freedom. The term-values are there- 
fore characterised, not by one index n, but by s indices »i, M 2 . 
. • • , Its, thus 

*^«l. «2. "S‘ 
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Each transition is therefore from a stationary state (mj, 
to another state (wj, Wa,-**, The dynamical variable is 

represented really by a 25-dimensional matrix : 

X = .... fts «i, «2. 

We have taken a single letter m to represent the whole complex 
[nil, ^ 2 , Wj). It can easily be seen that 2s-dimensional 

matrices have properties analogous to those of the two dimen- 
sional matrices. 


Moreover, it should be remarked that the quantum mecha- 
nical matrices are of an infinite order. In fact, from the quantum 
"I'Jv 

condition qp — pq = r,— 8, we get for the nn element : 

Ztt 


ill 

^ {qnkPkn Pnkqkni = 2^* 
Therefore summing for all n, we have 

^ ^ {^nkpkn ““ Pnkqkf^ ^ ^ ' 


n 


ih 

277 


If n were finite, the left-hand side would be zero, because 
then the terms would cancel out in pairs. The right-hand side 
shows that it can never be zero, and therefore n must be 
infinite. 

6* 7. The Harmonic Oscillator, 


As an illustration of the application of quantum mechanics, 
we shall consider the simple problem of the harmonic oscillator 
in one dimension. This was actually the problem solved by 
Heisenberg in his first paper in which he outlined the new mecha- 
nics. The details of the theory weie supplied by Born and 
Jordan in September 1925. 

To be able to compare the method and results of the new 
mechanics with those of Bohr’s theory, we give first the treat- 
ment of the problem according to the older theory. 

5 Q P 'A 

Suppose that a particle P of mass /x is elastically bound to a 
centre O, so that the force on P is always directed towards O, 
and is proportional to the distance q between OP. Then P will 
oscillate linearly about O and is called a ** harmonic oscillator 
Such oscillators were first introduced by Planck in his theory of 
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the black body radiation, when he assumed that the black body 
consisted of harmonic oscillators. If P is* an electrified 
particle, then due to its accelerated motion, it will emit radiation 
of frequency vq, 

Let the velocity of the particle be q, and the momentum 
p = ^q. The kinetic and potential energies are 

( 1 ) 

where ^ is a constant. 


The Hamiltonian H is therefore 


H = T + V = + lkq\ 

Hamilton's equations of motion are 

^ hp ii' ^ hq 

Therefore, differentiating the first equation, we get 


kq. 



Now, it is known from classical electrodynamics that 

^ = (27r»'o)*, 

SO that the equation of motion becomes 
'q + (27rVo)2 q ^ 0. 

In Bohr's theory, a solution of this equation is 
q == a cos (27r v^i + a), 

where a is the amplitude and a the phase. Therefore 
p :=z ^q z=z -- ^27 t Vq a sin + a), 

so that 


( 2 ) 

( 3 ) 


( 4 ) 

( 5 ) 

( 6 ) 
( 7 ) 


H = Y^P' + W = if* + (SttVp)* q\ 

— if* {4w®J'o*a* sin® (27ri',f + a) + 47r®i'o*a® cos® (27n'of + a)}, 

= 2/i7r®Vo®a®. (8) 

We shall now find the action variable J. 

1 ^ * 

Vo 

J = ^piq = J pqdt, 


1 

Yo 


= f sin {2nVf^ + a). 


27r»'oa sin (27rv,f + a) di, 



128 


Heisenberg s Quantum Mechanics 


§ 6-7 


1 


= f sin* ( 27 ri'o^ + a) dt^ 

0 

1 277 

= 47rVvoV- ~ • J sm*0 de. 


1 * 
47rV«'o*«*- 2^ • ^ 


SO that finally 




= 27r*/bt a*Vo- 

Comparing (8) and (9) we have 

H -Jvo. 

Now we introduce Bohr’s quantum condition 
J = nh, (n integer) 


( 9 ) 

( 10 ) 

( 11 ) 


so that equation (10) becomes 

H=«(Avo). (12) 

Equation (12) shows that the energy of the oscillator is an integral 
multiple of hv^. This was Planck’s original postulate introduced 
in 1900. Eater, it was found experimentally that the energy 
must be a half integral multiple. 


We can find the value of the amplitude a from (9) and (11), 

2 J / 1 

^ ~ 2v^fiVQ 2 tt^ixvo 

and the displacement q is given by 

The phase a is indeterminable. 

Equation (12) is not true. Experiments show that we must 
have H = (» + i) instead. 

In the new mechanics of Heisenberg, the equations (1) to 
(5) are valid, but j is a matrix 

?=(?«)- («/^ (16) 
and similarly is a matrix : 

P = (Pm) = ; 

so that equations (6) to (14) have no meaning in this mechanics. 
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The equation of motion (5) is true for each one of the 
elements Ik of the matrix (16), therefore, we get ‘ 

(•'0* - •'«*) qik == 0- (16) 

Frbm this we see that 


either = 0 or = ± v,- (17) 

This means that all qn, vanish, except those elements for which 
vik = + I'd or — Vo- 


The order of numbering the elements Ik is at our disposal. 
We distinguish between the two possibilities vik = + v, or — Vq, 
by supposing that 


= + «'o corresponds to a transition I I — ' 

i.e., when k = l — \ 

== — Vo corresponds to a transition l-^ I + \, 
i.e., when ^ + 1. 

For the elements we get therefore from (17) and (18), 

qik = 0 when A ^ / T I,! 

^ 0 when k = / T l.J 
Thus the matrix x has the following form : 

( 0 0 0 0 0 0 \ 

?2i 6 5'a3 6 6 6 

6 988 6 9s* 6 6 ^ )• 

0 0 9*3 0 945 0 0 / 

0 0 0 9j4 0 9„ 0/ 


(18) 


(19) 


( 20 ) 


This is all the information the equation of motion (5) can 
supply ; it cannot give us the value of the non-vanishing elements 
in (20). For this we must use the quantum condition 

qp -pq = otpq- qp ^ ~. S. (21) 

On account of p we have 

Pik = it- ^ivi»9ik. ( 22 ) 

so that taking the element ll of (21), * 

(pq qp)ii = 2fn[ii S {vi„ qjm qmi llm ^mi ^mi) — I 

or since v« = — v^, the last equation becomes 

„ h 

f •'/». qim qml = - 8^- 


0 


S' 


(23) 
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On account of the equations (18) and (19), the sum reduces 
only to two ternis, viz., those for which «*=/ — !, and m — I 

, * 

?/./-! 9/-1./ + *'/./+! ?/./+! 9/+1./ ~ grrV" 

But on account of (18), = + vo/ = — >'o. therefore, 

h 

qu-x qi-xj - ?/+!./ = - 

But from (7) § 6- 2, we have 


9 /- 1 ./ = qu-x> qi.ux = 

so that 

Qu-x qi-x.i = 9/+1./9/./+1 = I'Zz+i./l*- 

The last equation therefore reduces to 

h 






(24) 


We conclude from (24) that the q* form an arithmetic series 
which is unlimited to the right, but must break up on the left, 
since it can contain only positive terms. At what indices we 
break up the series is still arbitrary, since we have as yet deter- 
mined only the relative values of l,k, but not their absolute 
values. We stipulate now that ji,# shall be the last non-vanishing 
term of the series, and that and all the previous terms 

shall vanish. Then from (24) we get for / =0, 1, 2, • • •, n, • • •, 


II, ^ I II 

I ?1.0 QtT^IJXVq ~ 87T*/liVo’ ’ 

\o I* - • 

\q».n-xl -8wVo’ 

so that for the elements themselves we get 


because on account of (18), v„_„ _ i = H- v# and v„,„ + 1 = 


(26) 


(26) 


- Vo- 


The quantum mechanics furnishes us therefore with the 
selection rules (18) and (19) for possible transitions, and also the 
amplitudes (26) and (26) which give the probabilities of the 
corresponding transitions, i.e., the intensities of the spectral 
lines. 
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We go over now to the calculation of the energy values 
associated with the stationary states. For this we take the 
Hamiltonian H given by (2) and (4) : 

H = ^/>* + W = i/* + (2^«'o)* fY (27) 

But q is the matrix {27rivjj^ qik), so that taking the diagonal 
element we get from (27) : 

9nfnimn H" ^ ^nm^mn)* 

m m 

= ifJk {27 (2iTt)* V„mqnmVmnqmn + (27rVo)* 27 q„mqmn}- 

m m 

But Vfn„ — and qnmqmn ~ I qttm l*» therefore 

H„„ = 277*^1 27 + v^) I q„„ I*}. (28) 


On account of (19), the sum (28) reduces to two terms only, 
viz., those for which m ~ n — \ and m =n -f 1, so that 

Hmx ™ 27T*/i. {(v,,,,/- 1* -f" I'D*)! 9«,«-r I* "f" (*’«,»+!* "f" •'o*) 1 l*}> 

= 27rV {([ + Vo]* + Vo®) I ?«.«-! I* + ([- vo*]+Vo®)| |*}, 

= 47T*/iI/o* (I ?«.«-! p + 1 qn.H*l I*}- 
Substituting in this the values of | q„_„ -j |® and | q„,n |® from (26), 

H- = '^’^Vvo* {g;^^ + 

— ^ {« + « + 1}. 


= (m + i) Avo. (29) 

Again, from (27), we get for the general element H„„, {m =f= n), 
H«», = i/* {2 qnAlm + (277170)® 27 q„iqim}, 

I I 

=• i/* {( 2 wt)* 2 v„iq„ivi„qim + (277170)® 27 q„iqi„!i, 

I I 

= 2v*n 27 {(vo* — v„iv„i) q„iqim}. 

I 

= 277*/4 {(vo* — qn.n-iqn-l.m 

"I" (vo* “ + ?«.>«+ 1?7< + i.ot}> (30) 

where, on account of (19) m can be only « — 2 or « + 2. If 
m is neither of these, H„,„ would vanish, so we have 

= 0 except when w = «, » — 2 or m + 2, 


(31) 
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Now let m —2, then from (30) 

~ 27r^/i 2 ) ?;/,«- i?w- i,«- 2 }* 

But, on account of (18) 1 , n - z — so that 

^n,n-Z ~ 27r^/i {(^0* ^0*) ?«,«- 1?«- l.«- 2 } ~ (^2) 

If w = n + 2, then from (30) 

= 27 r*/X {vq^ 1^«+ 1,« + 2) ?«,«+ 1?«+ 1,«+ 2}* 

But, on account of (18), =v^ + i.«+2 = •“ so that 

^«,;/ + 2 “ 27r^/x {(i^o^ Vo^) + 1^« + 1,«+ 2 } ~ 

Combining (31), (32) and (33) we get 

H«^=0(m=^w). (34) 

From (29) and (34) we find, as was to be expected, that H is 
a diagonal matrix, i.e., H is constant in time, verifying the law 
of conservation of energy. 

The diagonal elements give therefore the energy 

values associated with the stationary states, so that : 

=(n +1) W (n =0, 1, 2,.“). (35) 

This formula was first derived by Heisenberg, who showed 
that the energy values of the harmonic oscillators are half 
integral multiples of Avq, as required by experiment. Bohr's 
theory had led to the wrong result (12). This was the first 
brilliant confirmation of Heisenberg's mechanics. 

Moreover, from the kinetic theory, we know that the 
internal energy (the heat energy) of a body is due to the oscil- 
lations of the molecules in the body about their equilibrium 
positions. Experiments with low^ temperatures had led the 
German physicist W. Nernst to the conclusion that even at the 
absolute zero of temperature the body has still a finite energy, 
different from zero. This hypothesis of Nernst, put forward 
in 1913, is now the universally accepted third law of Thermo- 
dynamics. The absolute zero of temperature is that stationary 
state for which the quantum number n = 0. Now Bohr's theory 
cannot account for Nernst 's law because it gives zero value 
for the lowest energy of the atom. But Heisenberg's theory 
gives the value J Avq for the lowest energy (n = 0) of the 
atom, which accounts for the third law of thermodynamics. In 
fact, the value J Ai/q was being freely used by Planck, Nernst 
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and others in statistical theory, long before the advent of 
Heisenberg's mechanics. 

This example serves to show the coherence and power 
of ’Heisenberg's method, which is based on the calculus of 
matrices. It supplies us by a uniform method the selection rules, 
the intensities and the energy values for various problems. The 
problems of the hydrogen spectrum, the Stark and Zeeman- 
eflects, the anomalous Zeenian-effects, etc., were solved success- 
fully on Heisenberg's theory by various writers. They led to 
the same results in cases where Bohr's theory was known to give 
correct results. But in cases where Bohr's theory gave wrong 
results or failed completely, Heisenberg’s theory gave results 
in agreement with experiments. 

However, even in this, the simplest, example of the harmonic 
oscillator, we see that, though the method is straightforward 
and elementary in principle, the actual calculations are long and 
tedious. The situation is much worse in other problems men- 
tioned above. As a matter of fact, quantum mechanics would 
not have made such rapid progress, had it not received impetus 
from another source. 

A few months after the publication of Heisenberg's paper, 
in January 1926 to be exact, E. Schrodiiiger put forward his wave- 
mechanics, based on the ideas of A. Einstein and E. de 
Broglie about the nature of radiation and matter. We shall 
give an account of wave-mechanics in the following chapters. 

6‘ 8 (1). The Angular Momentum. 

Suppose a moving particle has co-ordinates x, y, z, and 

linear momenta Py, Pz- Then its angular momentum vector 
-> 

m, with components nix, is defined, as in the classical 

theory, by the relations : 

^x=ypz-zpy, my=zpx-xp„ mt=xPy-ypx. (1) 

The angular momentum thus defined satisfies certain 
identities which can be proved by using the quantum conditions : 

[x,y] =[y, z] = |>, x] = 0, 

[*. Px\ = [y, Py\ = [z, p,] = 1 . 

{x, Py] = [x, p,] =y. px] = [y. p,] = [z.px] = [z, py] = 0. (2) 
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First of all we have the identity 

m^x + niyy + m^z — 0. (3) 

Then we find, 

[m^, y] = [yp, = zpy, y] = [yp,. y] - [zpy. y] 

= [y,y\Pz+y ipt, y] - [«. y] py-^[py>y] = + *. 

Thus we have the following identities : 

[m^,y] = 0. [m^.y] = 2 ] = -y :1 

[tyiy, x] = — z, [niy, y] = 0, [nty, z] — x;> (4) 

[w„ x] = y, [w„ y] = — X, fw,, z] = 0. ) 

Similarly we have 

[my, py] = [yP. — zpy, p y\ = [y/>„ P y'\ - [ZPy, P y] 

~ f3'> /’y] Ps y [/**> Pi^ Py ~ ^ IPy Pyl ~ P*' 

Thus 

px] = 0, [w*, /)y] = Pt, [ntx, p,] = - ;] 

[my, Px] = - p„ [my, py] = 0. [wiy, ; > (6) 

[m^, px] = Py, [m^, py] = - />*. [w,, p,] — 0. j 

Further we have 

[nix, niy] = [mx, zpx - xp^] == [mx, zpx] - [mx, xp^} 

== [mx, z]px +z [mx, px] - [mx. x] p^ - at [mx, p,] 

= -ypx xPy = w*. 

Thus 

[ntx, my] = m^, [my, wj = mx, [»«*, mx] = my. (6) 

From these identities, we find that 

[Mx, AT* +y* + 2*] = a: [mx, x] + [mx, *] a; +y [w^y] 

+ [mx, y] y + 2 [mx, z] + [mx, 2 ] 2 = 0 . 

Thus 

[mx, a:® +y* + 2 *] = [my, a:* +y® + 2 *] = [m^, at* H-y*-f- 2 *] = 0. (7) 
Again 

[mx, px* + Py* + pz*] ~ px [mx, px] + [mx, px] Px + Py [mx, py] 
+ [mx, py] py + pz [mx, />*] + [mx, p%] pz =* 0. 
so that we have 

[mx, px* + Py* + P*] = [my, Px* + Py* + Pz*] 

=-[mz.px* +py* +Pz*] ==0. ( 8 ) 

The identities (7) and (8) show that each of mx, my, m, 
commutes with ** + y* + 2 *, and also with Px* + Py* + />,*. 
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Therefore each of them woitld commute with any function of 
(** +_y* + z^) and +Py* +/»»*). as proved. in the theorem 
at the end of § 6 • 6. 

. Moreover, 

[mx, nix* + niy* + >»**] = [nix, nty* + w**] 

= nty [ntx, nty\ + [nix, %] »ty, 

+ tttz [mx, wtj + [ntx , »»,] nt, 

= 0. 

Thus, since m* — nix* + nty* + nt,*, we get 

[ntx, »»*] = [nty, nt*] = [nt„ nt*] = 0, (9) 

showing that each component of m commutes with w*. 

If there are several particles, with angular momenta nti. 


ntg, ■••,ni„, each of them will satisfy the identities (1) to (9). 
The total angular momentum vector M is defined as 

M = 27 ntr, (10) 

f = 1 

with the components 

= 27 m^x. My = 27 m,.y, M, =£ ntr,. 

r r r 

Then, apart from the quantum conditions of the type (2), 
we have fuither conditions for r s, (r, s = 1, 2, • • • , w) : 

[Xr, Xs] = 0, etc., \p^rs pxsl = 0, etc., [pj,rt qxs] = 0, etc. (11) 

It is evident therefore that any function of the co-ordinates 
and momenta of one particle commutes with any function of 
those of another particle. 

Now, we have for any particle A, 

[M;r, yi] = [27 mrx, yt] = 27 [m^x, yk] 

r r 

= [»tJix, yi], since [nt^x, yt] = 0 if r ^ k, 

= Zkx, on account of (4). 

Thus we get for A = 1, 2, •••,«: 

[M;^, = 0, [M*, yi] = Zi, [M^, z^] = - 3/^ ; -j 

[My, Xji] = - Zi,[M.y,yk] = 0. [My, Xi-,\ (12) 

[M„ xji] = yji, [M„y^] = - Xjt, [M*, z^.] = 0. • j 

Similarly, corresponding to the relation (5), we obtain for each 

k = 1, 2.- • w : 

Pj^xl = Pk^ ~ PkXt [Mjf, p/j,^ = pj^y ; 1 

[My, PjI(X~\ = Pktf [My, Pky^ = [My, P^z~\ ~ Pkx > r (13) 

[M^r, pj^x^ = pftyt [Mf, Pk^ = P^x* [M;p, P^z\ = 0, ) 
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Further, we find 

[M;^, My] = IZ ntyx, S —ZZ [nirx, 

r % r • 

= Z [nifx, niry], since [ftiyx, = 0 if s =9^ r, 

f 

^ Z m^z = M,, on account of (6). 

r 

Thus, corresponding to the relation (6) for a single particle we 
obtain for the angular momentum of a system : 

[M^, M^] = [M^, M,] = [M„ M^] = (14) 

From (14) we get by a reasoning similar to (9) if we write 

M2 = M;,2 + My2 + M,2, 

[Mj,, M2] == [My, M2] = [M*, M2] = 0. (15) 

We see that the angular momentum identities hold not only 
for a single particle, but also for a system of particles. 


6* 8 (2). Selection and Polarisation Rules, 


Suppose that a non-degenerate atomic system is acted upon 
by forces which have a symmetry about an axis which we shall 
take to be the ;r-axis. Then the forces will have no moment 
round the 2-axis, so that from the principle of angular momentum 
we shall get 

=0 

* 

showing that M, is a diagonal matrix. 

Then, from the relation [M„ z] = 0, we obtain 
MgZ — rM, = 0, 

so that 

Z (M, {kj) z {jl) - z {kj) M, (;7)} = 0, 

/ 

or, since M, is a diagonal matrix, 

M, {kk) z {kl) — z (kl) Mj (//) = 0, 

2 (kl) {M, (kk) - M. (ll)} = 0. (2) 

Similarly, from the other two relations [M„ x] =y, 
[M„y] =■ - X, or M,x - and M,y ^ 

we get 


* (kl) {M, (kk) - M* (M)} = 




^ (kl) {M, (kk) - M, («)} = - * (kl)- J 
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From (3) it appears that, if in a transition k —>■ I, M, (kk) 
does not change, then x {kl) = 0 and y {kl) = 0;-so that the light 
is polarised parallel to the x-axis. 

. But if M, (kk) does change, i.e., if M {kk) (W), then 

from (2) we see that z {kl) = 0. 

Now suppose that M, is increased by an amount A in a 
transition k —*■ I, i.e., A — M* {kk), then from (3), 

{kl) A = -~y {k, 1), y {kl) A = ~x {kl}. 


{x{kl)+iy{kl)}(^A + ^) = 0.' 

{x{kl)-iy{kl)}(^A -^)=0. 

Thus we must either have 

A — ^ = 0 and x {kl) + iy {kl) = 0, j 
or ^ I- 

A + n- = 0 and * {kl) — iy {kl) = 0. I 

dtTT J 


( 4 ) 

( 6 ) 


This shows that if (/sk) changes, it can only do so by an 

A . 

amount ± ; in each case the light is circularly polarised in 

Ztt 

the plane xy. 

We have thus proved that in general (A A) can only change 
by an amount 0 or db ^ » so that (AA) must be of the form 

(AA) = ^ 0 + constant), (6) 


where j is a positive or negative integer or zero. We see further 
that j can only change by 0 or ± 1, so that 

A; = 0, + 1, -- 1. (7) 

Ai = 0 corresponds to polarisation parallel to the field, and 
Ay = i 1 to polarisation at right angles to the field. 


6- 9 (1). Further Development of Matrix Algebra. 

Adjoint Matrix . — From a matrix a we form another matrix 
at by interchanging the columns and rows, and replacing the 
elements by their complex conjugates: 
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i.e., 

. = «*«». (w. « = 1. 2, • • .)• (1) 

The matrix is said to be " adjoint ” to the matrix a. 

From this definition we immediately deduce that 

[a +6)t =at+6t, (2) 

(a6)t = 6tat. (3) 

The relation (2) can be easily established. To prove (3), we 
remark that for all m, n, we have 

= [ub) = (S bj^pf) =27 ol nk^ km* 

h k 

(6t a%„ = S == ^ 

k k 

Hermitian Matrix, — As remarked in §6*3, if an adjoint 
matrix at is equal to the original matrix a, i,e,t if 

flt = a, or = a^„ = a*„^, (4) 

then the matrix a is said to hermitian, or real or self-adjoint. 
We know that the quantum mechanical matrices must be hermi- 
tian, if the}^ are to represent real quantities. The sum of two 
hermitian matrices is itself hermitian, because from at = a, 
and 6t = h, we get (a -f- fe)t = at + 6t = a + b. But the 
product of two hermitian matrices is not in general hermitian, 
because (a6)t = 6tat = ba is not in general equal to ab. Thus 
the product of two hermitian matrices a and b is only then 
hermitian when the two matrices are commutative. 

Every matrix a can be expressed in the form 

a == ai + (6) 

where and are hermitian matrices. For this it is only 
necessary to put 

= i (^ + ^2= (6) 

It is evident that the expression (5) is unique. 

Theorem 1. If a is a hermitian matrix, and S is any arbit- 
rary matrix, then 

6 == St aS (7) 

is also hermitian. 

For we have, since (St)t = S, 

6t = {StaS)t = {St (aS)}t = (aS)t (St)t 
•-== St atS = StaS = 6. 


( 8 ) 
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Unitary Matrix. — h. matrix which is identical with the inverse 
of its adjoint matrix is said to be "unitary”# Thus if m is a 
unitary matrix, then 

(9) 

From (9), we deduce on taking inverse of both sides, 
and remarking that = a, 

M-i = Mt. (10) 

Thus a unitary matrix can also be defined as that matrix whose 
inverse is equal to the adjoint matrix. From (10) we obtain 
further 

M «t =» MtM = S, (11) 

where 8 is the unit matrix. 

If we write v — u-^, then we find 

Vt = (M-l)t = («t)t = U, 

so that 

= V, (12) 

showing that v = is also a unitary matrix. 

TheorRM 2. The product of two unitary matrices is itself 
unitary. 

For, if «i, are two unitary matrices, then 

(WjW2)t ^ ^ (1^) 

Theorem 3. If a is an arbitrary matrix, and u a unitary 
matrix, and if we define 

b = u-^ au, (14) 

then 

it = ( 16 ) 

For, from (14) we find 

b\ — (M“%M)t = Mt at (M~^)t = M~^ atM. 

In particular, if a is hermitian, we see that it = h, that is 
to say, that b is also hermitian. Thus we get the following 
theorem. 

Theorem 4. If a is a hermitian, and m a unitary, matrix, 
then b — ur^ au is also a hermitian matrix. 

Theorem 6. If a and b are two hermitian matrices, and 
S a matrix such that 

b = S-i«S, or Sb = aS, (16) 

then the matrices 

c = SSt«, and d — StSft, 


are also hermitian. 


(17) 
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From (16) we have, since at = a, 

6t = (S-‘aS)t = Sta (S-i)t = St a (St)-‘, (18) 

where we have used (S“^)t = (St)-*, i.e., that for any matrix 
the inverse of its adjoint is equal to the adjoint of its inverse. 


or 

or 

or 


But it = 6, therefore from (16) and (18) we get 
Sta (St)-i = S-*a S, 

SSt a (St)-» = SS-* aS = aS, 

vSSt a (St)-* St = a SSt, 


SSta = a SSt = (SSta)t, 
showing that c is a hermitian matrix. 
From (19) we get. 


or 

Then 


S-*SSta = S-* aSSt, 
Sta = 6St. 


StaS = 6StS. 

But we have from (16) that aS = S&, therefore, 
StS6 = 6StS = (StS6)t, 

which proves that d is also a hermitian matrix. 


( 19 ) 


( 20 ) 


( 21 ) 


6- 9 (2). Matrix Analysis. 

Matrix- functions. — From the matrices Xi, x^, • • • , x„ which 
can be considered as variables, we can build up polynomials by 
a finite number of multiplications and additions. Thus 

(r) 

P (^If * ' * r ~ ^ ^ (^) 

r » • • • » 

where the c's are numerical coefficients, and Wj, •••,«;. is any 
arrangement of the numbers 1, 2, • • • , s with repetitions, and r 
denotes the degree of the term. 

We define the ** adjoint polynomial*' by 

P^ (^l» • ' ' » ^ Cnx**^nr ^nr ‘ 

r fix, 

From (2) we find easily : 

Pt (Afjl, • • • , Xj^) = 27 2 

r fix, •••, 

- {P (*1. • • •, 


.( 3 ) 
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Thus we see that the adjoint polynomial (2) is characterised by 
the fact that it is the adjoint matrix of the original polynomial 
P(«i, when in Pt(xi, •••, the matrix-variables * 

are replaced by x^. 

The polynomial P {xi, •••, x^) is called “self-adjoint,” 
when 

Pt (xi. •••,*,) = P (xi. • • • . X,), (4) 

holds identically in aJj, • • • , 

If the variables x are hermitian, i.e,, x^ = x, then we get, on 
account of ( 3 ) and ( 4 ), 

{P {X,. . . . , ar,)}t = PT (*,t. .... .t,t) = pt {X,., . • - , X,) 

= P{xi, ■•■,x,), (5) 

showing that a polynomial in hermitian variables is itself 
hermitian. 

Starting from polynomials, we can proceed in the limit to 
infinite power series, provided they converge, and thus define 
general matrix functions : 

f{Xi, •• •,*,). 

Theorem 1. If x ^ and X2 are two matrices, and if 

yi == S, y 2 =S~^a;2S, (6) 

where S is any arbitrary matrix, then 

yi +^2 ~ {^1 "b ^2) 

y\y^ =s*’i (^1^2)8. 

For, we have 

Vi +^2 = XiS S”^ ^^28= [xi + x^ S, 
since the distributive law holds for matrices. Similarly 
yiyi = (S-1^28) = (ss-i) ^2 s 

= s-^ Xi 8 X2S = s-^ Xi 

since the associative law also holds for the matrices. 

For convenience, we have taken only two niatrices*A?i and x^ 
in Theorem 1 . Obviously, the theorem holds for any finite 
number of matrices, and for any polynomials. Proceeding to 
the limit, we conclude that the theorem would hold for any power 
series, or for any function which can be expressed as a power 
series. Thus we have the following general theorem. 
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Theorem 2. If in a matrix-function / (Xi, x^, • • • , x,), 

the arguments x{, •••, x^ are replaced by new matrix-variables 
yi. ys. • • • . y^ given by 

y^ = S-i Xi S, ya = S-* XaS, • • • , y, = S, (8) 
where S is any arbitrary matrix, then the function f {Xi,- • • , x,) 
is transformed into the function 

/(yi.---y.) =s-V(^i. •••. (9) 

Now let the arguments Xi, • , x, be commutative, i.e., let 
X/. x^ = X/ Xjftf {kf / = 1, 2, • * • , s), 

and let the matrix-function / (xj, • • • , Xj) be defined by the 
j)Ower series, 

f (^li ■ ■ ■> ~ ^ ^'*1 ••• X|”j • • • Xa”2 • • • Xj*s . (10) 

If the coefficients c are real, then from (2) we get 

y*t (Xj, • • - , Xj) “ S *»• rtf Xf • * Xa 2 Xj 1 

«!• •••• »X 

= E Chi Xi”iXa ”2 • • • x/‘s 

rtf, •••. rtf 

= /(x„ •••.X,), (11) 

showing that / is self-adjoint. 

In particular, we see that every function of a single variable 
with real coefiicients, viz., 

f{x)=Zc,fX\ (12) 

n 

is self-adjoint. For example, the exponential function 

OO 

^ Ft (13) 

is self-adjoint. 

From (13) we deduce immediately that c° is the unit matrix 8. 

Moreover, if Xj and Xa are commutative matrices, then from 
(13) we find, as in the ordinary analysis, 

e^i +*2 = e*i c*2. (U) 

Therefore* since — x always commutes with x , we get 
ex C-* — e-*"* = c® = 8, 
showing that e~* is the inverse of e* : 

(e*)-i = c-xr. (16) 

Further, if a is a hermitian matrix, then on account of (6) 
we conclude that is also hermitian. 
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On the other hand, c"* will be a unitary matrix, for 
(e"*)! = (since at = -n), 

= (e»o)-i, on account of (16). (16) 

It can be shown that, conversely, each unitary matrix « 
can be expressed in the form with the help of a hermitian 
matrix a. 


Matrix-differentiation . — If f {x, y, z, • • • ) is a matrix-function 
of the independent matrix-variables x, y,z, • • • , then we define 
the partial derivative of / with respect to x by the relation 

^ = Urn i {/(*+ «S, :y, «,•••)- / [x, y, z,)}, (17) 

where € is an ordinary number. 


From this definition we find immediately : 

~ = lim j -t- eS - a;} = 8 ; 

^ = lim 1 {{X -f ehY - X\ 

SO that 


( J^2\ . 1 

j = lim - U {^kn “1" ^mJk^An} 

€->o ^ fc 
h 

Thus, we find 


(18) 


We find in general the rules for differentiating the sum 
and the product of two matrix-functions f {x , y, «,•••) and 
g {x,y, z, 


hx ^ hx 


+ 


hx' 


(19) 


and 


hx 


(fg) 


g+f^. 

hx^^ ■' hx 


( 20 ) 


The rule (19) is obvious from definition. To prove (20) w-e 
see that 

/(ac 4- eB.y.z, • • ■) g {x -f eS.y.z, •••) 

-f{x,y. ••■)g{x,y, 2 , •••) 

=f{x -I- eS.y.z, ••-){g {x eS.y, z. •■-)-g(x.y, z, • ••)} 
-!-{/(* -f €8,jy,z, •••) -f{x,y,z, -•)}g{x,y, z, ...). 
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Dividing both sides of this equation by c and proceeding to the 
limit € — >0, we obtain (20). 

The rules (19) and (20) can be extended to any finite 
number of functions. Thus we get 

= nxn-\ (21) 


6- 9 (3). Transformation of a Matrix to a Diagonal Matrix. 
Determination of Eigenvalues. 

We shall first illustrate the method by a particular example, 
in which we take the matrix to be of rank 2 : 


a = 

\^21 ^ 22 ' 


Let S be the transformation matrix, and d the diagonal 


matrix 


0\ 

" Vo dJ 


to which a is transformed by means of the transformations 

S-^aS =d.i.e..aS =iid. (3) 

Taking the m, n component of both sides, we obtain 
2 2 

^ ^mk ^hn ~ ^ ^kn ~ ^mn ^n* 

k w 1 fc =» 1 

or 

^ml ^m2 ^2 h ^ ^mn ^n» W = 1, 2). (4) 

We wish to find first, so that we set w = 1 in (4). Then for 
w = 1, 2 we get the two equations 

^11 Su + cli2 Si 2 ■-= Sii di, 

^11 Sii + ^22 S 21 = S 21 di, 
from which eliminating and S 21 , we obtain 

«11 - 1 0. (5) 
(^21 ^22 

In order to find d^, we put n = 2 in (4) ; then for m == 1, 2, 
we get the two equations 

^11 S 12 + ^12 S 22 == S 12 
^21 ^12 ^22 ^22 ~ ^22 ^2* 
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Eliminating Sjg and Sga from these two equations, we obtain 

d 


CL II ^2 ^^12 

CL 21 ^22 — ^2 1 

From (5) and (6) we see that and ^2 ^^e the two roots of 
the equation in A : 

A cii^ I 
CL 9 .^ — A 


= 0. 


= 0. 


(6) 


(7) 


‘21 ^^22 

This is called a secular equation, and as proved in algebra, 
it has always real and distinct roots, provided that a is a 
hermitian matrix. Thus to find the diagonal matrix d, and 
consequently the eigenvalues of a, we have only to solve the 
equation (7). 

Generally, let a be a hermitian matrix of rank r : 

^ =- i, 2, • • •, r), (8) 

and let it be desired to transform it to a diagonal matrix d : 

d =-■= {d„, S„J. (9) 

by means of the transformation 

vS'^ aS ^ d, t.e., a S Sd. (10) 

Taking the mn component of both sides, we get 


^ ^mk ^kn ^ ^mk ^ kn ^w// d 


(H) 


Suppose we wish to determine any particular d^^, say d^. Then 
writing n ^ \ in (11) and putting = 1, 2, •• •, r successively, 
we obtain : 

(f^ll — d^ Six “S ^12 ^21 “k ^13 H' •••-(- — 0, 

^21 ^11 ~k (^^22 >521 ' l ‘ ^ 23^31 ~ 0 , ( 12 ) 


"k ^b2 ^21 + * • • + (f?/v -- f^i) S^i == 0. 

Eliminating Sn, S 21 , * * *, S^i from these equations, we find 


«!! - 

~~ d 1 ^12 

^^13 • 

• (Hr 

, 


^^21 

^*'22 ^1 

^^23 * 

• • (i^r 

= 0. 

(13) 


(h2 


ciffT d^ 




If we had wished to determine any other d,^ we would have 
obtained the same equation (13), except that d^ would have been 
■ 10 y 
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replaced by rfa* **•» respectivel 3 ^ We conclude therefore 
that the eigenvalues * dy of the matrix a, arc the roots 

of the equation 


«ii - A 

a 12 

• • a^y 



^‘21 

a 22 — A • • 

• a 2 /- 

= 0. 

(14) 

ayl 

^/2 

* * a yy — ■ A 




These roots are real, since the matrix a is assumed to be 
liermitian. 

It will be noticed that this procedure of determining the 
eigenvalues of a matrix, is the same as that of reducing a homo- 
geneous ({uadratic expression to its normal form, or that of 
reducing the equation of a second degree surface to the standard 
form with reference to the principal axes. 

It has been proved by Hellinger and Toeplilz that this proce- 
dure for determining the eigenvalues can be extended to infinite 
matrices, with the difference, however, that in the latter case a 
continuous ‘'spectrum'* (range of eigenvalues) is also obtained 
along with the discrete set. 

G- 9 (4). Canonical Transformations, 

lyCt q,y Pr • * - I be the co-ordinates and momenta 

of any dynamical system, satisfying tlie quantum conditions 

qr(]s - qs^r =- b, p,t>s -pspt -- h, 

qtps -P^r = 8 - ( 1 ) 

We transform to new variables Q,., P^. by means of the trans- 
formations 

= S-i 1\ = S-i S (r = 1. 2, . . . , n), (2) 

where vS is any matrix. If / {q^, pr) is any function of the original 
variables q^, pr, and / (Q r* Ty ) the same function of the new 
variables Qr, then we know from Theorem 2 of § 6- 9 (2), that 

I {Qr, — S {qr, Pr) b. (3) 

On account of (1), we find therefore, 

Q.Qx-QxQ. =b-^os =0, 

- p,p^ = s-^ o s = 0 , 

Q.P. - P.Q. = 3S = S-> S = f^8. 


O) 
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The transformations (2) therefore preserve the form of the 
quantum conditions, and are therefore canonical. 

• If H ( 5 '^, p^) is the Hamiltonian of the dynamical system, 
then it is transformed to 

n(Q,,P,)) =s-ih(<7„:^,)s. (5) 

If we wish to find the energy levels of the dynamical system, 
we shall have to calculate the eigenvalues of the Hamiltonian 
H iflr, pr)- As we have shown in the last section, the discrete 
set of eigenvalues of H is found by reducing the Hamiltonian H 
to a diagonal matrix. 


In actual djuianiical systems, the variables q,., are hermi- 
tian. The new variables Q,., P^, given by the transformations (2) 
must also be hermitian. But in Theorem 1 of § 6- 9 (1), we 
proved that if a is any hermitian matrix, and S any arbitrary 
matrix, then St « S is also hermitian. Thus, if we wish to make 
a canonical transformation which should preserve the hermitian 
character as well, we must take a transformation matrix S such 
that it should satisfy the two conditions : 


Q =s->?s,-) 
Q =st9S, j 


i.e., we must take S such that 


( 6 ) 


St = s-h 


(7) 


This means that S must be a unitary matrix. Thus we find 
that all transformation matrices in quantum mechanics are unitary 
matrices. 



Chapter VII. 

THE WAVE THEORY OF MATTER. 

7*1. De Broglie* s Conception of Matter-Waves. 

In the last chapter we pointed out that from the year 1923 
onwards it was becoming increasingly apparent that the quantum 
theory of the atom as given by Bohr was not completely true. 
In fact, several workers were looking at that time for a revision 
of ideas which would lead to a better theory. Heisenberg’s 
‘ Matrix Tlieory,* published in July 1925, was the first alternative 
which was more or less complete, and which was able to give 
quantitative results in the simple instances of the harmonic and 
anharmonic oscillators, and the hydrogen atom. 

Actually, however, another point of view which broke away, 
not only from Bohr’s theory, but from every other theory of 
matter conceived in the whole history of Science, was proposed 
already in January 1924 by the French physicist Louis de Broglie. 
But de Broglie’s ideas were not developed far enough by him to 
lead to any quantitative results, and not much notice was taken 
of them until Schrodinger revived them in 1920. 

De Broglie was led to his theory by a consideration of the 
quantum theory of light proposed by Einstein, and applied success- 
fully to explain the phenomena of the photo-electric effect, the 
black-body radiation and the Compton effect. He argued that 
as it has been found necessary to introduce a corpuscular concep- 
tion along with the wave-conception in the theory of light, the 
opposite step should also be taken and the wave-concept intro- 
duced along with the corpuscular concept in the theory of matter. 
To the dualism in the conception of radiation would then corres- 
pond an atialogous dualism in the conception of matter. De 
Broglie’s fundamental contribution is the idea of waves which 
are associated with the moving particles of matter. 

He assumed that ''each individual particle was connected 
with a system of * phase waves ’ in such a way that the path of 
this particle coincided with a ray of the corresponding wave- 
system. ” The waves, as it were, carry along the particles and 
hence each particle must possess its own train of waves. 
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Thus if the energy of the particle is c, and its mass m, 
then the particle has, associated with itself, a • system of phase 
waves whose frequency v is given by Einstein’s equation : 

* e == ~ hvf (1) 

where h is Planck’s constant. 


7-2. De Broglie's Theory. 

Generalising Einstein’s ideas about the corpuscular nature of 
radiation, we assume that there is a complete correspondence 
between the corpuscular and the wave theories even in the case of 
material particles. The only difference in this case is that for 
material particles the rest mass is not zero. 


Then corresponding to the energy € (or, what is the same 
thing, the mass m) and the momentum p ~ mv of the j^article 
in the corpuscular conception, we shall have the frequency v 
and the wave-length A in the wave-conception, and the relation 
between these two sets of quantities will be that given by 
(17) and (18) of § 4 • 2 : 

p = mv == hk = (1) 


and 


€ = ~ hvy 


( 2 ) 


where k is the wave-number defined by 


and 


Now, wc have 



and 


so that 


P^ =:= ;;^2y2 ^ 




= • • 


1 ~ ^ 







(‘ 



c* 


( 3 ) 

(4) 
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or 


- f = mo^c^. 


( 5 ) 


Substituting p = hk and e =hv from (1) and (2) in (5) : 


A 


or 




_ 

Vc* 



( 6 ) 


Equation (6) gives us the value of the rest mass when v and k 
are known. 

For a photon we know that the vcloeity of propagation is c, 
so that 

c = rA = 


and therefore on account of (C) — 0, showing that the rest 

mass of a photon is zero, as required. 

But, for a material particle =t= 0, and the velocity of 
propagation of the phase waves is u given by the relation 

u = vX=l. ( 7 ) 


We can determine u from (6) in terms of and A. From (6) 


we get 


- k- = 

or 

1 

^ A-F' 

or 


= 1 + - 

so that 




A* 


¥ 


( 


1 + 


A* 




A" 


“ ^ A2 


X.). 


( 8 ) 


The velocity u of the propagation of phase-waves is, therefore, 

-<"1- V 


I + ^0*^ Xi . 

^ A* 


( 9 ) 


For a material particle mo> 0, and we see from (9) that 
M > c. This is, however, no violation of the theory of relativity. 
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because according to that theory the velocity of no material 
particle can exceed c, or even be equal to c. The velocity u is 
only the velocity of propagation of the phase-waves associated 
with the particle, and as given by (9) it is always greater than c. 

We can easily find a relation between u and v, the latter 
being the velocity of the material particle. From (1) and (2) we 
get 



and 



( 11 ) 


The equation (12) also shows that the velocity w of the 
propagation of phase-waves is much greater than c, because the 
velocity v of the material particle is much smaller than the 
velocity c of light. 

From (12) we deduce that if = 0, then « = oo ; that is, 
in the frame of reference which is rigidly attached to the electron, 
and in which the electron is therefore at rest, the phase- waves 
would travel with infinite velocity. But, since u = the wave- 
length in this frame of reference would therefore be infinite, and 
the wave would consequently have the same phase throughout 
space. 

The wave-function in this frame has therefore • the most 
simple form 

cos 2 TT 1^0 i (1^) 

where vq is the frequency and t' the time in the frame of reference 
in which the particle is at rest. Now, let the particle be moving 
with a velocity v in the direction of the ;<f-axis relative to an 
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observer S. Then from the Lorentz transformation we have : 

XV 


t - 


// 




%r 


( 14 ) 


For the observer S the wavo-fuiictioii would therefore be : 

^0 


0—00 cos 2tt 


or 


where 



- :: 


(16) 

(16) 


Formula (IG) gives the law of transformation of frequency 
for different frames of reference, which is the same as the law of 
transformation of mass. 

The equation (15) shows once again that the wave travels 
in the rv-direction with a velocity n = - . 

V 

It is often simpler to express the wave-function 0 as an 
exponential function. For (15) we write therefore 


— WtV 




tfi = 

We wish to introduce here the corpuscular quantities E, p, 
instead of the wave-quantities v, u. Writing v = E/A, (16) 
becomes : 






But we have, on account of E = nic^ and u ~ 

* V 

E nic^ 

= - — = 7nv ~ p, 
u u ^ 


( 17 ) 


so that (17) becomes finally 


( 18 ) 
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7 • 3. Wave-Group and Group Velocity. 

For the sake of convenience we consider a wave composed 
of^ a superposition of two components of equal amplitudes but 
slightly different frequencies and phase-velocities, i.e., a super- 
position of two waves associated with particles having slightly 
different energies and momenta. The wave-function is then 


A/>);.r-{E+ AE)/} 

•A = ^0 ^ 

/ (Ap. X ~ AK./)\ 2n'- (px — Ei) 

= 1^0 U + e h 

277 / 

The resultant wave is therefore the original wave e 
with a variable amplitude 


(1) 

{Px - Et) 


+ (2) 

This means that the form of the group continually alters 
as it advances. The velocity with which any modulation of the 
group, such as the maximum of amplitude, is propagated is called 
the " group-velocity 

From (2) it is evident that initially when t = 0, the ampli- 
tude has the maximum value 2 at the point x = 0. Suppose 
this maximum value of the amplitude occurs again after a time 
at the point x = Xi, then we must have 


Ap • Xi — AF • 0, 

or 


Xj AE 

h Ap ■ (3) 


The maximum of the amplitude has travelled a distance Xi in 
time ti, so that according to definition the group-velocity zv is 
given by 


But 

and 


w 


Xi ^ 

ti Ap ■ 


AE = A{\mv^ -p const.) ~mv Av, 
Ap = A[mv) = m Av, 


( 4 ) 


giving 


AE _ mv-Av 
Ap ~ m- Av 


= V. 


( 5 ) 
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From (4) and (5) we conclude that 

w —V, (6) 

i.e., the group-velocity w of the phase-waves is equal to *the 
velocity v of the material particle. 

It appears therefore that the material particle is surrounded 
by a group of waves, the group moving with the same velocity v 
as the particle, while the individual waves move with a velocity 

w = -• 

V 

7-4. The Analogy between Mechanics and Optics. 

De Broglie's ideas described in the last three sections were 
developed further b^^ E. Sclirodinger in January 1926. Schrodinger 
revived Hamilton's conceptions about the analogy existing between 
mechanics and optics. 

It is easy to see that there is a complete correspondence 
between the laws of geometrical or ray-optics and those of the 
classical mechanics governing the motion of a particle in a conser- 
vative field of force, inasmuch as Fermat's principle of least 
time in optics, and Manpertius' principle of least action in 
mechanics have a common basis. 

Fermat's principle in optics states that the actual ray 
between two fixed points A and B is such that the time which 
light takes to go from A to B is a minimum. We can express 
this condition analytically. Bet the refractive index at any 
point [x, y, z) of the medium be n [x, y, z), and the velocity at 
that point be u {x, y, z), then from the definition of the refractive 
index we have : 

n = ox ii = ^ (1) 

ti n ' 

where c is the velocity of light in vacuum. 

The time that a light ray takes to travel an element ds of its path 

would be' ~ ds. Therefore Fermat's principle states that 



A 


( 2 ) 
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Similarly, let a particle of mass m move in a field of force 
given by the potential V {x, y, z). As the field- is conservative, 
the total energy E = T + V is conserved, where T is the kinetic 
energy. Then 

T = i mv^ = E - V. (3) 

From (21) § 1 • 1, we have Manpertius' principle of least action 
that 

h 

S J 2'idt = 0, 


S f mv^ dt == 0, 

S J mv dt = 0, 


S f mv ds = 0. 

A 

Blit from (3) we have 

^ — V), 

so that the principle of least action becomes 

B 

8 f V2m v'E~"V ds = 0. 


By a comparison of (2) and (4) we sec that the path of a material 
particle is the same as the trajectory of a light ray in a medium 
whose refractive index is proportional to VE -^V. 

Schrodinger pursued this analogy between mechanics and 
optics to its logical conclusion. He argued tliat there are grOvSS 
and fine phenomena both in the domain of optics and in the 
domain of mechanics. The gross or large-scale phenomena in 
optics are the phenomena of rectilinear propagation and of reflec- 
tion and refraction, and these can be dealt with adequately by 
geometrical or ray optic which is a sort of a corpuscular theory. 

Similarly, for the large-scale phenomena of the material 
bodies, i.e,, for phenomena coming under the head of macro- 
mechanics, the particle mechanics developed by Newton, Lag- 
range, Hamilton, Jacobi and finally by Einstein, is quite adequate. 
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But, for the finer phenomena of physical optics, such as 
interference and diffraction, ray-optics or the corpuscular theory 
is quite useless, and we must have recourse to a wave-analysis. 

Exactly in the same way, for the micropheiiomena taking 
place on an atomic scale, such as the motion of individual elec- 
trons, atoms or molecules, the particle mechanics is totally 
inadequate, and we must use a wave theory. 


7 • 5. Schrodingcr’s Wave Equation. 
Consider the differential equation of the wave optics ; 

^ 1 


where « is the phase-velocity of light in the meditrm. Since 
<}> is periodic in time, we can write 

^ (x,y, z,t) =>ji (^,y, «) (2) 

where v is the vibration f re queue}'. 

Substituting (2) in (1), and dividing out by we get 

^ - 0. (2') 
i)x^ ^ by® ^ b2® ^ M® ^ 

From (7) § 7 • 2, we know that if A is the wave-length, then 

u = vX, i.c., - = so that on writing this in (2'), we obtain : 

* u A 


3*1/1 . b®«/i 
3.r® by® 


0 . 

^ b2® ^ A® 


1^ 

A® 


z,,t 


inrv 

T®' 


(3) 


Then 
A of 


Now let the wave be a de Broglie wave associated with 
a particle of mass m, moving with a velocity v {x, y, z) in a 
conservative field of force having a potential V {x, y, z). 
from equation (1) §7-2, we know that the wave-length 
a de Broglie wave is given by 

h ^ 

~~ momentum mv 

so that 


(4) 


showing that the wave-length of a de Broglie wave varies continu- 
ously from point to point. But, if T is the kinetic energy, and 
E the total energy, we have 

|,„t,2=T = E - V. 
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or 

= 2w (F, - V). 

Combining (4) and (5) we get, 

1 2w{E-V) 

A* A* 


( 5 ) 

( 6 ) 


Substituting (0) into (3) we have 

^ , 87t2«} 

by^ bz'^ ' /F 


(E - V) ^ = 0. 


( 7 ) 


This is the famous wave-equation of vSchrodinger, which is derived 
iiere by a simple and direct method, being perhaps also the 
most significant physically. The actual derivation by Schrodinger 
was along completely different lines. In a later section, we shall 
deduce de Broglie’s theory as well as Schrodinger’s wave-equation 
from Heisenberg’s equation (4) § 6 • 5. 


The essence of wave mechanics is that the motion of 
a material particle is governed by the second order wave-equation 
(7), and not by the first order differential equation of Hamilton 
and Jacobi, as in classical mechanics. 


7 • 6. Experiments on the Diffraction of Electrons. 

When cle Broglie put forward his conception of material 
waves associated with a moving particle, it was only a hypo- 
thesis complementary to Einstein’s idea of the quantum of light. 
In Schrodinger’s hands this hypothesis of the electron-waves led 
to results in perfect agreement with experiments. It was thus 
demonstrated that the wave-theory of matter was not inconsistent 
with the experimental facts. Soon afterwards, a direct proof of 
the wave-like behaviour of electrons was forthcoming. 

The first observation of the diffraction effect of the electrons 
at crystals was made by C. J. Davisson and C. H. Kunsman in 
1923, though they had no idea at that time as to the significance 
of their results, namely that they had to do with the diffraction 
of electrons. They were making experiments to determine the 
distribution-in-angle of electrons, scattered by a target of'ordinary 
nickel. In these experiments they found that the intensity of the 
reflected electrons depended to a large extent on the angle of 
reflection. It was also observed that the convergence of intensity 
in certain privileged directions depended strongly on the 
velocities of the electrons. During a continuation of these 



158 


The Wave Theory of Matter 


§ 7-6 


investigations, they were quite accidentally made aware of the 
fact that the structure of the crystals had a profound influence 
on the results. The experimental lube w'as broken at a time when 
the target was at a high temperature. This resulted in .the 
target being hea\'ily oxidized by the inrushing air. The oxide 
W'as eventually reduced, and a layer of the target removed by 
vaporization but only after prolonged heating at various high 
temperatures in hydrogen and in vacuum. 

When the experiments were continued, it was found that the 
distribution-in-angle of the scattered electrons had been completely 
changed. This marked alteration in the scattering p.atterii was 
traced to a rccrystallization of the target that occurred during 
the jirolonged heating. Before the accident the target consisted 
of many small crystals, but after the accident it was converted 
into a few large ones. 


Tt seemed ])robable from thi.s result that the intensity of 
scattering from a single crystal would exhibit a marked depend- 
ence on crystal direction, and the authors set about making 
experiments for an investigation of this dependence. Even at 
this stage they had not conceived the idea of electron-diffraction. 


In 192.'), however, W. E,lsasser proposed that according to 
de Broglie’s theory of material waves, the results of Davisson and 
Kunsman sliould be interpreted as the diffraction of electrons. 
He argued that on do Broglie’s theory the electron is considered 
as a group of waves whose wave-length is given by the formula 

.nO 

mv 


where )«« is the rest-mass and v the velo- 


city of the electron. For electrons of 2.’),000 volts energy, the 
wave-length A calculated from the above formula is about 
0-75 X 10“®cm. This is of the order of that of hard X-rays, 
and the waves associated with electrons of this energy should 
behave in many respects like hard X-rays. In fact, on de 
Broglie’s- view, there is a close analogy between the two. The 
quantum effects of X-rays arc regarded as due to centres of energy 
guided by waves, while in the case of electrons, the motion of 
the electric charge, in which the energy is centred, is regarded 
as taking place along .the rays of the group of phase-waves asso- 
ciated with it. In particular, the electron should show diffraction 



§ 7*6 Experiments on the Diffraction of Electrons 159 

effects when passed through a crj^stal identical with those shown 
by X-rays of the same wave-length. 

Inspired by this suggestion, Davisson and Germer tried to 
confirm it by direct exiJcriments. In April 1927, they showed 
experimentally that very similar phenomena are observed if the 
incident electron beam were replaced by a beam of mono-chro- 
matic X-rays of adjustable wave-lengths. They projected 
a stream of electrons on to a crystal of nickel, and found that 
electrons were reflected from the surface of the crystal, just as 
X-rays are reflected in von Dane’s experiments. The intensity of 
the reflected pencil of the electrons was measured as a function 
of the direction of reflection. The experiment showed that, in 
general, the velocity of the electrons remained unaltered or 
changed very slightly, and that the electrons were diffusely 
reflected in all directions. For certain directions of reflections 
and for certain electronic velocities, the reflected pencils had an 
exceptional intensity. These special directions of reflection are 
found experimentally to be the same as those obtained in the 
diffraction of X-rays, jjrovidcd only that the wave-length of tlie 
h 

X-rays is A = — . where m is the mass and v the velocity of the 
electron. 

They concluded that because of these similarities between 
the scattering of electrons by the crystal and the scattering of 
X-rays by 3- and 2-dimensional gratings, it is not only possible 
but most simple and natural to believe that the electrons are 
diffracted at a crystal exactly as though they behaved like waves 

of wave-length A = — - • 

A little later, i.e., in November of the same year, G. P. 
Thomson advanced the matter a stage further, demonstrating by 
means of other series of experiments that a wave process is 
associated with moving electrons. In essence, his experiment 
consisted in sending a fine beam of approximately homogeneous 
cathode rays through a very thin celluloid film at normal inci- 
dence. According to classical physics, the electrons would emerge 
on the other side of the film as a disordered mob, each individual 
moving with a different speed in a different direction. But tire 
result of G. P. Thomson’s experiment was quite the reverse. 
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When the electrons were received on a photographic plate, 
Thomson found that the central spot formed by the undeflected 
rays is surrounded by rings recalling in appearance the haloes 
formed by mist round the sun. This pattern is identical with 
that obtained in a Debyc-Scherrer apparatus with X-rays of the 
same wave-length. This showed that the passage of the electrons 
through the interstices of the metal is like the passage of waves. 

In 1930 and succeeding years, O. vStern and his collaborators 
discovered that atomic and molecular ra^^s of hydrogen and 
helium also show diffraction phenomena when they are reflected 
at the surface of cr 3 ^stals. 

The dual nature, i.e., the corpuscular and wave nature, of 
both matter and radiation is an experimentally established fact, 
and all future physical theories would have to embody it as one 
of the most fundamental data of our knowledge of the universe. 



Chapter VIII. 

WAVE MECHANICS. 

8']. Eigen-values and Eigen-functions. 

Consider the differential equation 

= 0 , ( 1 ) 

and suppose we want to find a regular solution jy (x), i,e., a solu- 
tion such that y, are continuous, in the whole domain 

0 < rv; < TT. (2) 

Suppose also that y satisfies the boundary conditions 

(0) = 0, (3) 

and 

y (tt) = 0. (4) 

A is a parameter which does not depend on x. The most 
general solution of (1) is 

y = a sin VA x + b cos VA~ x. (5) 

But the condition (3) requires that J = 0. The solution therefore 
reduces to 

y = a sin VA .r, (6) 

wliere a cannot be zero, if the solution is not to become trivial. 
The condition (4) now requires that 

sin VA TT - 0, (7) 

and this is the case only when VA is an integer n > 1 . Therefore 
we must have 

A = (n ^ 1, 2, 3, ' • • oo). (8) 

We see thus that the boundary problem in general has no 
solution except when the parameter A has one of a discrete set 
of values. These values 1^, 2^, 3^, 42 ,... of A, for which alone 
the boundar 3 ^ problem has a solution, are called the ''Eigen- 
values'' (proper-values, characteristic values) of the differential 
equation, and the corresponding solutions 

sin nx {n= 1, 2, 3, • • . ), (9) 

are called the "Eigen-functions " (proper functions, character- 
istic functions) of the equation. 

U 
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livery differential equation which contains a parameter, and 
whicli satisfies -certain boundary conditions possesses a set of 
eigen-values and eigen-functions. 


The wavc-eqttation 




S^Tihn 

~W 


(E - Vj -A = 0, 


( 10 ) 


lias also a parameter Iv, which, being the total energy, does not 
deiieiid on x, y, z. As ifj is a physical quantity, it cannot be 
inlinite anywhere, and we must therefore determine a solution of 
the equation (10) which satisfies the condition that it remains 
finite, continuous and single valued throughout the whole space. 
As we shall see in concrete examples, this will be the case only 
when li has a certain discrete set of values, or a certain continu- 
ous range of values. The discrete set E„ of the eigcn-values 
constitutes the energy levels of the atomic system. We can thus 
determine the energy levels quite naturally without finding it 
necessary to have recourse to any arbitrary assumptions like the 
(piantum conditions. The great merit of vSehrodinger's contii- 
bution lies in having noticed for the first time that the problem 
of quantisation can be reduced to a problem of determining the 
eigen-values of differential equations. 


8 -2 The Polynomial Method for Determining the 
Eigcn-values. 


Having defined tlie eigen-values in tlie last section, we 
describe here one or two simple methods of determining them. 
For the sake of convenience as well as definiteness, we illustrate 
these methods hy selecting wx'll-knowui equations for discussion. 


The first method is the so-called polynomial method,*' or 
“ the method of terminating series **. 


Consider the differential equation 


^ A 


( 1 ) 


where A is the parameter and «i is any positive constant. The 
conditions to be satisfied by the solution y{x) is that it must be 
finite, continuous and single-valued for all values of x from 
— 00 to -h 
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If we divide the equation (1) by (1 — we get 

^ , (__A ^ V = 0 

dx^ i - dx ^\l-x^ (1 -x^)*)^ 

From equation (2) we see that for = — 1, * = + 1 or a: = oo, 


( 2 ) 


ly 

dx 


the coefficients of and of y become infinite. Such values of the 


independent variable for which one of the coefficients becomes 
infinite, provided that the coefficient of is made unity after 


division, are called ''the singular points of the linear differential 
equation. Thus the singular points of (2) are .r = — l,:r = +l 
and X = CO. 


A singular point is called a "pole'* when there is possible 
an expansion in power series in which the terms with negative 
powers are finite in number. Otherwise the singular point is an 
"essential singular point". The singular points of (2), viz., 
— 1, -|- 1 and + oo are all poles. 

A value of x for which none of the coefficients becomes infinite, 
is called an ordinary point " of the differential equation. 

For an ordinary point or a pole, x = the solution which 
is valid in its neighbourhood can be determined as a power 
series in z ^ x — Xq\ 

y 4- 4- . • . oo), (3) 

where a is a real number to be determined and the a’s depend 
on the parameter A. 

For the equation (2), we consider first the pole == 1, and 
set therefore — lor:^^2: + l. Then 


dy _ dy dz _ dy ^ 
dx ~~ dz dx ~~ dz 


Substituting a: = £r + 1 and in (2), we get 


d^y 2(z -f- 1) dy 

dz^ z{z + 2) dz 




(z ^‘z +2) ‘ z2(z + 2)* 

From the series (3), we find : 


+ r_ V or.) > 0. (4) 


^ = aoa(a - 1) z«-2 +a,(a +l)az“-» + ••• 
dz 

(a + n) (a -f W — 1 
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az 

y =flo2“ + + ‘ + ••• + ••• 

Moreover, we have from the binomial theorem ; 

= z " 2 +T ■ ••■) 


+ 1 + positive powers of z. 


A 

2 (2 + 2 ) 


(2 + 2)» 


\ = - Afi + -"-V 

~ 4- ^ + positive powers of z. 
nC- 1 w- / 2Y 

«■■,(, +fj“ 

SO ”^‘ 2 +^:’) 


ni^ __ 2wi* 

41^ 42' ~ 16' 


+ positive powers of 2. 


Substituting these values in (4), we see that the lowest power of 
z is a — 2 and that the coefficient of 2 " is 

|a (a- 1) -ha - -j\ «o. 

(«• - t) W 

Since Uq can be taken to be different from zero, we must have : 

a*-^' = 0. (6) 

This equation to determine the index a is called the indicial 
equation It has the roots 

a == + j anda (7) 
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For the pole x = — 1 also, we get the same indicial equation (G) 
and the same roots (7). 

, Since y has to be positive everywhere, a must be the positive 

• m 

root Y 


For determining the coeffieients Up, it is convenient to 
change the dependent variable y by taking away from it the 

m 

factor (1 — We write therefore 

V = (1 - (8) 

so that * = — 1 and .r = + 1 are both ordinary i)oints for v. 


Then 


ax 


X-) 


5 dv 
dx 


nix (1 — x^)^ 


dx 




dx 


+ m (m — 2) A'* (I — V. 


vSnbstituting these values in (I) we get the equation 

+ (A — m — m^) (1 — x^)^ V == 0, 

tn 

or on dividing out by (1 — a-)^, 

[I - A®®) Yxi - 2 ('» + ^ S - m - m^) i; = 0. (9) 


To integrate (9) we assume 

= S aixi. (10) 

I = 0 

Substituting this in (9), and equating the coefficient of x^ to 
zero, we get the recurrence formula 

(/ +2) (/ +1) ai^2={l {I- 1) + 2 (w+1) I - A +m +m^} ai. (11) 
From (11) we see that the series (10) contains either only the 
even powers or only the odd powers of x. 

Now we choose the parameter A so that for I — k, the 
coefficient of «/ vanishes. Then all + a^+ 4 > • • ' ^^so 

vanish, and the series Eui x^ ends at / —k. Thus 

ife (A - 1) + 2 (w + 1) ft - A + w + m* = 0, 
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or 

X = k (k — 1) 2 (w -f - 1) ^ + m + 


= (A -f m) [k + m + 1) 

(12) 

lyct us write 

, 

n = k + 

(13) 

so that 


X = n {n + 1). 

(14) 


Writing successively A = J, 2, 3, • • • , in (13), \vc get different 
discrete values of n, and then from (14) we get the whole set of 
the values of A, giving the discrete set of the rcqtiired eigen-values. 

The essential feature of this method is terminating the series 
at some particular point, since the solution has to be finite for 
all values of x however large. 

8 • 3. Bechert’s Method for Determining the Eigen-values. 

Another simple method for determining the eigen-values of 
differential equations has been given by Bechert. It has a great 
advantage over the polynomial method in that the eigen-values 
are obtained without actually solving the equation. It requires 
a study of the behaviour of the solution near singular points. 
We shall illustrate this method by taking a concrete example. 

Consider the equation 


where A is the parameter. We shall see in the next section that 
the wave-equation of the linear harmonic oscillator can be reduced 
to this form. 

Obviou.sly, the only singular points of this equation are 
X = — oo and X = + oo, sill other points being ordinary points. 
We must therefore examine the behaviour of y in detail as x 
approaches ± oo. 


Now when x is very large, A can be neglected in comparison 
with x^ and (1) reduces to 

( 2 ) 

It is ca.sy to see that y behaves very nearly like e * wheu 
X is large. For assuming 

y = (3) 
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we get 


-- xe 




and since x is very large, we have 


V = a;- e 
ax- 


x-y (very nearly). 


Thus (3) satij^fies very nearly the equation (2). 

This shows that the asymptotic form of the solution y of 

(1) for A' ->oo is c - . To solve the equation (1) exactly, we put 
therefore : 



y (4) 


‘^y 

/dll 

dx 

Vdv 

dx^ 

(d^u 

[dx^- 


+ 


- 1 ) „} 


it V 

Substituting these values of y and in (1), we get 
-i UI~U n rfW , , . 

^ ~ dx - 1) “f + (^ - x‘) e = 0, 

or, simplifying and dividing out by ^ ^ , 

(5) 

We have to study this equation when x is very large. We 
change the independent variable from a; to 2 : by writing 

* “ ■ • ( 6 ) 

SO that we can study the behaviour when z is very small. Then 

rfw _ __ 2 du 
dx ”” dz 


dx^ dz^ dz 

On substituting these values in (5), it becomes 

di + (^ - 1 ) « = 0 * 


( 7 ) 
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Now when X — ► <», z — > 0, and since z is very small, we can 
neglect 2 ® and z* in comparison with z. The equation (7) then 
reduces to 

22 + (A - 1) « = 0. -(8) 

This is a first order differential equation in which the variables 
are separable ; 

— + = 0. (9) 

u z z ' ' 

The integral of equation (9) is 

log U + - log 2 =- log A 


« z * = A, 

where A is an arbitrary constant. Writing again z = we get 

or 

^“_i 

« == A a; " . (10) 

Since u must be finite for a; — 0, the power of x, viz., ^ 


must be positive. Moreover, u must be single- valued, and this 
can be the case only when the power of a? is a positive integer 
or zero. We have therefore : 

= «. ( 11 ) 


A = (2h + 1), {n = 0, 1, 2. 3, • • ■)• (12) 

The eigen- values of the differential equations are 1, 3, 5, 
7, • • • , i.e., the set of odd numbers. 


8 • 4. The Linear Harmonic Oscillator. 

We shall give a wave-mechanical treatment of the linear 
harmonic' oscillator discussed in § 6 • 7 by the matrix mechanical 
method of Heisenberg. 

If X is the displacement of the oscillator of mass /x from the 
position of equilibrium, then from (1) § 6 • 7 we know that the 
potential energy is 

V = \hx\ 
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where k is the elastic constant. From (4) of § 6 • 7 we have 
further 

- = 

where Vq is the frequency of the Oscillator. Therefore 

V = 27T^VQ-fJLX^. (1) 

For the linear oscillator, the problem is one-dimensional, and 
so the wave-equation is : 


dx^ 


+ — ^ (E 
t- 1^2 


277*^0 V^®) <A = 0. 


( 2 ) 


We change the independent variable from x to q by taking 




The wave-equation (2) then becomes 

^TT'^fXVQ d^lfj ^ 

~ T ' ~df 

or, after simplif 3 dng, 


Now write 



Cl 

1 

h 


2E A 

Mo - n 

d 

II 


®) -A = 0, 


2]S 

hvo’ 


(3) 


(4) 

(5) 


and the equation (4) reduces to 

+ (A - ^ = 0. (6) 

This is the same equation as (1) § 8 • »3, except that for the 
independent variable x we have q, and for the dependent 
variable y we have Jj, 


From (12) of § 8 • 3, we know that the 
eigen-values given b}" 


Thus 


A = (2n + 1). 


2E 

hvQ 


= 271 -b 1. 


The eigen-values are therefore 


equation (6) has 


(7) 


E„ = hvo (n + I), (n = 0, 1, 2, • • •), (8) 

giving again the half integral energy values required by experi- 
ments. 
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8 • 4 (1). The Linear Harmonic Oscillator {Polynomial Method). 

To illustrate the polynomial method of finding eigen-values, 
we shall discuss the harmonic oscillator once more, and show 
that it leads to the same result. 

The wave-equation of the oscillator is, from (2) § 8 • 4, 

ift =0. (1) 


Tet us write 


V 87r-/x 

A - ^ - A i 


then the equation (1) becomes 

+(A- (3) 

The singular i^oints of this equation are a; == — oo, and 
X =:= + and obviously, these are essentially singular points. 
To lind the asymptotic behaviour of i/r for large a;, we neglect 
A in comparison with in (3), and get the equation 

‘di ~ 

It is easily seen that ifj behaves very much like e ^ for 
large x. For, writing 


we get 


Z = - 

d'ilf o o , , 

ifxi = ^ - “lA- 

Since x is very large, we have 

j-t== (very nearly), 

and therefore (5) satisfies the equation (4). Thus the asymptotic 

form of the solution iff of (3) for a: — > co is ^ ^ . To solve the 

equation (3) exactly, we put 

— ® 

>fi *= e ^ u. 


( 6 ) 
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Then 


difs 


(du 

dx ~ 

e 

\dx 

11 

. flC 

jrf% 

{dx^ 


Substituting these values of 0 and in (3), we get : 


UV-ii 


du 


, 2aX , — all 

<dx'‘ dx 


+ f (A - a^X^) 


^ u ==0, 




or, simplifying and dividing out b 3 ' c ^ , we find 


d^ii dll . ^ 

— — lax j H (A - a) u ~ 0. 


(7) 


We change the independent variable from a; to ^ by writing 


Then 


XT \/a a;. 




du du dhi d'^n 

Tx ^ dz' dx^ di^ ' 


Therefore (7) becomes 



We integrate this equation in series 

u =-- E aizK (10) 

I = 0 

vSubstituting this in (9) and equating the coefficient of z^ to zero, 
we get the recurrence formula : 

{/ + 2) (i + 1) + (^ - 1 - 2/) «/ = 0. (11) 

Now, since z has to be finite even for large values, »the series 
(10) must terminate at some point. vSuppose the last non- vanish- 
ing term in the series (10) is a^z^. Then it is necessary that 
the factor of in (11) must vanish. Therefore 

A 
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or 


= 2m 1> (n — 0, 1, 2, 3, • • •)• 


But from (2), we have 


A _ X h 2E 

a X 47r'/xi'o hvo 


Therefore 


2E 

hvo 


— 2m 1, 


( 12 ) 

(13) 


and the eigcn-valiies are 

E„ = Ai'o (w + a)- — 0, 1, 2, • • •). 

The corresponding eigen-functions are 

_ 

where H« (;?) is the ‘‘ nth Hcrmitian Polynomial ” given by the 
solution of the equation (7) in series : 

u {z) =H„( 2 ) - (2z)« - 


(U) 

(15) 


+ 


m( m - 1) (m - 2)Jn -ZX 


2 ! 


__ w(m *^2) ~'_3)_(m _ ^ (2z)"’"® -!-••• (16) 

3 ! 


8-5. The Hydrogen-like Atom. 

In his very first ])aper, Schrbdingcr treated the problem of 
the hydrogen atom by a wave-mechanical method. It was his 
success in deriving the energy values in agreement with those 
furnished by Bohr’s theory that drew the attention of physicists 
to the wave-theory of matter enunciated previously b> 
de Broglie. 

We take a hydrogen-like atom, i.e., a single electron of mass 
(i and charge ( — e) moving in the field of a nucleus of charge 
-1- Ne, where N is the atomic number of the element. The poten- 
tial energy of the electron is therefore 

Ne* 
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where r is its distance from the nucleus. The wave-equation for 
the electron is then 




>-o. 


( 2 ) 


^20 SttV / N^2> 

We transform to the spherical polar co-ordinates f, 0, ^ given 
bv the relations 


X = r sin 0 cos <l>,y = r sin 0 sin <f>^ z = r cos 6 ; (3) 

then it is shown in the books on the theory of functions that 
_ 1 j / , 50X i_ j 

iix^ ^ bz^ br V by/ sin^ bOK' bd ) 

1 bH 

■*" shv^e b^^' 

The wave-equation (2) then becomes in polar co-ordinates : 


1 i fr^. 

by \ by ) 


+ 


1 b 

r"- sin0 bd 



bd) 


+ 


_1 b^ , SttV , N/\ , _ . 

r^sin*^ bj>‘‘ 7t'^ + y'j ^ - 0- 


(4) 


We assume that the solution of this differential equation is 
a product of three factors, each of which depends on a single- 
variable only. Thus let 


^-.R(r)/(0)I<(^J. (5) 

The conditions to be satisfied by i/f are that it mut be single 
valued, continuous and finite in the whole domain 

0 < r, 0 < 0 < 77, — 77 < ^ < 77. 

Now <f> is a cyclic co-ordinate which does not enter explicitly 
in the equation (4). Therefore the function F [f) is of the form 

F {(()) == (6) 

where in is a constant which must be an integer because F {<!>) 
has to be unique. 

We write 



Then substituting (5), (6), (7) in (4) and dividing out by 'Rf'F, 
we get the equation 


r- fd^R 
R Wr" 




+ 


1 f_i_ 1 

/ |sin d 




_ 0 
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2 dR- Ifl d / . o'if\ ia\ 

Vd^ + ^ Tr + “ ~ / {sm^ do ^ do) ‘ . 


or 

r* fd’‘R 

r' 

The left-hand side of (8) is quite independent of 0, whereas ‘the 
right-hand side is quite independent of r, so that the two expres- 
sions must be independent of both r and 0. Thus, we must have : 

2 dR 


,2 

R Ur' 


(f-R 

'2 


-h 


r dr 


and 


+ gR) 

-A, 

(9) 

dffj 

w®/") . 

" sin®6ll “ 

(10) 


u'- ( 

j (sill 0 dQ \ 

where A is an absolute constant. 

lyCt ns consider the equation (10) first. It is 

bin ^ d0\ dOj \ siu“0/ 

Transform the variables 6, f into y by writing 
~ cos 0, y (x) ^ f {0), 


( 11 ) 


( 12 ) 


then 


df _ df dx _ df , _ 


dO 


dx dO dx 


( - bill 0) ; 


. : sin 0 = - ^l - X'^) y-- 

sin 6 d6 dx dO dx dx 

Substituting in (11), we get 

f. 

dx \ 


■' I- <'--<2} . ”‘yr=o. 


or 




(13) 


This equation (13) is the same as (1) § 8 • 2. We found 
in that section, that the eigen- values of this equation are 

A=:f(i + 1). (U) 

where A i's a positive integer not less than m. 

The eigen -functions are given by (8), (10) § 8 • 2 : 

m 

y ^ (I - x’-fv ; 

where x = cos 6, and 

z; ~ x^. 
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The coefficients are determined by the recurrence formula (11) 
§8-2. For a particular value of /, this solution, comes out to be 


f{oy = y=- 


{21) ! sin»*^ 

'2(1- m) r 


{ 


cos ^~'"6 


(I — m) (I— m — 1 ) 

- -^ 2[2l- 1) 


cos^-*"-*e 


+ (/ —m) (I— m —\){l — m— 2) (I — m — 3) 
2. 4 . 72 /- 1) (2/ - 3y 


cod-”‘-*e + ■ ■■ I (15) 


This solution (15) is denoted by P/” (cos 0), and is called the 
" associated Tegendre function ”, 


Thus the two factors f (0), F (^) in the solution (5) become 
on account of (6) and (15) : 

S/ {e, <!,) = /(0) F (<^) = r/» (cos 0). (16) 

The function ,S/ (0, d>) is called the “ Surface Spherical Harmonics 


We have now to find that factor of the wave-function ^ 
which depends on r. For this puqiose we have the equation (9). 
This is : 


iFR 2 
r 




R = 0, 


or substituting the values of g from (7) : 

<FR , 2 r/R /SttV . SttVNc^ 1 
'dr^ r d~r If ' ' A-’' ' 



R = 0. 


On writing 


~W 


E, B 


477VNt.'2 

If ’ 


C 


A =- / (/ + 1), (17) 


the equation becomes 


fFR 2 
dr^ r 





(18) 


If we wish to find the discrete s])ectruiii of tlie hj^drogeti-like 
atom, we must take R negative. Then A is also negative, and we 
can write 


A— (19) 

In order to determine the asymptotic form of the solution 
for large r, we neglect terms with ^ and in (18) and get 


^R 


•f AR 


df^ 

dr^ 


R 


= 0 . 


( 20 ) 
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The solutions of (20) are of the form 


R = 

but since r must be finite when y 


oo, we must take 


R = ^ (21) 

We change the independent variable from r to ^ by writing 

Y 


^=2 — ==2V— Ar, (0<z<oo) 
^0 

Tlie as 3 ^mptotic solution (21) then becomes : 

_ K 

R = e 

Further the equation (18) is transformed to 
dz^ ZYa ' /-(, dz 

4 

or, dividing out by — . 


( 22 ) 




+ i? _ + 


ZYa 


Z‘Y, 


(23) 

R = 0. 


(24) 

(26) 


fR + 2 dR r B ,_/(i_+i)j ^ ^0 

dz^ ^ z dz ^ \ ^ ^ ro " i ^ "• 

For the solution of this equation, we set 

_ • 

R = e ^v[z), 

then 

<iR fdv . \ 

dz - ‘ (t -*'')■ 

d^R -4 (dH , 1 \ 

Jp- - ‘ Kdz‘- - & +*•’)• 

Substituting these in ( 24 ) and simplifying, we have : 


d^v 

dz^ 


The only singular point of this equation is 2 : = 0, and it is 
a pole. Therefore, to solve this equation, w^e assume the series 


V = zP E a^z^, 


(27) 


where ^ is a number which has to be determined. If we substitute 
(26) in (27), we find that the term with the lowest power of x is 

{P iP ~ 1 ) + 2 ^ ~ / (/ + 1 )} ^ 0 , 
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or 

{p{p + 1 ) -I {I +l)}ao. 

Since Uq can be assumed to be different from zero, we get 
the indicial equation : 

pip i-l) ^1(1 +1) (28) 

The solutions of this equation are 

either^ = Z or ^ ^ — (Z + 1). 

Since for z =0, v must be finite, we must take the first 
solution only : 

p = L (29) 

The solution of the equation (20) can therefore be written 


V E (30) 

fc = 0 

Substituting (30) in (2G) and equating the coefficient of 
to zero, we get the recurrence formula for determining the 

(Ik : 

{(^ + Z *-(- 1) (/; + Z) -|- - (^ + Z f 1) — Z (/ + 1)} <^k^\ 

= (^ + ^ + 1 - rti- (31) 

In order that %) remains finite even for large z, it is necessary 
that V should be a polynomial, i.e., the series (30) must terminate 
at some j^oint. This will be the case only when in (31), the 
coefficient of vanishes for some value of h. Thus 


— + Z + 1 , (;/, ~ 0, ] , 2, 


(32) 


We set 


=^.V +1 + 1 , 


( 33 ) 


and see that n can have any of the values 1 , 2 ,- • •, f.c., n can 
be any positive integer. Then from (32) we get on squaring 

2 


or, substituting the values from (17) and (19) : 


= 


Consequently, 


B2 __ IGttVN^^ //2 

A ~ h* '^ SvtVE 


27rVNV 

A*E 


— 27r*uN^d^ . 1 o o 

(«= 1,2,3. 


( 34 ) 


12 
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These are the discrete energy values, and we see that they 
are identical with the values (15) §5*3 given by Bohr. They 
agree, therefore, with experiment. 

If we take E positive, we find that it remains inditerminato. 
The theory therefore leads in this case to a continuous spectrum, 
again in agreement with experiment. 

Heisenberg's Matrix Mechanics also leads to a discrete as 
well as a continuous spectrum. 

As lemarked by vSominerfeld, "it is a particular!}’^ beautiful 
feature of Schrodinger's theory, that it connects the continuous 
syjcctrum by a niiiforin analytical process with the line spectrum 
of hydrogen. Bohr's quantum theory required special assump- 
tions to achieve this result ''. 

8 • f). T}xe Equivalence of Matrix Mechanics and Wave^Mechanics. 

We have seen that the energy values of the linear harmonic 
oscillator come out to be the same when treated both by the 
Matrix method and the Wave method. It was found that for 
other luoblems also the results arrived at were essentially the 
same. Now the two methods have apparently quite opposite 
characters. The matrix theory is " a true thcor}- of a discon- 
tinuum", in which the classical continuous variables are replaced 
by systems of discrete numerical quantities which are defined by 
algebraic equations. On the other hand, wave-mechanics 
replaces the classical point-mechanics by a continuum theory, 
where we have a continuous field-like process governed by 
a single partial-differential equation. In view of this apparent 
contradiction in the methods of the two theories, it is surprising 
that both of them should lead to the same results. It was 
Schrodinger himself who solved this puzzle by showing that the 
two methods were mathematically equivalent. In fact, he proved 
that we can deduce the Heisenberg matrices from the wave- 
functions, and that conversely, we can determine the wave-func- 
tions from the Heisenberg matrices. 

This discovery was of great importance in the subsequent 
development of the quantum niechanics. It furnished a method 
for calculating the matrix elements by simple integration. 

We shall prove this equivalence in the following two sub- 
sections : 
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8* 6 (1). The Wave-Equation, 

IvCt us first take a dynamical system having one degree of 
freedom, and sujDpose that q is the co-ordinate and p the conjugate 
momentum. Then the quantum condition of Heisenberg's matrix 
mechanics is 

where 1 is the unit matrix. 


Now let / [q) be any function of q. Then 

or, rearranging, and taking / outside : 


This means that 




d d , 

d</^ ^dq 


showing q — ^ is a unit operator. Multiplying (1) by 

the constant •• we get 

IttI 

h cl h il __ h . 

dq ^ ^ '‘drri dq 

Now, a comparison of (1) with (3) suggests that the momentum 
p can be taken as a sort of differential operator 

^ ^iri dq ^ ^ 

In general, if we have a particle of mass m with co-ordinates 
(,r, y, z) and velocities (u, v, w), then we must have according 
to (4), 

h d 1 


mu -- nix 


2rri bx 


h d 

niv = my = » 

27ri dy 


mw = mz 


ini hz j 


( 6 ) 
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But according to the relativity theory, the time i has the 
same standing, and any picture of nature must be symmetrical 
in the four co-ordinates x, y, z, ict. From that theory we know 
also that if the energy i>> K, then — E is the momentum conju- 
gate to the co-ordinate t. This is because pjc, py, pz^ E are the 
components of a four-dimensional vector, where E = mc^. Thus 
we must add a fourth equation to the three equations (5), given by 

- V = 


or 


7)IC“ 


h b 

277? bt 


( 6 ) 


We consider again a system having only one degree of free- 
dom characterised by the co-ordinate x. We perform the opera- 
tions on a function 0. From the first equation of (5) we have 


mup 


h biff 
2771 bx* 


or 




( 7 ) 


where, for the present, we take the velocity u to be uniform. 
The solution of (7) is 


(4 = l/fQ f 


. m N 
ft ‘ 


( 8 ) 


eiviiis: */r as a wave of w’ave-length A This shows that the 

momentum mu of the moving ])article has associated with it 

h 

a train of regular waves of wave-length — • 

mu 

Now apply the operator (6) to the function p : 

_ h bp 

E'f " - 2S sr 


or 


bp __ 
bt ““ 

giving for the solution : 


o R / o - / 

i., 


•A = ^0 ^ 


= lAo « 


( 9 ) 


( 10 ) 


The waves have vibrations in time of period i.e., of 

li mc^ 
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E 


frequency v material particle has asso- 

E 


me* 


h 


ciatqd with it vibrations in time of frequency v 
Combining the two formulas (8) and (10) we have 

( 11 ) 

This represents waves of wave-length A = travelling in the 

• • • 

direction of x with a speed — • The phase velocity of the system 

w 

of waves is therefore - • We can deduce in this way all the 
results of dc Broglie's original theory. 

If the particle is moving in three-dimensions (.r, y, z) with 
a variable velocity (u, i>, w), in a conservative field of force 
having a potential V {x,y, z), tlien, if T is the kinetic energy : 

T = \m {u- +v^ + W-) = E - V. (12) 

Substituting in this the three equations (5), we get 


4. 


)=E 


E - V. 


( 13 ) 


Performing the operation (13) on a function iff, and rearranging, 
we get 

^ ^ , STrJn 

b'x^ 


r..r 4, x-T 4_ 4. ri' _ m 


by^ 




V) .A = 0 . 


( 14 ) 


Thus we get again Schrddinger's equation, showing that a mate- 
rial particle moving in a conservative field has associated wdth 
it a train of waves whose wave-length, however, varies with V, 
just as the wave-length of light varies as it passes through 
a refracting substance. 


8 • C (2). Derivation of the Matrix Elements from the 
E igcti- functions . 

For a particle of mass m^, moving in a field of potential V, 
we had in (12) § 8 • 6 (1) : 

IniQ [n- +v^ + ic'2) = E — V, 

where E is the total energy. Writing T == \mQ -f- a*), and 

rearranging, we can put this equation in the form 

T + V = E. 
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I,et 9^ (/ = 1, 2, • • • . s) be the generalised co-ordinates of 
the dynamical, system, and pr the corresponding conjugate 
momenta. If we express T in q^, pr, and V in q^, the above equa- 
tion of energy becomes . . 

H {q,.. Pr) - E = 0. (1) 

where H (<7,., p,-) is the Hamiltonian of the dynamical system. 
Now to make a transition from the particle mechanics to wave- 
mechanics, we found that it is necessary to write 


= 2tf 4; == 

• s). 

(2) 

F = - A 

2m bt 


(3) 

Thus both H and F< are differential operators. 

If wc perform 

these operations on the wave-function ^ 
becomes : 

f, the 

wave-equation 

(11 - E) </«- <). 


(4) 

where H denotes the operator 



«(»•'« I) 


(5) 


and E <lenotes the operator (3). 


From the general solution of the differential equation (4), 
the matrices that form the solution of the dynamical problem 
may be very easily obtained. 

Let 

Pn. {n ■ ■) (6) 

be a complete independent set of ortho.gonal and normalised 
eigen-functions of the differential equation (4). Each of these 
terms has a definite meaning. Thus by saying that the set 
is orthogonal, we mean that for any m and any n : 

/ = 0, (;« «). (7) 

where the integral extends over the whole q space, and where 
P„* denotes the conjugate of t[/^. 

Similarly, the propertj- of being normal requires that 

f ^Mq = 1, 

(n - 1.2. 3, • . •). 


( 8 ) 
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The properties (7) and (8) are analogous to the properties 
possessed by the set of trigonometric functions : 

sin mrvt, cos n^nvi (n = 1, 2, 3, • • •). 

• Finally, just as every function which is periodic, and which 
satisfies certain conditions as regards continuity, can be expressed 
as a Fourier series, similarly, every function which satisfies the 
equation (4) can be expressed as a series of the eigen-functions 
This property is expressed by saying that the set of eigen- 
functions ifjji ** is complete,*' and it holds because of the linear 
character of the equation (4). 

Thus the general solution tp of equatioii (4) will be of the 
form 

</< ( 9 ) 

n 

where the arc the ‘'Fourier coeflicients ' ’ of the expansion, 
and are determined by the same method used for the Fourier 
series. Thus if wc wish to determine , we multiply the equa- 
tion (9) by ipfff and integrate both sides over the whole of q 
space, giving 

/ E c,, f 

n 

111 the sum on the right-hand sides, all the integrals for which 
n=f= tn vanish on account of (7), so that 

On account of (8), this gives for all m > 1 

I ( 10 ) 

We shall prove now that any constant of integration of the 
dynamical system can be represented by a matrix whose ele- 
ments are constants, there being one row and column of the 
matrix corresponding to each eigen-function 

If a is any constant of integration of the system, then from 
(6) § 6 . 5, 

a [a, H], 

where a is the time derivative of the matrix a, and H] is the 
Poisson Bracket. Therefore, since a is constant in time, [«, H] = 0, 
so that a must commute with H, giving aH = Yla. Similarly, 
since E is the total energy, a commutes also with R, /.(?., aE = Ea. 
Thus we have the relation 

[a, H - E] - 0, 
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or 

« (H -- E) - (H E) a. (11) 

If we apply both the operators in (11) on the cigcn-f unction 
^ny 've get for all w > 1 : 

«(H -E) ^ {II ^ U) a ip,,. (12) 

But, since 4^,^ is a solution of the differential equation (4), we 
have (H — E) ipn = b, so that for all n 

(H -0, (13) 

i.e., a is also a solution of (4). 

But we have seen in (0) that every solution of (4) can be 
expressed as a series in 4^?t fyp^ (^)» so that 

^4^71 “ ^ ^^f7m4^77iy 
m 

where the are the constant development coefficients, which, 
according to (10), arc given by the integral 

Omu = I (15) 
We shall prove now that the quantities are the elements 
of the Heisenberg matrix belonging to a. 

First of all, we see that 

~ J ^^771 ^ 7 » 

SO that if a is a real quantity, then for all m, n : 

«n,n = I {>!’,* a>p„,)* dq, 

= J f})„i (itjifi dq 


showing that the matrix a is Hermitian. 


Now, suppose b is another constant of integration. 

then as 

in (14), we get 



b 4^fi =2jbffffi 4^m* ~ "^y 'b 

■ •), 

(16) 

where 



bmn = f 'Pmb'Pn dq. 


(17) 


If a„„ and b„n are the elements of Heisenberg matrices, then 
the laws t)f matrix addition and multiplication must hold. Now 

(« • h b)„,„ =-- / (a + b) ip„ dq, 

= f 'Pm a<lfndq f 'Pm dq 
~ ^mn "b bm?i > 

the law of matrix addition holds. 
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Similarly, 

dq- 

But from (14), by taking the conjugate series : 

k 

and from (17) 

Hh = ^ 

i 

Therefore 

^ f ^ ^ ^^‘ 7 - 

k i 

But, on account of the orthogonal and normal pro])erties (7) and 
(8), this integral is only then different from zero for each k when 
j so that 

{P'^)tnn = ^ ^mk^kn* 

k 

which is the rule for matrix multiplication. 

Thus we can show tliat as vSoon as we have solved the 
Schrodinger equation completely, determining all the eigen-func- 
tions, we have found the solution of the (Quantum mechanical 
problem also. For, wc can determine the matrices q [qmn) 

P ~ [Pmn) of the quantum mechanical problem according to 

qmn = f ^mqK^q, ( 18 ) 

Pnm = / Pm*PP,t = J 'I'm* wl'- ^ 'I'u dq. (19) 

To establish the equivalence of the two methods, we have 
to prove, of course, that if the canonical conjugate variables 
q, p are defined according to (18) and (19), then the following 
four relations hold : 

(fl) the quantum condition 

~ ^ • ( 20 ) 

(6) any function V (9) of q can be defined as : 

^m,Aq) = / dq ; ( 21 ) 

{c) the function is given by : 

(/>*)»;« = f 'I’m* P'‘'l'f, dq = /p,„* (^. Pn dq ; ( 22 ) 

(e) and finally that the Hamiltonian H (/>, q) : 


( 23 ) 
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is a diagonal matrix. Here the function V (^) is taken as the 
potential function, and s is the degree of freedom. 

We shall prove these relations one by one. 

((?) From the law of multiplication for matrices, we have ! 

^ PmlAkn = 2^7-^ f ’ ^'i' 

u'licre we have written for p,„jf its value from (19). But from 
(14), on writing q for a and k for m, we see that q^„ —^^qkn Ph 

so that the last equation becomes : 

{Pq)mH = I '!•''* iq 

Similarly, we have 

{‘lP)mn = ^ (ImkPkn = / Pm ^ PiPkn ' 

k ^ 

= / Pm*qPPn- </</ = / Pm 9 Pn' ( 25 ) 

Thus from (24) and (25) : 

ipq - gp)mm = I Pm Pn ‘ ( 26 ) 

In (2) § 8-6 (1) we have shown that 

{pq - qp)„„ = / p„*Pn dq 


-A 8 

~ 277i 


(27) 


on account of (7) and ( 8 ). This proves ( 20 ). 

(/)) We show that if ( 21 ) is true for the function V (< 7 ) = 
it will be true for also. For, 

k 

= / Pinq’’ ^ Pmn dq = f PmY ' <lPn ' dq. 

k 

=^/p„;g>-*^P„dq. (28) 

Using Induction, we see that (21) holds for all powers of q. 
Now since any analytical function V (q) can be expressed as 
a power series V {q) =S c^q'', we conclude that (21) holds for any 
such function. 
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(c) We have 

{P^)mn ~ ^ PmiPiit ~ f i'/n ^ ^/cPtn ’ 


It h h ^ 


- / ( 2 *,.) *. !<!- f K' ^ Ji. 

which establishes (22). 

(d) We are in a position now to prove that the Hamiltonian 
H given by (23) is a diagonal matrix. For, we have 


=/</'„/* 'R<Pnd‘l = / >Pm* f 

“ i •I'- uk f I-) + '’<''>1 


Now, for a particle of mass ntg moving in a field of potential 
V {q), the eigen-values E„ and the eigen-functions tp,, are given 
by the Schrbdinger equation 

{2^ f (i?-' $)+''(«>} = 

so that (29) becomes : 

H,«„ = / dq = E„ / dq 

E„ 8,„„. (30) 

Thus we sec that H is a diagonal matrix whose diagonal 
elements are Ei, E., • • •, i.e., exactly the same as the eigen- 
values supplied by the wave-mechanics. 


The two methods are therefore completely equivalent. 



Chapter IX. 

PERTURBATION THEORY. 

9-1. Outline of the Perturbation Method. 

In the preceding chapter, we have given a method of determining 
the eigeii-valucs an.d eigen-functions of differential eqVicitions, 
and api^lied it to one or two simple physical problems. But, 
even for slightly more complicated problems, such as the i^roblem 
of the hydrogen atom in an external electric held, this method 
of determining the eigen-values and eigen-functions is not appli- 
cable. It becomes iiecessar}^ in these cases to develop approxi- 
mate methods of hnding the cigen-values and eigen-functions. 

The hrst and most important approximate method in wave- 
mechanics was given by Schiodinger, though a similar method 
in matrix mechanics was developed by Born, Heisenberg and 
Jordan previously. This is a perturbation method having close 
resemblance to tlie method used for the problem of three bodies 
ill astronomy, and described in detail by IT. Poincare in his 
classical treatise Mithodes nouvelles de la Mecanique Cileste. 
In 1918 Bohr adopted this method for his quantum theory, and 
his school apiilied it successfully to the relativistic stark-effect 
and other problems. But the theory of perturbations developed 
by Schrodinger is much simpler and clearer than cither of these. 

The object of tlic iierturbatioii method is to increase the 
range of application of the eigen- value theory to problems which 
are not directly soluble by the comparatively elementary methods 
of the preceiliiig chapter, but which are closely related to a 
directly soluble problem. 

In its main outline, the method consists in breaking up the 
Hamiltonian H of the given problem into two parts, H© and cH^, 
of which Ho is simple and cHi is small. The first part Ho can 
be considered as the Hamiltonian of a simple problem of the 
kind discu'rsed in the preceding cha])tcr, whose eigen- values and 
eigen-functions can be determined exactly. The addition of the 
small term »:Hi will then require small corrections, in the nature 
of a perturbation, in the cigen-values and eigen-functions of the 
unperturbed Ho problem. € is a small numerical factor, and 
the solution of the equation for the i^erturbed system can be 
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obtained in the form of a power series in €, which may be broken 
tip at any point to get the desired degree of approximation, 
provided the series converges. Even if it does not converge, 
the^ first approximation has been found usually to give fairly 
accurate results. 

The success of the perturbation method is due to the fact, 
that eigen-values and eigen-functions vary continuously with 
the coefficients of the differential equations. This is an impor- 
tant theorem in the theory of boundary value problems. 

In order to illustrate the various points in the theory, we 
shall first discuss the examjde of the vibrating membrane. 


0-2. The Vibrating Membrane. 

We consider a rectangular membrane whose edges are fixed 
in the straight lines a; = 0, x ~ a, y 0, y = b, in the {x, y) 
plane. The differential equation for the homogeneous membrane is 


For the solution of this equation, we write 
and substituting (2) in (1), we get 


(1) 


( 2 ) 


d^g 


/A\ ^ « / \ 

or dividing both sides by v (x, y) g (t) : 

1 . ()^V\ 1 




~ .^0 


(X. y) 

The right-haiiil side of this equation does not depend on x, y, 
and the left-hand side does not depend on t, so that each of them 
must be independent of lioth x, y and of /. Thus 

1 


A, 


g (t) dt^ 

1 ^ ' 

V {x, y) ‘ hy^j 

where A is an absolute constant which must be positive. 

The equation (3) then gives 

d^g , 




(3) 

( 4 ) 
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wliose solution is 

g (/; = A cos Va ^ B V^A ^ 


Equation ^4) now becomes 


'b^V bP'O 
bx^ by^ 

with the boundary conditions 


-f \v = 0, 


u = 0 for X — 0 and x = a, for all y, 
V 0 ior y ~ 0 and 3/ == 6, for all x, 

while A is the eigen-value imrameter. 


(5) 

( 6 ) 

(7) 


It is easily verified that the sfJutions, i,e., eigen-funetions, 
of (0) arc, 

, , . niTTX . httv /ox 

Vm.H {x. y) = sill sm - . (8) 

and the eigcn-values 

= (9) 


(m, n -1,2, .*1, 


If a and b are incommensurable, there is no other pair m\n* 
such that A/;/, -- A,,/, n- To each eigen-value A,;,, then corresponds 
only one eigen-function {x, y). Each eigen-value is called 
simple and llie case is non-degenerate. 

Now, suppose that an external transversal pressure P {x, y) 
acts on the membrane, distributed anyhow over it ; then the 
equation (6) becomes 

S ^ 

giving a iion-homogeneons equation. 

If the pressure P is periodic, with the period co, and if w 
coincides with one of the eigen-vibrations of the membrane, then it 
will excite the membrane to continually increasing vibrations, 
so that the disturbance will finally grow beyond all limits. If 
this Catastrophe is not to occur, there must be no resonance, 
and therefore P cannot on the whole perform any w^ork on the 
vibrating membrane. To represent the vanishing of this work 
mathematically, we notice that if dS is an element of the membrane 
acted upon by the pressure P, then since the displacement from 
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the position of rest is v, the condition is 

/ f IV = 0, (11) 

that the right-hand side of equation (10) must be orthogonal 
to the eigen-function of the left-hand side equated to zero. This 
theorem holds in general. 

Suppose now that the membrane is a square, i.c., h 
Then from (9) we have 

( 12 ) 

Interchanging m and n leaves the eigeti-valiic unchanged, 
but changes the eigen-function, thus 

Vi = sin mx sin ny 
= sin nx sin my 

generally differ from each other, but both of them belong to the 
same eigen-value -|- n^). 

Consequently, with the exception of the fundamental vibra- 
tion m = I, n =1, and the overtones m = n which are harmonic 
to it, each eigen-value of the square membrane is at least two- 
fold. This case is therefore degenerate. 


9 • 3. Perturbation Theory for the Non-Degenerate Case. 

The wave-equation for the unperturbed dynamical system 
has been found to be : 


(H - K)iA (1) 

where H is the Hamiltonian of this undisturbed sjstem standing 
for the operator H {q,. A 
meter. 

Suppose we know the eigen-values and eigen-functions of (1) : 

E„(» =],2. 3. •..), 

(n =-- 1, 2, 3, • . .). 

Suppose further that each of the eigen-values tft„ is simple, 
and that the eigen -functions are orthogonal and normalised : 

d? = 0 (w «), (2) 


), and E is the eigen-value para- 


(fq == dq -\. 


and 


(3) 
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I^et a small perturbation term €A0 be added now to the 
equation (1) on the right-hand side, 

(H-E)^=eAf (4) 

wliere e is a small numerical factor, and A is a function of .the 
ry's, which is continuous in tlie whole domain. We wish to find 
out how the new cigen-values E„ and the new eigen -functions 
of the equation (4) stand to the old eigen-values and eigen- 
functions of the equation (1). 

From tlie continuity inoperties mentioned at the end of 
§9-1, it is evident anyhow tliat for sufficiently small c, must 
lie in tlie neighbourhood of and must lie in the neighbour- 
liood of 0,/, so that for a first aj)proximation we ma)' write for 
all n I : 

E„--=K„f€M«. (5) 

and 

(6) 

.Substituting (.'5) and («) in (4;, we get 

(TI - - efi„) ( + fv„) = cA { tf)„ H- tv„). 

or, neglect ing the terms with : 


(TI - I-;,) <fi„ +- e {(H - E„) v„ - ii„ v!r„} == e A tjj,,. 

But, oil account of (1), (TI — IC„) i/),, =0, so that after division 
by t, and transposition, the last equation reduces to 


(H -■ K,) - (A + ix„) 4,,,. (7) 

The change in the eigen-function is thus determined from 
the equation (7). The equation (7) is a non-homogeneous 
eciuation corre.spoiidiiig to the homogeneous equation (1), with 
the eigen-value E,; written for E. As remarked in (11) § 9-2, 
the equation (7) possesses a solution when, and only when, its 
right-hand side is orthogonal to the eigen-function tfj,, corres- 
ponding to the left-liand expression equated to zero. Thus 
we have 

/ '!•>* (-^ + /*„) 4 >n - 0, 

oi. I ^ - f dq, 


or, on account of (3) : 

_ I ^A„*A 4)„^q 

J ^7, >l>„ dq 


f dq. 


( 8 ) 
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The equation (8) gives the first order change /x,, in the 
eigen-value due to the perturbation. Now, as the eigen-value 
E,, of (1) signihes mechanical energy, and the eigen-function 
is comparable to motion with energy E^, then the equation (8) 
gives’ the complete parallel to the well-known theorem in the 
perturbation theory of classical mechanics, that the perturbation 
of the energy, to a first approximation, is equal to the perturbing 
function' averaged over the unperturbed motion. 


We have to determine now the perturbation term in the 
eigen-function. We can now suppose that the value of fx,, is 
known in the equation (7). We expand hot\\v^^ and (A + 
in a series of eigen-functions of the unperturbed problem : 

vt„ tPi. ( 9 ) 

and 

(A -f- /Xfi) ijjff ^ S 0^, (11^) 

X: 

where, on account of (15) § 8*6 (2), 

= I >l>k* (A +/t„) tpn dq. 

Thus we see from (8) and (2) that 


dq 

= 0 


for A ^ 1 

for k — n. ; 


( 11 ) 


Similarly, for we would have used the integral 

Vkn = / dq, (12) 

but since we do not know this is useless for our purpose. 


If we substitute (9) and (10) in (7), we get 
J? (H — E,^) <^kn 

k k 

But. for each k > 1 we have (H — E;^) t/ii — 0, therefore 

H ■= E.e ipi. 

Substituting this in the last equation we get 
^ — E«) 4>k — ^ <^kn •I'k- 

k k 

Since tffjf, is an independent set we can equate the 
cients of each 0^, and get for all ^ > 1 : 

Vkft (E.i - E„) = ajt„. 
or, ii k n, so that E^ =t= E;^, then 




(13) 

coeffi- 

(U) 

( 15 ) 


13 
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The coefficient remains indeterminate, because for k = n, 
= E„, and we cannot divide (14) by — E«. To determine 
v„n, we use the still available condition -that the new eigen- 
functions must be normalised, i.e., that for all n 

f ^ 1. (16) 

Substituting (6) in this integral, we have : 

/ (i/i,, + ev„)* (<fi„ + €V„) dq = I ; 

or, neglecting 

J dq -f € / v*^s,^ dq + c / >Pu\t dq = 1. 

But since the old ip,, are normalised, therefore 

/ dq 4- / tpitV,, dq = 0 . (16 a) 

Substituting (9) in (17) we get 

Vk,: / hl'n dq + r f dq = 0. (17) 

fc /•« 

Since for k #= n tlic integrals are already zero on account of 
(2), and tlie integrals do not vanish for k ^ n on account of (3), 
we see that in this latter case, viz., for k = n, the coefficients in 
(17) must vanish. Therefore for all n : 

Thus, we have determined all the coefficients in llic expansion 
(9), and substituting (9), (11), (15) in the equation (0), we have 
for all n > 1 : 

k 

= ^ S' 

K * 


II V I / dq 

Ip,, ]- cS iPa -g - ' 


(19) 


where E* means that the sum is to be extended from /s = 1 to 

k 

oo except k =■ 71. 

Similarly, from (5) and (8) we have for the new eigen-value 

• E;, =^'E„ - € f Ip,* A ip„ dq. (20) 

(h 1, 2, 3. •••) 
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It is necessary in every case to verify that the functions 
(19) and the values (20) really satisfy the wav.e-eqiiation (4) 
for the perturbed system. 

‘ After determining this first approximation, we can determine 
the second approximation 

E« = R« + + €2 (21) 

^ ( 22 ) 

in the following way. 

Substituting (21) and (22) in (4), and taking account of the 
equations (1) and (7), and neglecting and higher powers, we 
get on equating the coefficients of on both sides : 

(H K^^) tC’;; = A Vf^ + //;/ Vfi Vfi ifjfi. (23) 

As remarked above, this non-homogencous equation has a 
solution when, and oiiR" when, the right-hand side is orthogonal 
to the cigen-function of the left-hand side, t.e., when 

f <!’» {(A +n„) I'n + <k = (23a) 

or 

»'« f •I'u dq = - ftf),* (A + v„ dq 

= — / (A + /x„) \ft„* E Vkn dq 

k 

= - f (A + n„) ill,* ijii dq 

k 

^ ^ ’^kn ^ftk* 

K 

on account of (11) and (18). Thus we get 

^ ^nk (24) 

k 

Now suppose 

XV •-= 27 0^, (25) 

k 

and 

(A + /x„) Vn + == 27 Ckn (26) 

fc • 

= / 'l>k {(A + /i„) V„ + v„ ili„} dq 
a= 0 iot k = n, 

= fi/ii (A + (in) v„ dq, for k=^n, 



where 
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on account of (23 a) and (2). Therefore, if ft n, we have from 

(9): 

<^kn = / i'k (A- + /!«) I’/w ’/'/} H 

= ^ ^'In I A i/i/i/i/ dq + S ix„V/„ J dq 

I I 

^ + Iht "^kny ' 

I 

on account of (Jl), (2) and (3) 

SubstitiiLing (25) and (2C) in (23), we get : 

(H -ly r Wkni^k 

k K 

or 

(II 0^.. (29) 

k ^ 


But from (1), II tp^ K^, 6^, so that from (2!)) \vc get for all ft > 1 ; 

(Ri - Iv«) == ci„. (30) 

If ft =fc », E ,5 ^ F,„ (uon-degeucratc case), therefore 




^kn 

- R« 


— I ' \ ^ d [ ‘ (31) 

^ U = I ^ 

The formula (30) does not give us the diagonal coefficients 
To determine these, we use again the eonditiou that the new 
eigen-functions must be nonnalisech Thus substituting (22) 
in (16) : 

/ {•Pn + {4’n + **■’« + = R 

or 

J^n'Pu dq + if + >p„*v„ dq 

+ «* / dq =^-\, (32) 

neglecting and higher powers. But on account of (3) 

/ dq — 1, and on account of (10 a), f(v,* ip„ -f tp,* j’„) dq =: 0, 
so that from (32) we get 

/ («'«V« + 'PnWfi) dq == - / v,'v„ dq, 
or 


J{^„ S 10/;,* Ipk + >Pu ^ ^^^'kn'Pi) dq = — / {£ Vin^/j.) {Z V/,*tp/} dq, 

k fi k I 
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or 

- nn ^ ^ t 

k 

or . 

• . {n -],2, ...) (33) 

k 

Thus we have determined completely the second approximation. 
Subsequently, we can detennine the third, fourth and higher 
approximations. 

9-4. The Atom under an Electric Field — The Stark-effect. 

As an example of the perturbation method we consider 
the Stark-effect jnoduced by the application of an external 
electric field to the atom. In the year 1913, J. Stark demon- 
strated experimentally that the spectrum of hydrogen in an 
intense electric field is much more complicated than under ordi- 
nary conditions. He found, in fact, that each line of the Balmer 
series is split up into a certain number of components, the num- 
ber increasing with the increasing frequency of the line. The 
components separate out symmetrically on either side of the 
original line. If the distance of the least disjdaced component 
from the centre of the system is A , then the distances of the other 
components from the centre are integral multiples of A > and A 
itself is proportional to the strength of the field. 

The classical electrodynamics is quite unable to account 
for this St ark-effect. A complete explanation on Bohr's quantum 
theory, accounting for all the detailed features of the effect, was 
given by K. Schwarzschild and P. Epstein in 1916. On wave 
mechanics it was solved by Sclirddinger himself in 1926, in the 
third memoire in which he developed tlie perturbation theory. 

vSuppose an electric field of intensity F is acting on the 
hydrogen atom in the direction of the z-axis, then the potential 
energy V of the system is given by 

a2 

V = - - + Vez, 
r 

where the origin is taken at the nucleus which is considered to 
be at rest. The relativistic (fine-structure) separation is so small 
compared to the effect due to the field, that it may be neglected 
for a first approximation. 
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Substituting the above value of V in the wave-equation, 
we get 

+ + ( 1 ) 

so that the perturbation term is — Vez This perturbation 
term is added to the hydrogen atom treated in § 8-5. Following 
the method given in the last section, we must expand this pertur- 
bation term in a series of eigen-functions of (2) § 8 • 5, and proceed 
to find the perturbed energy values. But the problem becomes 
easier if we transform first to the parabolic co-ordinates, and 
then apply the ])erturbation method. This latter procedure was 
adopted by Epstein in the older quantum theory. 


Thus we write 

X — cos 0, 

y Vfi] sin <f>, 

- HI - n). (2) 

the domain of the new co-ordinates being 


0 < ^ oo, 0 < < oo, 0 < 277. (3) 


The Jacobian of the transformation can be easily calculated to be 


^ (I. V'^) 



<yy 


H 


H 


i)y 


^7) 


^7J 

hx 


^Z 

c)^ 




(4) 


and the space clement is therefore 

dx dy dz = ^ = i (I + ’?) (5) 

Further, we have 

= x'' -by* -b 2 =“ = It? -b i (I - vY = i (I + vY- (6) 

Substituting these values in (1) we easily find that the wave- 
equation in the new variables becomes : 

+ {K (I + V) 4- 2e* - ie F - ,*)} ^ = 0. (7) 
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The co-ordinate ^ does not occur explicitly in (7), and there- 
fore ^ will enter into the solution as cos or sin fn<^. Since 
the solution is to be continuous and single- valuecl, we must have 

VI -=0, 1, 2, 3, (8) 

We therefore assume that the solution of (7) is 

0 W 


and substituting in (7) get the two equations 




‘27T*«/o 


J a c) 


h 1 

f ii\ 

, 27r®;Ho 

bt)' 

dr}) 

-1- - 




where A is anotJier constant which is the eigen-value parameter. 
Both of the equations (10) and (11) are of the type 

where, for (10) we have 

A = B, - - A). C= - D. (13) 

and, for (11) we have 


A = B (,2 _ A), c 

/r 


vi^ ^ Tthn^eV 

I’D. p--> 


- 27r®WoK -r^ TT^VIq / 2 1 \\ P __ TA 

A -= ^ = ;j2 -t- 71 ' ^^2 - ' v*^/ 

For D = 0, i.e., F = 0, the equation (12) reduces to : 

A(£«)+(«+2B+C)x=0, (15) 

which is the equation of the simple hydrogen atom expressed in 

parabolic co-ordinates. 

Now we transform the equations (12) and (15) by 

X = n. (16) 

and then change the independent variable from ^ to 0 by 

2CV~=rA=9. (17) 

Then (12) is transformed to 

^ , w + 1 + I D 0 - i -h -7=^=r 1) « = 0. (18) 

^ e d9 ^1(2 V - A)^ * V - A ' ' 
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and (15) is transformed to 


d^u, m + I du 

d¥ “'T'' Tb 




(19) 

In the theory of differential equations, the polynomial which 
satisfies the differential equation 


^ , 1 




0 , 


(20) 


wlicre k is an integer, is called the Ath Lagucrre Polynomial, and 
is denoted by [x). If we first replace k by m + A’, and then 
differentiate m times, w'c find that the mW\ derivative of the 
(w + A)th Laguerrc Polynomial, wdiich is denoted by I^JI+i, (^), 
satisfies 

^ + 1 - A-) 4- Ay = 0 . (21) 


If wo transform (21) by writing y —e^ Lm + tl^'). we get the 
c«iiiation 

Suppose that m is a fixed integer in the equation (22), 
while k is the eigen-value parameter. Then (22) has the eigen- 
— ®. 

functions e {x) corresix>nding to the eigen-values 

ife = 0, 1, 2, 3, • • • Comparing (19) and (22) we find that the 
eigen-values of (19) are 

= A -f- (A = 0, 1, 2, 3. • • •), (23) 

and the corresponding eigen-functions arc 

Uff {d) — e I/m+ fc {®)- (24) 

We have now to calculate the first approximation to the 
perturbed eigen-values. The perturbation is caused by including 
the D-term in (18). To make the equation (18) self-adjoint, we 
must multiply it by 0^^+^ throughout, so that it becomes: 
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_ 0W + * _ i 0/w + i -I ^ 

del ddj ^ \(2v - AY ^ ^ V - A y 

(25) 

which is in the self-adjoint form. 

The perturbing function, which was denoted by cA in (4) 

§9- 3, is in (25). Moreover, in that equation the 

cigen-vahie parameter E had a factor unity only, whereas in (25) the 
eigen-value parameter has a factor 6^, which is called the density 
function, and is usually denoted by p {0). The formulje (5) and 
(8) of § 9-3, give therefore for the perturbation of the 

^th eigen-value*: 


€/. = — 




pUf?dq (2V A)=> f 6’" dO 


c Pau^ dq 


It is known from the theory of the Taguerre Polynomials, that 

J 0m e-0 ( 0)}2 d9 = 

7 e>» e- 6 {e)}> de 

0 

— ^(wj* + Gmk -1- Gk^ -f 6/e -|- 3w -}- 2). 

Substituting these values in (26), w^e get 

== — + Gnjk + Gk^ -f 6/: -f 3;» -f 2). (27) 

The Ath perturbed eigen-value of (25) is therefore, from (23) 
and (27) : 

B w + 1 , i . 

^ h ^ (28) 

Appljdng this result to the equation (10), with the constants 
given by (13), we get 

Bj w -f- 1 , 

YTt = ~T~ (29) 

* Since the eigen-functions are real, the conjugate complex is equal to the 
function itself. 
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Similarly, api)lying (28) to the equation (11), with the 
constants given by (14), we obtain 

+ 1 


V — A 


2 




(30) 


Adding (29) and (30) : 

■■ .! ■' (Bj h Bo ) — + 1 *f /'’i + A'a + 

— A 

= n + + e^„, 

where the principle ()iianttim number « is given by : 

JI =■- MI -p /ij p /I2 "P 1 . 

'I'lnis from (31) we got on squaring and solving for A : 
\ _ ... 

(« + 


(31) 

(32) 

(33) 




to the first approximation, since anil arc small. Further, 
to tlie approximation we are aiming at, we can use the 
unperturbed value of A in calculating and Since for the 

unperturbed hydrogen atom E = - - ' ^lieref ore on account 
of (13), the unperturbed value of A is : 

_ 2ir*W)oE _ 'l-TT^fn^ / _ _ 47 r*Ml(,^ g* 

“ /,2 ~ ' yi= V /i*«* )~' h*n^' * 

SO that 

/o ! xia fv ‘tir‘moe’‘Y (i47r«Mi„*«* . 

(2 V - A)» = |2. j^-~l = ( 34 ) 

Substituting this value and the values of D„ Dj from (13) and (14) 
in the equation (27), we obtain 




SO that 


=“ - 64,r^;v 

4- = df ('W + *1 + ** + 1)} 
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Substituting (35) and (36) in (33), we get finally 

P •' 5*1 , (37) 


27ThnQe^ 3 Vh^n [k^ — ki) 

hhi^ 8 TThn^e 

This is the first order approximation for the vStark-eifect, 
and the formula (37) is the same as that derived by Rpstcin on 
Bohr's quantum theory. Epstein's quantum number k is now 
replaced by the number ^2 — k^. Moreover, the numbers Ag 
and m can take the value zero, but the principal quantum number 
M, being equal to m +Ai d-A-g + 1, cannot take the value zero. 
The value zero is thus automatically excluded in the new quantum 
mechanics. Special artifices were required for this purpose in 
Bohir's theory. 

Writing W =; — E, and 

k — 7^2 ““ /t?i, (38) 

we get from (37) 


w = nk 

h^-n^ ^ STThii^e 


(39) 


Equation (32) shows that ^ 1+^2 ( = n - 1 — m), must 
always be less than n, so that from (38) : 

\k\<n (40), 

i.e., for any fixed ■», k can take only the following values : 

h -. („ - 1). . . _ i, 0 , + I, . . . + [n - 1). (41) 

The frequency v of the transition n —>■«', k — v/e' is given by 
W' - W 


h 


_‘27Thnoe*/'l 1\ , .3F/7 . 


(42) 


The frequency of the original line in the absence of the 
field is 

% 


so that if we put 


»'o 


A = 


3FA 

87r*JM,c' 


G. - i)’ 


(43) 
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we get 

V - v„ = A (m'A' -M^). (44) 

From (41) we know that for a given « and k and k’ can 
have the following (2n — 1) and (2 n' — 1) values respectively : 

(n - 1), - {11 -2). - 1,0. -f- 1, •••, (w -2;. 

{n 1), 

k' = - («' - 1). -(n' -2). •••, -1,0, -pi, ...... 

{«' -- 2). in' - 1) ; 

and since each of the k can combine with each of the k', we get 
altogether (2n — 1) (2n' -- 1) components for the line w — ►n'. 
Thus for the line of the Balmer series, w == 3, n' =- 2, so that 
(44) becomes : 

V - I'o A (2*' - 3/e). (45) 

Now since | /e | < 3, it can have only the five values — 2, — 1, 
0, 1, 2 ; and since [ | < 2, it can have only the three values 

— 1, 0, + 1- Taking each k with each k\ we get 5 X 3 == 15 
values of 2k' — 3^ : 

2k' - 3/e = ~ 8, - 0, - 5, 4, -- 3, - 2, -- 1, 0, 1, 2, 3, 

4, 5, 6, 8. 

Thus tlie Ha line is resolved into (fifteen) components, arranged 
on both sides of the original line, and separated by the distance 
A. Those results are in good agreement with those given by 
experiment. 

9-5. Perturbation Theory for the Degenerate Case, 

We remarked in § 9-2 that it often happens that one eigen- 
value has several cigen-functions, in which case the problem is 
said to be degenerate. 

An eigen-value is called a-fold when it possesses a linearly 
independent eigen-functions : 

0*1. 0*2. • • • . fc. • • • (1) 

Ivinear independence means that no numbers c^, Cj, • • •, exist, 
which arc not all zero, and for which the relation 

E a - 0 ( 2 ) 

i =s 1 

holds. The wave-equation 

(H-E^)0=O 


( 3 ) 



§9-5 Pertubration Theory for the Degenerate Case 205 

has therefore the a-solutions (1). Then it is easy to see that 
each of these a-functions (1) is orthogonal to each of the other 
eigen-functions belonging to another eigen-value 
On, the contrary, these a-functions are not, in general, orthogonal 
to one another. But, by suitable linear transformations we 
can always bring about this mutual orthogonality. We shall, 
therefore, assume that these 0^/ have been normalised to 1, and 
have been made orthogonal not only towards the other eigen- 
functions but also among themselves. 

But every linear combination of the solutions (1) of a linear 
equation (3) is itself a solution, and since an orthogonal substi- 
tution leaves the mutual orthogonality unaltered, w^e see that 
the functions (1) are still not uniquely defined. Rather, we can 
submit them to any arbitrary orthogonal transformation without 
disturbing the character of their normalisation and orthogo- 
nality. In fact, if we set : 

'pjki == " P/i h>, ( 4 ) 

i =1 

where jS/, are the coefficients of any arbitrary orthogonal trans- 
formation, characterised by 

and if 

a 

= 2 pr, fpi/, 
y«=i 

then 

f --= 2 2 Pa f ilk, dq. (6) 

i s 1 y = 1 

But, since the functions (1) are normalised and orthogonal: 

therefore substituting (7) in (C) we get on account of (6) : 

/ 0-M'* hi dq =2 Pi',* Pi, (8) 

1-1 

= 8//', 

showing that the new functions 0,,/ are also orthogonal and 
normalised. 
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The coefficients of the orthogonal transformation (4) 

are arbitrar>\ It is of this very arbitrariness that we make use 
in the i)erturbation thcor}". 

As in the previous section, suppose the perturbed equation is 
(H - K) i/r - eA (9) 

The perturbation would in general split the a-fold eigen-Value 
in a simple values E^/, to each of which would correspond a 
single eigen-function given by 

Ei/ = -I- € /i/. (/ =-- 1 , 2, • • • , a). (10) 

and 

a 

The index k is of course fixed throughout as we are considering 
the perturbation of the eigen- value only. 

We select a definite perturbed eigen-value and eigen-function 
by giving a definite value to the index I in (10) and (11), and 
substitute them in (9) : 

(H - R;t - € /v) ( I’ 0// h, + «7) = eA ( E +e’V). 

i =: 1 i = 1 

or, neglecting e® and transposing, 

(II— K*) E + € (11— E,i) V/= e {A E ^ Ph'l'ii}- 

i=i i=i i=i 

Eor each of the <lsi„ we have (H - K,(.) tfik, = 0, therefore from 
the last cqtiation we get on dividing up by e, for alH —1,2, • • • a : 

(H -lytv = E i8/,(A + ,x;) (12) 

i=;i 

This is again a non-homogeneous equation, whose solution, 
as remarked in the preceding sections, is only then possible 
when the right-hand side is orthogonal to all the eigen-functions 
of the homogeneous equation (3) belonging to E,^. We must 
have therefore : 

^ Pi, f 'l>km* (A + h) 'l>b == 0* (13) 

(m = 1, 2. ••.,a). 

On accovmt of (8), this reduces to 

Plm H ^ Pli f ^km A dq. 

« = l 

{tn = 1, 2, 3. •••, a). 


( 14 ) 
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aim = - / A <l'ii dq, (15) 

{i, m = 1, 2, • ••, a) 

thea (14) reduces to a system of a linear homogeneous equations 


PiPt H'J — ^ Pit 



(m = 1. 2, 3. • • • 

, a), 

writing in the exj)anded form, 


Pit (an 

~ hi) + Pii an + ^i3 a 31 -f • 

• * Pla ^ai = ^ 

Pll ^12 

+ P/i («a2 —/!•/) + •••• 

• • + Pla ^a 2 ^ 

Pli 

-h Uja + 

• ■ + (a act “• hi) 


It is known from the theory of algebraic equations that these 
a homogeneous linear eqtiations in the a unknown quantities 
P/u • • • ) Play have a non-trivial solution only when the dcterniinatit 
of the coefficients v^'anishes : 


^11 ““ ^^12 ^13 ’ * * ^^10 

^21 ^22 \^l ^23 * ’ * 


= 0. (17) 




— hi 


This is an equation of the degree a in /x/, and it is shown in 
Algebra that it has a real roots. To each of these roots there 
belongs a special value system of j8/„ and consequently a definite 
eigen-function 4'Jii of the family. 


We thus get all the a-perturbations fx/(/~l, 2, •••,a) 
of the eigen-value simultaneously from the equation (17) 
provided this equation has no multiple roots, which is usually 
the case. Tliese then give us the corresponding a eigen-functions 
of the unperturbed system. 


To determine the eigen-functions tpu of the perturbed 
equation (9) we have to .solve the equation (12). Eor this 
purpose we expand u/ as a series of the complete set of eigen- 
functions of (3) : 

Vi = S E yi, jt'i' tpi',’. 


(18) 
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Similarly, we develop the right-hand side expression in (12) in a 
complete set of • 


r /?/,(A - z z Cav (19) 

; = 1 ,6' = 0 »' = 1 


where 


~ Pit f'h't*(^ + p/) ^it dq. 


( 20 ) 


On account of the orthogonality of tftj^ and and from the 

equation (13), we get 

= Z pu J tjtk',' A tpi, dq, for k' k. 

» = l •' 

=-■ 0, for k' == k. (21) 

Substituting (18) and (19) in (12), we get 

Z Z y/„iv (H - ly = Z Z Curh’t'. (22) 

i'^o t'-^l ,(•' = 0 «■' = 0 

But H t/tji',' = 'liji',', therefore 

^ ^ (ly ~ Ea) y»'. — ^ ^i.Ji'i' 'Pi't'- (23) 

i' t' k' t' 

If k' =i=- k, then E,t', =ffc llk> so that equating the coefficients of 
tftf.’,’ we get, on division, 

yi.k’t' = - Ui « = i ^ (2‘i) 

por k' =k the coefficients yi,kf.,' cannot be determined from (23). 
To determine them we emjdoy the still available condition that 
the new eigen-functions .should be normalised, i.e., 

f ^k.* •Pk.i dq — 1, (26) 

or, from (11), 

/( 'I'k* + ) ( ^k.i d- «•’/) dq — 1 , 

or, neglecting e* and taking account of (8), 

f 'I'k.* V/ dq=0. 

Substituting in this from (18) we have 


^ ^ / ^k* Yi.k't' 'I'kY dq = 0. 

k' k 


(26) 


For k' =f= k, the integral in (26) is zero on account of (8). For 
k' — k, therefore, yi,kY should be zero. Thus for all i ' : 

y/,/i'«' — 9» — *)• 


(27) 
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We have thus determined all the coefficients y/,^v and with 
tliem the function z//. We have therefore, to the first approxi- 
mation, 


• ^ki = ^ki h 

= y ^4^,, + e E' E -iiV 

1=1 t = 1 j 

(/ = 1,2, ••• a), (28) 

where Z" indicates that all the terms with k* =-• k are to be omitted. 

g 


The theory of this section has a very important application 
in the wave-mechanics of a system of similar particles, such as 
the neutral helium atom, the singly ionised lithium atom, etc. 


9-6. The Theory of the Neutral Helium Atom. 


Several attempts were made before 1925 to treat the neutral 
helium atom on the older cpiantum theory. But the results 
arrived at were hopelessly in contradiction with the facts of 
experiment. It was only after the advent of the new quantum 
mechanics that the problem could be successfully tackled, and 
it was Heisenberg wlio, in June 1926, gave a preliminary sketch 
of the problem of many bodies in quantum mechanics. 


The neutral helium atom consists of two electrons revolving 
round a nucleus. Now, these two electrons are absolutely 
indistinguishable from each other, and no observable change i.s 
made when they are interchanged. These two observationally 
indistinguishable states are therefore counted as the same state 
in the new mechanics. This gives rise to the resonance 
phenomenon, which has no analogue in the classical theory. 

Take the nucleus (of charge + Nc, N = 2) as the origin, 
and suppose that one of the electrons is at the point Zi), 

and the other electron is at the point z^). I^et the distance 

of the first electron from the nucleus be rj, that of the second 
electron from the nucleus be rg, and the mutual distance of the two 
electrons be l^he mass of the electron is denoted by fi, their 

velocities by («i, z^i,, Wi), and the kinetic, potential 

and total energies of the system by T, V and E respectively, then 


T = J/X («l2 + -f t'g* + 

E - T + V. 


( 1 ) 


H 


F 
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In order to make a transition from the corpuscular mecha- 
nics to wave-mechanics, we must take each momentum to be a 
diiTerential operator : 


h d h h h <) 

= 2ni sr: 

h b ^ ^ 

27r7 ^V2 ) 


^ “ 27TI bX2 


( 2 ) 


Substituting these in T = K — V, and operating on a wave- 
function we get : 


*2 I b^ 


C)2 , ^2 ^2 

7 ^ 


by 


+ -^1 + 


or 


(E - V) ^ 




where 


VV' = 

V i¥ + V*¥ 


1 

V i¥ =- 

/ <)* , 

C>2 \ 

•p i 


i-iV 

V2W' = 


\ 


Ox/ + c)>r,^ + 

dz/J 

>p 


e- 


} ^ == (E - V) ^ 

(3) 

(4) 


To a first ai)[)roxiniation, we neglect the interaction term 
in the i^otential energy. Then the energy of the system will 

'12 

be the sum of the energies of the two electrons sej)arately : 

K -fKo. (5) 

The function ifj in (‘^) de]'>ends on the six co-ordinates x^, yi, Zi, 
Xo, y 2 > ^ 2 f but to the first approximation, i.e., for the unperturbed 
system, 0 will be a product of two functions each of which depends 
on the co-ordinates of one electron only : 

0^ 0(1) 0(2). (G) 

The unperturbed equation therefore becomes : 

(Vi* + Va^) (1) 'P (2)} + {(E, + E.) -I- 

X (1) (2)} 0 

or 

^ (2) { V ^ 0) + (Ei + •/- {!)} 

+ -A(1){v.*^{2) + -J^(e. -1-~)^A(2)} =0, 



§9-6 


The Theory of the Neutral Helium A tom 


211 


or, dividing out by ^ ( 1 ) 0 ( 2 ) and transposing, 

Tlie left-hand side of this equation depends on Zi) 

only and, the right-hand side on {X 2 » z^. Each of these mtist 

therefore be an absolute constant, A say. We get then the two 
equations 


Vi*0 (1) + 


V 2 ®«A( 2 ) + 


\ 

IVx — X + - 

'1 > 


( 1 ) = 0 , 

(7) 

StT^IJL /. 

^ 2 " V 

E 2 + A + 7 - 


( 2 ) = 0 . 

( 8 ) 


These equations (7) atul ( 8 ) are the same as that for the 
hydrogen-like atom, excejit that the eigen-value jjarameter is 
now called Ej — A, E 2 + A respectively, instead of the simple E. 
We integrate these two equations according to the method of 
§ 8 - 5, with the provision that we take the ground state, i.e., 
the principal quantum number m = 1 for (7), and « > 1 for ( 8 ). 
Then from (34) § 8 -5, we have 


El — A — 
Es -f A = 


2 fl-V 

- f^i 

2iTy We* 

■ 


(9) 


The unperturbed wave-function is then 

u = ipi (I; (2), 

which satisfies the unperturbed wave-equation : 


+ E, 

But the wave-function 


, , N^*\ 

-p — ) ti 

r, ro J 


(10) 

(11) 


u = (2) (I), (12) 

obtained by interchanging the two electrons, is also a solution of 
(ll). Each energy value Ex + E 2 is therefore tw^o-fold, and the 
problem is degenerate, except when n == h Heisenberg calls 
it resonance-degeneracy 

Therefore, as shown in the theory of the last section, equation 
(4), § 9-5, we take a linear combination of the two functions u, v : 

W=au+pv, (13\ 
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where the coefficients a, j8 are arbitrary for the present but would 
be determined later. 


Now suppose tliat in the perturbed equation : 

VV + V + 7; + F. - v) “ “■ <“> 

^2 

the perturbation term — is considered small, and that the eigen- 
value and cigen-f unction of (14) are given by 

K 7], (16) 

and 

f (16) 

where rj and are small quantities whose products with — may 
be neglected. 

vSubstitutiiig (15) and (16) in (14), we get : 


V* + <^) + +E. + V +~ + vf 

or, neglecting small terms of the second order, 


0(7e'+^)=O, 


+ / (t. + E. + + ,-)» + /(, - 

i Tisj. I I Tj I ETe* , Ne*\ . „ 

+ V ^ (E, -t- 4- ~) ^ - 0. 

Remembering that w sati«fies (11), and writing 


87r*/i ■ e* 87 t®u 

7/^ rr ^ = w 


we get finally the equation 


V¥ + (Ei 4- R 2 + ^ — «) (18) 


As usual, for the non-homogcueous equation (18) to 
have a solution the right-hand side must be orthogonal to the 
eigen-values m and v of the homogeneous equation (11). Thus 
we get : 

/ (A - e) w u r/T =- 0, / (A - e) tr v dr =-■ 0, (19) 

where 

dr = (dxi dvi dzy) (dx^ dy^ dz^) =- rfr, dr^. 
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Substituting (13) in (19), we get the two equations : 

a / (A - e) mVt + ^ / (A - «) liv rfr ^ 0 
a f (A — e) Hvdr ^ f (A — e) dr 

Suppose « and v are normalised to 1, so that 

/ mVt = 1, / i>Vt = 1. 

Further, ’we have 

ftmh = /^, (1) <!)„ (1) dr^. f (-2) (2) dr^ 

= 0 . 

We write 

Uii = f A dr, ai 2 ^ ^21 ~ f ^ U'odr, fXvhir. 

Substituting (21), (22) and (23) in (20), we get 

a (^^11 - €) + ^ ^ 0,| 

a ^12 + ^ (^22 — e) == 0 . J 

Eliminating a and j8, we get a quadratic equation for e : 

((7jl — e) ((722 — e) — (7|2* = 

Stt" 

But A == - - is symmetrical in both the electrons, v arises 

n 

from u by the interchange of both electrons, and the integration 
with respect to dr considers both the electrons equally, therefore 
we have 

ail = (26) 

Hence, (25) becomes 

(^11 ~ - 0. (27) 

The two roots of the equation (27) are therefore, 

“ ^11 ^12» ^2 ~ ^11 "i” ^12* (28) 

The eigen-value Ei +E 2 of the unperturbed problem (11) breaks 
up into the two somewhat different values 

El + E, + e, El + Es + €2 -• 

Substituting (28) in (24) we have for «! : 

« («11 - < l ) + ^ «12 = 9 , 

or 
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( 20 ) 

( 21 ) 

( 22 ) 

(23) 

(24) 

(25) 


(29) 


or 


® On + ^ <iig — 0, 

a+;3=0,/S = -a. 


(30) 
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Substituting (30) in (13) wc get for the eigen-function correspond- 
ing to : 

Wi = au -- av = a {u v). , (31) 

Similarly, from (24) and (28), we have for £2 • 
o. [a IX — ^2) "t" ^ ^12 ~ ^ 


or 


— 0^22 ^ ^12 — ^ 


or 


— a + j8 = 0, or j8 = a. 

Then from (13) we get for the second eigen-function, 


= an + av — a {u + ^^)- 


(32) 


We have finally to determine the value of a. For this we use 
the condition that both Wi and W 2 should be normalised to 1 : 


/ Wx^dr = ], 




f (m — vY ir = 1 , 

which on account of (21) and (22) reduces to 


(33) 


2a2 = 1, a 




(34) 


Thus to a first approximations, the two eigen-functions are 
(« - v) ■= -— '/'«(^) - 0i(2) (35) 

We see that one of these eigen-functions, viz., Wj is anti-symme- 
trical in the two electrons, i,e., if we interchange the two electrons, 
its sign is changed. The other function, W 2 » is symmetrical in 
the two electrons, i.e., it does not change if the two electrons 
are interchanged. 

We see therefore that the neutral helium atom has two 
distinct sets of eigen-functions, («) anti-symmetrical and (6) 
symmetrical. We know also that the eigen -functions charac- 
terise in some way the stationary states of the atom. We shall 
call the symmetric eigen-functions the Para-terms, or simpl}^ the 
P-terms, and the anti-symmetric ones Ortho-terms, or the 
O-terms. 
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We shall prov^e now that the two systems of terms (35) and 
(36) do not combine with each other, i.e., that there can be no 
transition between a P-term and an 0-terni. 

• I^et / (1, 2) be the matrix representing the radiation from 
the atom. It is of course symmetrical in both the electrons 
1 and 2, i.e., 

/( 2 , 1 ) =/( 1 . 2 ). ( 37 ) 

If the element (1, 2) vanishes for every component of / in every 
direction, this means that the transition m — > n is forbidden. 

P'or a transition from the state (n + to the state 

(« - v)n. wc get 

V J 

imn = -J ///('. 2) (»< + {» - V)n dr 

or 

fmn ^ ///(•- 2) (« + v)„ {u - v)„ dr I dr^. (38) 

On account of the anti-symmetrical character of u —v, the 
integrand in (38) changes sign if we interchange the two electrons, 
whereas f„„ being symmetrical, is not affected by such an inter- 
change, i.e., 

fmn == - -2 /// (1-2) (» + '-'U (« - ^’)« drt, dr.i. (39) 

Comparing (38) and (39) we find 

fmn - 0 ( 40 ) 

for all m and all n, showing that there is no transition from a 
P-term to an O-term. The existence of the two non-combining 
sets of terms, known as the Para-Helinm and Ortho-Helium lines, 
has been abundantly proved experimentally, and it was one of 
the problems which the classical theory and the older quantum 
theory of Bohr could not explain. 

9-7. Systems Containing Similar Particles. 

After the first work of Heisenberg on the neutral helium 
atom containing only two electrons, and on the lineg suggested 
bj’’ him, many workers such as Dirac, Hund, Wigner, Heitler 
and others, attacked the problem of many bodies involving several 
similar particles. A detailed treatment of this would require a 
knowledge of the theory of permutation-groups. The permu- 
tation-groups come into play on account of the fundamental 
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fact, as mentioned in the last section, that particles identical in 
their nature cannot be distinguished from one another by their 
position or motion, so that if we make any permutation, or inter- 
change, of any number of the particles among themselves, ' the 
subsequent state is absolutely indistinguishable from the original 
state as far as observation is concerned. 

We shall content ourselves with giving only the conclusions 
arrived at by a use of the theory of groups. The following 
account is taken from Dirac’s work. 

The results given in the last section for only two electrons 
are found to hold in the general case. It is found that the eigen- 
functions are divided into a finite number of sets as regards their 
symmetry character. These sets are mutually non-combining 
or exclusive, that is to say, that there is no transition between 
a member of one set and a member of another set. Transitions 
can take place only between two members of the same set. 

It is further possible to deduce the following theorems about 
the symmetry-character of the eigen-functions. 

Theorem 1. If an eigen-function is initially symmetrical, 
it remains always symmetrical. 

Theorem 2. If an eigen-function is anti-symmetrical, it 
remains always anti-symmetrical. 

Theorem 3. The property of an eigen-function being sym- 
metrical or anti-symmetrical remains invariant under a canonical 
transformation. 

These theorems show that the property of being symmetrical 
or anti-symmetrical is a property of the states themselves, and 
not merely a property of the eigen-functions. Thus we can say 
that the states themselves are symmetrical or anti-symmetrical. 

Moreover, the invariance and permanance of the symmetry 
character of the states means that for some particular kind of 
particles it is quite possible for only symmetrical or only anti- 
symmetrical states to occur in nature. The question is decided 
in the case of photons by making use of Planck’s law of radia- 
tion, and in the case of electrons by making use of Pauli’s exclu- 
sion principle. 

It is found that only when we assimie the symmetric states 
for photons, do we get a statistical mechanics leading to Planck’s 
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law of black-body radiation. This statistics for the photons 
has been developed by S. N. Bose and A. Einstein. 

For the electrons we use Pauli’s exclusion principle, which 
has been inferred from general experimental evidence on atomic 
structure, and is universally accepted. This principle, as we 
knovv, postulates that, speaking in terms of Bohr's theory, no 
two electrons can ever be in the same orbit. If we wish to avoid 
the conception of the electron orbits, we can i)ut Pauli’s exclu- 
sion principle in the form that each individual state can be 
associated with only one electron. 

Now Dirac remarks that if Pauli's exclusion principle is to 
hold for a system of electrons, such a system must be described 
by an anti-symmetrical eigen-function. For example, consider 
a system of two electrons. As found in (35) § O-G, an antisym- 
metrical eigen-function for these two electrons is 

^ { Wl) lA»(2) - -^^,(2) ^;„(1)J. (1) 

In this function if for i/t„, (2), ifj,^ (2), we write (I), >ji„ (1) respec- 
tively, i.e., bring the second electron in the orbit of the first 
electron, then w vanishes. 

Thus, if we assume that for electrons only anti-symmetrical 
states occur, then we get the result that there are no states with two 
electrons in the same orbit, which is just Pauli’s exclusion principle. 
The statistics for electrons has been developed by Dirac and 
E. Fermi, and has been applied to the electron theory of conduc- 
tion in metals by Sommerfeld and others. 

9-8. Perturbation Theory in Matrix Mechanics. 

In § 9- 3 and § 9 - 5 we gave the wave-mechanical perturbation 
theory. We remarked there that if the Hamiltonian of a d5uiamical 
system depends on a parameter e, i.e., H = H (/>, q, «), and 
if the eigen-values are known for the particular value e = 0, then 
for small values of e, the perturbation in the eigen-values can be 
determined by an expansion in scries : 

H {p, q, «) = Ho {p, q) -I- eHi (p, q) + €* H, (p, q) + ■ ■ • (1) 

We shall now give an account of the perturbation theory as 
developed in matrix mechanics. It is found in applications, 
that often the matrix method gives the result more quickly and 
in a more elegant form. 
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The problem is as follows. The Hamiltonian fimction 
H — Ho (/>, ?) defines a certain dynamical system, and the 
solution of the problem 

pq -qp ^ A 8, 1I„ {p, q) ^ Ho = diagonal matrix, (2) 

*-7r i 

is already detenuined, that is to say that we know certain matrices 
Po' 9o’ which actually satisfy the equations (2). We have now a 
slightly different problem 

pq —qp = A . 8, H {p,q) ^ H -= diagonal matrix. (3) 

where H {p, q) is supposed to be capable of expansion in the 
series (1), and consequently E can be expanded in the series 

H =Ho + fEi + -4- ... (4) 

We try to build up the .solution of (3) with the help of the 
solution of the problem (2), given by the matrices p^, q^. We 
saw in § 6.9 (4) that all transformation matrices in quantum 
mechanics must be unitary. Hct u be such a matrix with the 
property 

u\ = (6) 

then the matrices po, qo would be transformed to 

p po u, q n~^qo «■ (®) 

We know from Theorem I § 6.9 (1) that p, q arc hermitiaii, and 
from § 6.9 (4) that they satisfy the quantum condition : 

pq-qP-=Yrri^- 

Further, we get from Theorem 2 § 6 9 (2), 

1i{p,q) ==u-ni(Po,qo)it. (8) 

or, on account of (3) 

i H {po. qo) « == E. 

II (Po, qo) « = « E, (9) 

Corresponding to the expansions (1) and (4), we set 

11 — tio I- € «j + e- «• + • • • . (lO) 

and get from (9), on account of (1) and (4) : 

{Ho (po, Qo) + *^i iPo, qo) + e®H« (po, ^o) + • • '} 

X {»o + e + €*«s + • • •} 

= (Mo +- € + e* Ms + • • •} (Ko + e El + e® Es +•••}. (11) 
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Equating the coefficients of equal powers of €, and taking account 
of the relation — Eq giv’en by (2), wc obtain 

. Eq ^^0 ~ ^0 

' .Eo d- Hi 7^0 = Hi + Ho, (13) 

Ro «2 + Hi f^i + Ha = f/o Hg + Hi + Ho- (1^) 


When higher approximations are required, we can equate coeffi- 
cients of €^, 6*, etc. 

Undisturbed System Non-degenerate, — In this case, no two 
energy levels are equal, i.e,, 

Ho (nn) =p: Ko (m^n) if n ni, (15) 

so that all the terms of the diagonal matrix E© are different. 
P'roni (12) we obtain, therefore, 

S {Eo imk) «o {kii) — f/o Ho {hri)} -= 0, 

k 

i,c., 

«o [mn) {Eo {mm) — Eo {nn)) = 0, 

i,e., 

Jiu^^ {mn) vq {mn) ^ 0. (16) 

This gives, since vq {mn) ^ 0 if m ^ n, 

Uq {mn) Oif m n, (17) 

showing that Uq is a diagonal matrix. But the diagonal terms 
cannot be determined from (JC). To determine these, we have 
to use the fact that u is a unitary matrix. From (5) we get then 
imt = 5, i.e., 

{Uq + € fq + e“ + * * * ) (^0^ “l~ ^ + e- r/o d- • * •) == S ; 

hence 

Uq S, and Uq Wjt + = Q. 

Therefore, wc have, since Uq is a diagonal matrix, 

(nn) Ugf {7tn) - 1, i.e., | Uo {Jtn) - 1 . (18) 

Thus the phase of Uq {nn) is indeterminate, and if we write 
Uq {nn) = I iCQ {mt) \ ^«</>(««) 

we can absorb into the usual unwritten time factor, and 

write Uq {nn) == 1. Thus we have effectively 

«o = S (unit matrix). (19) 

The equation (13) now becomes 
Eo Ml + H, = El + «1 Eo, or Eo m, - m, E* = E, - Hi. (20) 
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Taking the mn component of both sides, we obtain ; 

E {Eo {nik) Hi (kn) — (mk) Eq {kn)} = Ei (mn) — 

k 

or 

«i (mn) {Eo (mm) -- Eo (««)} “ ~ (mn), 

or 

h til (”*”) *'0 (”*”) = El (mn) — H, (mn). ■(21) 

But El is a diagonal matrix, so that if w =#= m, then 

/j «, (win) Vo ('»”) = — III (wi«), (wi =¥= n), (22) 

and if m — n, vq (mn) — 0, so that 

El (««) = Hi (m«). (23) 

Thus we see that Hi is not a diagonal matrix, but its diagonal 
terms are those of Ei- 

The *' time mean ” d of a matrix a, is defined, in quantum 
mechanics, as the matrix formed by writing all the terms of a 
zero, except the constant terms, which for a general matrix are 
only the diagonal terms : 

d — (a„„ S„,„). {2'1^ 

From (23) we obtain therefore 

El = H,. (25) 

Thus, we get the cigcn-value 

E-Eo + eHi, (26) 

correct to the first order of approximations. 

This result is analogous to that of the classical theory, and 
also to that found in the wave-mechanics. 

We shall now calculate the second approximation. 

From (14) we obtain, since — S, 

Eo«s — “a Eo = El — Hi + «i E, — IliHi. (27) 

Therefore, on taking the mn component we get 

E (Eo (ink) Hi (kn) - (mk) (kn)} = Ei (mn) — Hi (mn) 

4- E (m, (mk) El (kn) — Hi (mk) (kn)}, 

k 

or, 

Ut (mn) {Eo (mm) — Eo (««)} = Ei (mn) ~ Hi (mn) -f «, (mn) Ei (nn) 

— 27 {Hi (mk) til (kn)}. 
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or 

h U 2 (mn) vq (mn) ^ E 2 (nm) — H 2 (mn) + Ei (nn) 

- 2 {Hi (mk) /^i (An)}. (28) 

Writing m = n in (28), we find, since vq {nn) = 0, 

K 2 (nn) = Hi (nk) (kn ) + Hg (nn) ~ (nn) Ei (nn). (29) 

But, from the condition «wt = 8, we got as the first approximation 
the result (19), viz,^ Uq = S. Substituting this in the second approxi- 
mation Wo Wjt Wi = 0, we obtain 


Wi >f 7fit = 0. (30) 

Taking the nn component, we find 

Hx (^^^0 (nn) = 0. 

Writing 

Wi (nn) - c 

with c real and the phase (f> arbitrary, we get 

c 4. = 0, 

or 

2c cos (f> (nn) -- 0. 

Since the phase ^ is arbitrar}^ we conclude that c =»= 0, and 
therefore 

(nn) = 0. (31) 

Substituting the values of Wi (mn) and Wj (nn) from (22) and 
(31) in (29), we obtain 


- {nn) + S' 

' » hv^ {nk) 


(32) 


where S' means that the term k = n has been omitted from the 

k 

summation. The disturbed eigen-value is thus found to the 
second approximation : 


E = Eo + € H + 


(33) 


Undisturbed System Degener ate, ~ln this case r of the discrete 
energy-levels are equal, i.e., 


Eo («ini) =■ Eo («*«,) = • • • = Eo («r»r). 


(34) 
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Then from (16), viz,^ hv^ (mn) Uq (mn) = 0, we conclude, 
as before, that Uq (nn), t.e., the diagonal terms of the matrix 
are not zero. Biit in the case of degeneracy, we find that in addi- 
tion to the diagonal terms, some of the non-diagonal elements 
are also not zero, viz., those terms Uq {mn) for which m, n are any 
pair of the set n^, Wg, • • • , n,. Other non-diagonal terms for which 
m, n are not a pair of this set, vanish. 

Now since Vq {mn) = 0 when m — n, or when m, n are any 
pair of the set Wj, Wg, • • •, we see that the matrix «o consists 
of constant terms only, though it is not a diagonal matrix. 

From the condition Uq 8, we get 

Uq {nn) Ugf {nn) = 1 if n = 7 ^ Wi, • • • , ; 

i.e., 

I Uq {nn) 1 2 = Uq {nn) = 1 if « >h,n 2 , • • • , 

and 

«o '^H) 1 if a = 1. 2, • • f. 

The equation (13) then becomes 

Fo Wj Wj Fq ^ ^Q Fl Uq. 

Taking the mn component, we obtain 
E {Eo {^nk) {kn) — Ui {mk) Eo kn)} 

k 

— 2 {(mq {mk) El {kn) —Hi {mk) «<, {kn)), 

k 

or 

Ml (»««) {Eo {mm) —Eg («»)} = Mq {mn) Ei {nn) — i7Hi {mk) Mq (^«). 

(35) 

Thus, if Mt =?fc n and m, n «i, n^, • • • , iir, then since m, {nn) = 1, 
we get 

Amj {mn) vg {mn) == — Hj {mn) Mg {nn) = — Hi {mn), (36) 

which shows that Hi {nm) has a value not zero. 

Writing m —n=j= n^, Mg. • • • . «r. in (35) we get 

0 = El {nn) — Hi (mk) , or Ei (mm) = Hi (mm). (37) 

Thus the diagonal elements of Hj still give those of Ei, except 
when M=i’i, Mg, •••, itr. 

To find the remaining r diagonal elements Ei (m, m,), 
El (m 2 « 2 ). • • •. El {n/nr), we put n = Mi in (35), and get 

/j«l (>MMi) Vg (MIMj) = Mg (MIMi) El (MjMi) - {Hi (WMi) Mg (MiMj) 

-f- H, {mn^ Mg (m,Mi) + • • ■ + Hj {mur) Mg {n,n^}. (38) 
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We put m successively equal to Wo. • * *> in (38), and 
note that r® ^ ^ = 1, Then we obtain 

El - {Hi (w^Mi) i/o + Hi 

+ • • • + Hi fZo (Wr«i)} = 0, 

(A = 1, 2, (39) 

This gives the following secular equation for Ei {n^n^, provided 
we eliminate Uq {n{n^), (^Zo^i), • • •, (;/,, «,) : 

jHi(MiWi)~Ei («iWi), Hi(Wi;zo), ,Hi(ni//^), |==0 

Hj (;/2«i), Hi (m2^?o)-Ei(;/i;;i), • • •, Hi (7Z2^^r)> 


1 Hi («^/^i), , Hi (7^^.^2 ,.)-Ei («i«i).1 

( 40 ) 

If we had put n = • • •, instead of 7^i in (35), we would 

have obtained the same equation (40), except that Ei (^iWi) 
would have been replaced by Ei {n^n^), ••*, Ei [nriiy). Thus 
El (^i^i), El • • • Ei {n^Ur) are the r roots of the secular 

equation 


H, (»i«i) - A. 

Hj (7Zi7Z2)» 

• H, («!«,.) 


--=0 (41) 

Hi 

Hi («2«2) - A, • 

•, Hi {n^u,) 



Hi («^«i), 


Hi {nrii,.) - 

~ A. 



The r roots of the equation (41) give the remaining elements 
of the diagonal matrix Ei, showing that the r coincident levels H^ 
split up into r different levels. 


Now, since == not only when ni = «, but also 

when m, n are any pair of the set ni, • • • , 77 ^, we see that the matrix 
Hi has constant elements not only in the leading diagonal, but also 
at the crossing points of the With, • • • , W;.th rows with the 
7Xith, • • • , w^th columns. Then, from the definition of the time 
mean of a matrix, w^e know that Hi is not a diagonal matrix for 
the degenerate case, since, some non-diagonal terms of Hi, viz., 
Hi {nj^, ill) where k and and ^, / = 1, 2, • • • r, are also con- 
stant, and cannot be made zero when forming the time mean. 
Then we transform the matrix Hi so that it becomes the diagonal 
matrix Ei, thus 

HiS =Ei. or HiS = vSE;. 


( 42 ) 



224 


Perturbation Theory 


§ 9-8 


Taking the m element, this gives 

U Hi {nil) S (/ m) = (itil) Ei (Im), 

i I 

or since Hi has only terms Hi {n«) and Hi where k, I = 

1, 2, •••, r, we obtain 

L H, {uini) S = S (h*w) Ri {mm), . (43) 

i = I 

(ii^m - 1 , 2 , 

On eliminating the vS*s from this system, we obtain the same 
equation for the determination of the y terms of Ei as (41). 

This shows that if the undisturbed system is degenerate, 
then Hi is a matrix of constant terms, though not a diagonal 
matrix. If a transformation 8^ Hi vS is carried out so that this 
becomes a diagonal matrix Ei, then the eigen-values of the per- 
turbed system are, to a first approximation, 

K - Eo + c El. (44) 

The process can be carried to second and higher approxima- 
tions, but we shall not enter into details here. 



Chapter X. 


PHYSICAL INTERPRETATIONS AND 
HEISENBERG’S PRINCIPLE OF INDETERMINACY. 

10 • 1 (1). Physical Significance of the Wave-Function. 

. Schrodinger's Interpretation. 

So far we have been using the function ^ freely without 
stopping to consider what it actually signifies. The important 
fact for us was that the ^-equation gave correct energy values 
for any atomic system. 

It was Schrodingcr again who first gave a physical inter- 
pretation of the wave-function. To set forth his arguments, we 
consider the problem of a single electron with mass m and charge 
(. Using Cartesian co-ordinates we have the following wave- 
equation for the electron : 

+ (E-V)^=0. (1) 

- zTTi t 

Multiplying this equation by the factor e * , we get 



or, writing 

^ f / V - 2Tri 1 

^ (-r, y, Z] f) ^ iff (x, y, z) e 
we get for the wave-equation i 

I -H (E - V) ^ = 0. 


in 


( 2 ) 

( 3 ) 


From equations (1), (2) of § 7 • 6, we know that the true wave- 
function is <f>, and that it depends on time according to the law 
(2). Moreover, the equation (2) gives us also 




ll‘r.4. 


SO that in agreement w'ith (6) § 8 • 6 (1), we find : 


VA-- 'L 
" 27r» at 


Substituting (4) in (3) we get 


LvV-^v^+X^-'’- 


(4) 

(B) 


15 
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Similarly, if is the complex conjugate of <f), it must satisfy 
the equation 

;„vv =0. w 

Multiplying (5) by 0* and (6) by <j>, and subtracting, we get : 

y (0*V“0 -0V*0*) + -f Yf (00*) - 0. (7) 

Multiplying (7) by < and rearranging, we have : 

It 

Let us define four functions ^y> p hy the following 

equations : 

p «= €<f)*<f>, 


S. - 


-- 1 ^( 0 * 
^.7Tim \ 


h(f) 

bx 




Then we see immediately that (8) reduces to 


bt bx by 



( 10 ) 


If we interpret p to represent the density of electric charge, 
and if S*. S, denote the components of current density, then 
equation (10) is nothing but the equation of continuity in the 
theory of electric currents. Obviously, all the four expressions 
in (9) give us real quantities. According to ,Schr6dinger, there- 
fore, the density of electric charge at the point [x, y, z) is propor- 
tional to 0*0 = 0*0. But this view of Schrbdingcr’s was 
found to be untenable w'hcn applied to the general case of 
a system more complicated 'than a single electron. In fact, 
Schrodinger himself had attempted previously to ex])lain the 
relation between waves and corpuscles by suggesting that the 
electron is constituted by a group of waves of neighbouring 
frequencies — in other w'ords, by a “ wave-packet ”. But it was 
soon pointed out that this simple and interesting view could not 
be seriously considered. It was open to many objections. Just 
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as a wave crest produced at any point of an otherwise smooth 
surface of water spreads out and disappears before long, so would 
an electron wave-packet be in general very Soon dissipated. 
Further, when the electron is diffracted by a cr,vstal in the experi- 
ments of G. P. Thomson and others, the wave-packet would be 
completely dispersed and destroyed, showing that the particles 
would have no stable existence. 

Another hj'trathesis, put forward by I,, de Broglie, was to 
consider the’ particle merely as a singularity in a w'ave-pheno- 
menon. As we know from the theory of functions, a singularity 
of a function is that point in the domain of the variables where 
the function becomes discontinuous. For the specifil case of the 
uniform motion of a single electron, de Broglie found a solution 
of the wave-equation which contained a singularity moving with 
the velocity of the particle. But in the general case of a non- 
uniform motion of the electron, the existence of such a moving 
singularity could not be proved, and de Broglie’s hypothesis had 
to be dropped. 

10 • 1 (2). Born's Interpretation. 

These hypotheses of Schrodinger and de Broglie were soon 
replaced by a suggestion first put forwnard by Max Born, and now 
accepted generally. 

Born was led to the formulation of this point of view by 
a remark of Einstein about the relation between the wave-field 
and the light-quanta. Einstein had said that the waves are there 
only for the purirose of showing the way, so to speak, to the light 
quanta. In this sense, he spoke of the waves being a sort of 
a “ ghost-field ” which determines the probability for the light- 
quantum to go on a definite way. 

This idea of Einstein’s was taken over by Born for the 
material waves also, with this difference, however, that the wave- 
field is not just a mathematical fiction, but possesses as much 
reality as the corpuscle. Born remarked further that the quantum 
mechanics so far developed solves problems connected with the 
stationary states only, whereas it should actually be capable of 
formulating and solving the transition phenomena as well. 

Born adopted the following point of view, which is now 
gaining universal recognition and causing a revolution in our 
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whole scientific outlook. He pointed out that tlie new mecha- 
nics docs not answer the question : " How does a particle move ?*' ; 
rather it answers only the question : " What is the probability 
that a particle should move in a given way V* Born assunied, 
therefore, that the particles are always accompanied by a wave- 
process. These are the well-known de Broglie-Schiodinger phase 
waves we have considered above. The square of the a;nplitude 
of these waves determines Die probability for a particle to be 
present in a state of motion corresponding to the given phase 
wave. The underlying idea has been very clearly stated by 
Born: ‘'According to this view, the whole course of events is 
determined by the laws of probabilit\, which is given by the 
de Broglie wave associated with the state. A mechanical process 
is accompanied by a wave-process, the guiding wave, described by 
Schrodinger's equation, the significance of which is that it gives 
the probability of a definite course of the machanical process. 
If, for example, the amjdititde of the guiding wave is zero at 
a certain point in space, this means that the probability of find- 
ing the electron at this point is vanishingly small."' {Atomic 
Physics, p. 83.) 

Bom's interpretation is thus a statistical one, in which he 
assumes that the function ifj is not a characteristic of the indi- 
vidual atom, but determines the average behaviour of the whole 
system. 

To take a simple case, we consider an atom with many 
electrons. Then from (5) § 10 • 1 (1), we have the Schrodinger 
equation for such an atom : 


- 



ATTlfi 

if 



( 1 ) 


where we have written fx for the nia^s of the electron, and of which, 
on account of (2) §10-1 (1), we have a solution 

- 2m 

E,tt 

<f>u {x. y. Z] l) = (.V, V, z) e . (2) 

Here is the eigen-value and i(t,, the eigen-function belonging 
to the nth stationary state. 

The most general solution of (1) is found by suijcrposing the 
solutions (2), so that we write : 

^ {x, y, Z] t) S c„ <li„ (.■¥, y, z) e 


( 3 ) 



§ 10 - 1 ( 2 ) 


Born's Interpretation 


229 


where the c„ are the coefficients of the "Fourier” expansion. 
Since the eigen-functions <f)„ are mutually orthogonal and normal- 
ised, we get just as in (10) § S • 6 (2) : 

• - 2m ^ ^ 

Cue ^ {x, y, z) ifi {x,y, z ; t) dv, (4) 

where dv is the volume element dx dy dz. Therefore on taking the 
square of the modulus, we get: 

I Cn I" ■= I Iff ‘Ph (x. y, z) 0 {x, y, z : 0 dv (.5) 

Born postulates that | is the probability that the atom 
is in the wth state. 

Now suppose that when the atom is in this nth state, it is 
acted upon by a perturbing force which lasts a finite time, and 
that under the influence of this perturbation the atom makes 
a transition to another state. Born has proved that in this case 
the Fourier coefiicients c,^ undergo an orthogonal transformation : 

^ Cfff , 

tn 

where, on account of the orthogonality, 
r ~ 1 when m = n, 

k 

= 0 when m ^ n. (7) 

Born now puts forward the supplementary hypothesis that 
1 b„m 1* represents the probalhlity for the atom to make a transi- 
tion from the state n to the state m. b„„ depends of course on 

^m* 'l>n- 

>Since it is certain that the atom will be in at least one of all 
the stationary states, the sum of all the probabilities | c„ j® must 
be a certainty. We get therefore ; 

= ( 8 ) 

II 

10 • 2. Calculation of Intensities, Selection 
and Polatisation Rules. 

vSuppose that an electron is vibrating so that its displacement 

at any instant from its position of equilibrium is a vector 7 
having the components x, y, z. Obviously, this represents an 

oscillating electric dipole of moment p = tr , having compo- 
nents px — fX, py = ey, Pt — €Z. 
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Now according to the theory of Hertz, the field of such 

a dipole consist^ of an electric vector E and a magnetic vector 

H, such that E is at right angles to H, and both are perpendi- 
cular to the direction in which the radiation is propagated. * Eet 
0 be the angle between the direction of propagation of the radia- 
tion and the direction of r, and let p denote the distance 'from 
the centre of the dipole. Then Hertz's theory gives ‘ for the 


values of the vectors E and H : 

( 1 ) 

provided of course that p is very much greater than the wave- 
length of the radiation emitted. 

From Poynting’s theorem, we know that the energy radia- 
ted per second in a given direction is 


?=-£(5x3> 


where E X H denotes the vector product, whose value is given 
by EH sin (angle between E and H). But since E is at right 
angles to H, we get 


From (1) and (2) we get therefore 
g — ^ ( sin 6 d^p y _ c_ 


c 

rsin 6 d^py 

_ c 

|sin 9 dh) 

47r 

[ c^p dt^) 

in 

\ c^p ^ dt^y 


€* sin* 9 A/Vy 

iTTcy \diy ■ ^ ' 

The total energy I, radiated in unit time, is obtained by integrat- 
ing S over the whole surface of a sphere cr : 

I = // S (iff 

^ 2Tr 


0 *• 0 ^ 0 

2 €* 

3 c» \dty ■ 


( 1 ) 
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The components of the intensity are given by 


I. 




( 6 ) 


3 ^ \di^) 
with similar expressions for ly and 

With the help of the correspondence principle, this classical 
theory formula is taken over into the quantum theory, with the 
differenee, however, that the radiation would now be due to 
a transition from the state n to the state m, so that x, y, z would 
now be matrices. For the intensity of radiation due to a transi- 
tion from the state n to the state m, we would therefore have 


I. - 


I, 


2c» 

f 

3c3 ' 

[ dt'^ ) 



3c3 ' 

\ dt^ ) 

2,1^ 



K dt‘ ) 


( 6 ) 


But from (6) §5*2, we know that time eaters into the matrix 


elements according to 


so that 




dll 


(7) 


Substituting (7) in the foimulce (6), we get for the intensity 
components : 


2 €* 

~ 0 ^ 3 * ^nni' 1 


( 8 ) 


I* — 3 c® “«)»»*■ 

From (18) §8 • 6 (2), we know that in the fonnulse (8) above, 
the matrix elements are derived from the Schrodinger wave- 
functions according to the rule 

Xnm - f (9) 

with similar expressions fory„„ and z„„. . 

The expressions (8) enable us to find the selection and 
polarisation rules also. Thus, if it happens that for a certain 
transition n —*■ m, we get x„„ == 0, then we should expect no 
radiation of the frequency v„m polarised parallel to the x-axis. 
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To get the selection rules, therefore, we must find out under what 
conditions J will vanish. 

Moreover, the polarisation of the spectral line with the fre- 
quency Vnm determined from the values and relative idiases-of 
y,m and ^nm- 

10 • 3. Complimentary Character of the Corpuscular 
and the Wave Conceptions. 

In the foregoing section we saw how the two ideas of 
corpuscles and waves can be successfully merged into a statistical 
interpretation. There is thus no essential contradiction between 
the two conceptions, as employed in quantum mechanics, nor 
are they mutually exclusive. As pointed out by Niels Bohr in 
1927, the one representation supplements the other. Particle 
as well as wave are each just half the reality underlying both 
matter and radiation. The word "wavicle*' has been coined by 
Eddington to describe these ultimate constituents. 

A very illuminating analysis of the whole problem has been 
given by Dirac with the help of the ** Principle of Superposition **. 
In this connection, Dirac also raises the question of the aim and 
object of theoretical physics, and supplies the answer that its 
only object is to calculate results that can be compared with 
experiments, and not to give more detailed answers than can be 
experimentally verified. 

For explaining the principle of superposition, Dirac considers 
the simple case of the polarisation of light. Experiments on the 
photo-electric effect show that if the incident light is plane 
polarised, the photo-electrons are ejected in a preferential direc- 
tion. This leads us to the conclusion that "the polarisation 
( = wave) properties of light are closely connected with its corpus- 
cular properties, and that one must ascribe a polarisation to the 
photons. One must consider, for instance, a beam of light plane 
polarised in a certain direction as consisting of photons each of 
which is plane polarised in that direction, and a beam of circularly 
polarised light as consisting of photons each circularly polarised.'' 

For these considerations to hold, it is necessary that 
a certain state of polarisation is ascribed to every photon. With 
the help of this idea of the state of polarisation of a photon, 
Dirac gives a description of the experimental facts about the 
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resolution of light into polarised components, and the recompo- 
sition of these components. 

He considers a beam of light passing through a crystal of 
tourmaline, which has the property of letting through only light 
which is i)lane polarised perpendicular to its optic axis. Now the 
classical theory predicts that if the beam is polarised perpendicular 
to the axis, it will all go through the crystal ; if it is polarised 
parallel to the axis, none of it will go through ; finally if it is polar- 
ised at an angle a to the axis, a fraction sin* a will go through. 

Accordingly, Dirac assumes that each photon polarised 
perpendicular to the axis passes through the crystal, while each 
photon polarised parallel to the axis is absorbed. In the case of 
the obliquely polarised incident beam, each of the incident 
photons is obliquely polarised at the same angle a. Now, if we 
perform the experiment of letting an individual photon pass 
through the crystal, then according to quantum mechanics, some- 
times we shall find that the whole photon passes through the 
crystal unhindered, and at other times we shall find that the 
whole photon is absorbed. We .shall never find that part of the 
photon passes through, and part of it is absorbed. If we perform 
the experiment a large number of times, we shall find that in 
a fraction sin* a of the total number of times the photon passes 
through the crystal, and in a fraction cos* a times the photon is 
absorbed. This fact is interpreted by Dirac to mean that the 
photon has a probability sin* a of passing through the crystal, 
and a probability cos* a of being absorbed. These values for 
the probabilities lead to the correct classical results for an inci- 
dent beam containing a large number of photons. The individu- 
ality of the photon is thus preserved in all cases. 

To provide a further description of this fact, Dirac agrees 
to regard an obliquely polarised photon, as being partly in the 
state of polarisation parallel to the axis, and partly in a state of 
polarisation perpendicular to the axis. He considers the state of 
oblique polarisation as a kind of superposition of the two states 
of parallel and perpendicular polarisation. Any state of polar- 
isation is thus assumed to be capable of being resolved into any 
two mutually peri^endicular states of polarisation. 

Thus, before the photon is observed, it is partly in each of 
the two states of parallel and perpendicular polarisations. When 
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we make an observation on it by passing it through the crystal, 
it is forced entirely into the state of parallel, or entirely into the 
state of perpendicular polarisation, and is thus observed either 
to pass through the crystal or to be absorbed by it. Which of 
the two states it will be forced into cannot be predicted exactly, 
but is governed only by probability laws. 

Thus in trying to reconcile the corpuscular and wave con- 
ceptions, we are led necessarily to an uncertainty about the 
result of an experiment. At the most we can only predict the 
probability of occurrence of each of the possible results. This 
indeterminacy in modern physics was first elucidated in 1927 by 
W. Heisenberg, who considered the experiments that can be 
performed to determine the position and velocity of an electron, 
and proved that it is impossible to determine simultaneously 
both the position and the velocity of the electron with exactness. 
Thus Heisenberg formulated the principle that a certain indeter- 
minacy is necessarily associated with all measurements of atomic 
magnitudes. It arises from the fact that every observation neces- 
sarily disturbs the thing observed, but the extent of this disturb- 
ance itself is quite undetermined. We shall illustrate this point 
by describing in detail two experiments, one to fix the position 
of an electron and another to determine its momentum. 

10 • 4. Determination of the Position of a Free Electron. 

In order to fix the position of the electron as accurately as 
possible, we must illuminate it with the light of as small wave- 
length as possible. For this purpose we shall assume with 
Heisenberg that we are employing a y-ray microscope.^ 



^ Prof. Heisenberg himself told the author that he had thought of the y-ray 
microscope in 1924, i.c., before he discovered the quantum meclianics, and long 
before he published the uncertainty principle. 
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Let the cone of rays scattered from the electron through the 
objective have an angular opening a, and let the wave-length of 
the light illuminating it be A. Now it is known from the laws 
of/optics that the microscope cannot resolve distances of less 

than the amount ^f'his is called the resolving power of 

the micrpscope. Thus if x is the direction in wliich the light falls 
on the electron, the uncertainty in the knowledge of the position 

of the electron is of the order of . so that 

sin a 




\ 

sin a 


( 1 ) 


From the Compton-cffect, however, we know that when 
a photon collides with an electron and is scattered from it, the 
electron also receives a recoil, the value of the nioincntum depend- 
ing on the direction of the scattered photon. The scattered 
photon can take any direction lying in the cone of rays of angle 
a, and consequently the recoil monientura may lie anywhere 


between ^ (1 - i siu «) X ^ 


Thus, if px is the 


component of momentum in the direction of the ar-axis, then 
there is an uncertainty in our knowledge of the momentum of 
the order 


A/-* 


n . 

^ Sin a. 


( 2 ) 


The product of the two uncertainties is therefore 

d^x APx~ h- ( 3 ) 

This is the famous " uncertainty relation ” of Heisenberg. 
It asserts that the position and momentum cannot bo exactly 
determined simultaneously ; the product of their uncertainties 
must always be of the order of Planck’s constant. 

On account of the importance of the uncertainty relation, 
we shall prove its validity in yet another experiment, that of the 
diffraction of the electrons at a slit, which can be employed to 
measure the position of an electron. The following account is 
substantially that given by Heisenberg and Born. 
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Let a number of electrons i)ass tliroupjli a slit of width A^, 
and produce a diffraction pattern on a screen placed to the right, 
as in the accompanying figure. The fact that a diffraction 
pattern a])pears merely allows us to assert that each individual 
electron has passed through the slit ; we cannot definitely say 
at what place in the slit the passage actually took place. Thus 
there is an uncertainty of the amount A.r in the specification of 
position perpendicular to the direction of incidence of the electrons. 

After passing through the .slit, the individual electron suffers 
deflection, and acquires a component momentum A_/>, perpendi- 
cular to its original direction of incidence. From the figure it is 
apparent that the mean value of A/> is given by 

A/> p sill a, (4) 

where a is the mean angle of deflection. 


The above account is based on the corpuscluar point of 
view. But the wave-theory of matter asserts that the electron 
may also be considered as a de Broglie-wave of the wave-length 
A given by 

A = or /) = ^, (6) 

where p is the momentum of the electron. Then from the laws 
of optics, we know that the angle of deflection o is connected 
with the wave-length A and the width A* of the slit by the relation 

siua~A. (6) 


Substituting (5) and (6) in (4), wo get 

h X h 
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so that, we have again the uncertainty relation : 

l^pt\x~h. (7) 

There is thus a complete reciprocity between our knowledge 
of .the position and that of the momentum or velocity of the 
electron. The more exactly we know the position, the less 
precise would be our knowledge of the velocity, and vice versa. 

For the sake of convenience, we have taken only one co-ordi- 
nate X. Obviously, the argument applies to any other co-ordinate. 

10 • 6. Determination of the Velocity of an Electron. 

In this section we shall verify the uncertainty relation for 
an experiment performed to measure the velocity of an electron. 

Suppose that light of frequency v is falling on the electron 
in the direction of the A:-axis, and that the scattered light is 
observed in the direction of the y-axis. We as-sume that the 
component px of the electron’s momentum is known quite exactly, 
so that according to the uncertainty relation, nothing whatever 
is known about the ;t:-co-ordinatc. On the other hand, we assume 
that the y-co-ordinate of the electron is known quite accurately, 
so that we are completely ignorant about the component of 
momentum py. 

When in the experiment we observe the scattered light in 
the direction of the y-axis, we gain some knowledge of the 
y-co-ordinate of the electron. The experiment, however, intro- 
duces an element of uncertainty in our knowledge of the compo- 
nent of momentum py to the extent that the product of the 
uncertainties will satisfy Heisenberg’s relation. 

We make use of the Doppler effect to prove this. Let 
R denote the energy of the electron and v the frequency of light 
before the collision. Similarly, let F/ denote the energy of the 
electron and v' the frequency of light after the collision. Remem- 
bering that the direction of the incident light is x and that of the 
scattered light y, and applying the laws of conservation of 
energy and momentum to the system (consisting of an electron 
and a photon), we get the equations 

V+hv =R' + /j/, (1) 

Px "ir ~ — Px'i (2) 

Py 
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where pj* pf are the components of momentum of the electron 
after the collision. 

Let m be the mass of the electron, then w^e have 

= im “*■ 

Thus from (1) and (4), we get 
h {v - v') R' - R 

- + p,'‘) - it.' + pfl] ^ 

- L I*'’'" - p.'^ -p - V) } 

^ 2m ^ ^y)} * 

But the difference px - px very small compared to px, and 
similaily pf — py is very small compared to py, we can write 

px + px 't-pXf Py' -f- Py 2/>y. (5) 

Thus 

/, - ,/) ^ i />, + (^; _ p^) p ^\ . 

Substituting in this from (2) and (3), we get 

, , 1 (hv , hv' , I 




~ ~ (Pr - />,). m 

since v' is of the same order of magnitude as v. In the relation 
(G) all quantities except py and v* are assumed to be known 
completely ; so that the accuracy of our knowledge of py depends 
only on the accuracy of the knowledge of v' \ thus giving us, on 
taking the finite differences of both sides, 

AAv'- — A<>„ 


To determine v with this accuracy, it is necessary to observe 
a train of waves of finite length, which in turn, demands a finite 
time T given by 

■ Av' 


(8) 
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We can see that this finite interval of time causes an uncer- 
tainty in our knowledge of the position of the electron. For we 
do not know whether the photon collided with the electron at 
the beginning or at the end of this time interval, so that we cannot 

sav whether the velocity of the electron was ^ or during 

mm 

this lime.. The uncertainty in the position of the electron which 
is produced by this cause is thus 

Ay ^ 


7n 


iPy- Pf) T. 


Substituting the value of py —pf from (3), we get 


A V 


me 


T 


hv 


T 


From (7) and (9), we get finally 


me 
hv 1 
me Av' 


me A v' 
- h. 

This proves the desired relation. 


7nc j, f 

X - - Av' 

V 


(9) 


( 10 ) 


10-6. The Uncertainty Relation. Theory of Operators. 

In the last two sections, we have shown by a consideration 
of special cases that the product of the uncertainties in the 
position and in the velocity is of the order of magnitude h. 

We can, however, deduce the exact relation between these 
uncertainties without making any use of the corpuscular or wave 
pictures. It appears then that the uncertainty relation is a logical 
consequence of the quantum condition : 

P^l - <1P = 2^,- 1 (1) 

ond of the mathematical apparatus of the quantum mechanics. 

For the sake of convenience, we shall confine ourselves to the 
case of a single degree of freedom characterised by the co-ordinate 
q and the momentum p. The general case brings . about no 
essential change in the argument. 

From the theory of wave-mechanics, we have the Schrodinger 
wave-equation 


(H - K) ^ = 0 or H ^ = R p, 


( 2 ) 
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where ift {q) is the wave-function, and H (p, q) is the Hamiltonian 
operator, p standing for 


_ h ^ 

"Ini bq 



Wc have seen also that for R < 0, solutions of the equation (2) 
exist only for certain discrete values which are called, the 
eigen-values, the corresponding solutions iJj„ being called the 
eigen-functions : 


=K, 3, . . .) (4) 


Generalising this idea, we take any function A {p, q) as 
a linear operator, which acting upon a wave-function ^ (q) 
transforms it into another wave-function p [q), and express this 
fact by : 

(5) 

Special cases of (5) are provided by taking A = y and A ^ p. 
q p means simply multiplication by q, and p p means, on account 

of (3b Since the operators arc not mere numbers, we 

^ ' "Ini bq 

can see that in general 

AB ^ BA. 

A particular example of this non-comniutative property is given 
by the quantum condition from which we sec that pq=f= qp^ 

Generally, the function p will be quite different from p in 
(6). If, however, for any pn it happens that the operator A 
reproduces it except for a constant factor a^, i.e., if 

( 6 ) 

then is called an eigen-value and p„ an eigen-function of A. 

The adjoint operator A”! is defined by the condition that if 
p and p (9) are any two functions then we must have 

ff {A>l,)dq =/(^^r ■ Hq, (7) 

where denotes the complex conjugate of the function and 
where the integral extends over the whole clomnin of the co-ordi- 
nate q. 

An operator A is called real if it is identical with its adjoint 
Af, i.e., if 

A =At. ( 8 ) 
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The co-ordinate q and the momentum p are easily seen to be 
real, according to this definition. For, we have 

/ f (? !A) = / (?^*) = / (?^)* 

so that q = qt. Similarly 

-/.4- jv'#''?- 

Now the boundary condition would be always such that 
[(j)* 0] — 0, so tliat 

/<!>* {p 4¥q- - /(-il ) “A 

= I {P<i>)* '!>¥> 

showing that p = ^t, and that p is real. 

It can be shown generally that the eigen-values of real 
operators are real For, in the equation (7) take p ^ p ^ 
then since At = A, we get 

I 't’n (A<A«) ¥ ^ f (AlAJ* Pn ‘k = {/(AiAJ • ■Aw* ¥] . (^) 

i.e., the quantity f p^* (Ap,i) dq is equal to its complex conju- 
gate, so tliat it must be real. Now if is the eigcn-value 
belonging to the eigen-function p^, then we liave Ap„ ^n^n- 
Hence 

1 4>n ¥ = I Pn (<^k'A«) = i-ht f'I'n 'I'n 

SO tiiat 

a„ = (IQ) 

f I 'l^n P ¥ 

In (9), we have proved that f p^ (A?/r^) dq is real. Moreover, 
I p^ 1^ is also real, so that we see that is also real. 

Further, it is not difficult to prove that any two eigen- 
functions of a real operator A, belonging to different eigen-values 
are mutually orthogonal. For, if 0 ^, ciyti I'WO eigen- values of 
a real operator A, and p^y p„ the corresponding eigeii-f unctions, 
w’e have 


16 




V 
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Taking the complex conjugate of the second equation : 

(A </>«)* 

Therefore we get on multiplying by ifi,,* and respectively 
/{ *l>» (AiA„)*} dq = {(t„ - a„) f dq ■ (11) 

But since A = Al, sve have from (7) on writing <;& = ^„, >f) = tj/p,: 

f <1>n (A •Aw) dq = / (At <//„)* ,/r„, dq =/ (Ai/r„)* 'Pm dq, 
so that tlic left-hand side of (11) is zero and we get : 

- «n) f dq -= 0. 

Since a„, and a„ arc different, i.c., since a„, =/= a„, we get 

f 'I<m4>n rt'? "= 0 {m =/= n). (12) 

Wc assume that the eigen-functions are all normalised, i.e., 

/'!>. <A«* dq=f \ 1^ dq = 1. (« =1,2,...) (13) 

If this is not already the case, we can easily normalise them by 
multiplying by a suitably chosen constant factor, which can 
be determined from the equation (13). 

We can develop any function ^ in a Fourier scries of 
the eigen-functions : 

oo - 

<f> 2 c„ = / dq, (14) 

« = 1 

and its complex conjugate by the conjugate series : 

f = Z c,: = / dq. (15) 

ft = 1 

Then we have 

/ dq = J H* dq =/(! dq 

n 

= ^ Cn I dq =E r„c„* \c„\^. (16) 

w n n 

Now we define the mean value A of the quantity represented 
by the operator A in a state represented by the function <f> by 
the equation : 

A [A4>) dq j 4>* k^„) dq. (17) 

. ” 

On account of A — a„ and (15) we get 

A = .^ 'l>n dq = S c^a„c„* 

= 2: 1 c„ 1* a„. 
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On this definition it can be proved that the mean value of the 
product AAt is never negative. For, writing AAt in place of 
A in (17), we get 

AAt = / ^* • (AAt^) dq <!>*• K (At^) dq. 
lyCt US write At(^ = so that on account of (7) we have 

AXt (Ax) dq --- f {A-HY X dq 

^JmY(AH)dq 

= / I At^ |2 dq > 0. (19) 

We wish to deterniinc the adjoint of the operator (/A)t. 
For this purpose, we multiply (7) by i, and get 

iJ<i.*{k4.)dq^iJmY^dq 
or since ( -- /)* — /, 

f (f)* {tAi/j) dq — i f (— /At<^)'' 0 dq. (20) 

On the otlier hand, considering (/A) itself as one operator, we 
get from the equation of definition (7) : 

/ f {(/A) il.} dq ^ / {(?A)t d, dq. (21) 

Comparing (20) with (21), we see that 

(/A)t = — /At. (22) 

Obviously, therefore, we have for any two operators A and B : 

(A + /B)t - At - /Bt. (23) 

vSuppose that A and B are real operators, and that A is 
a real number. We have shown in (19) that the mean value of 
the product of any operator with its adjoint is never negative, 
so that we have : 

(A+/AB) (A + > 0, 

or, on account of (23) and because At = A, Bt = B : 

(F+ aB)"(A^"7AB) 5?. 0, 
or 

/ (A) ^ A? - 1 - W A2 - /A (AB“~n[lA) > 0. (24) 

vSince / (A) is real, we see that AB — BA is purely imaginarv. 
To determine the minimum value of /(A), we must take that 

value of A which makes equal to zero, i.e., the value for which 

i (AB - BA) = 0. 



244 


Heisenberg' s Principle of Indeterminacy § 10-6 
Thus the minimum value of / (A) is given by 


. i Ab- bA 
^ == 2 "“b* ■ 

(25) 

Then 



(i AB- BAl 
12 “ B\ J 

„ A" + I T »-')■ s 0. 

1 Ji= 

(26) 

Hence wc get : 


A“ B“ > - ^ (AB - 1VA)\ 

(27) 


It must bo remotiibercd that AB — BA is purely imaginary, and 
therefore the right-hand side of (27) is really ]^ositive. 

Now let 

SA--A-A, SB=B-B, (28) 

Then 

8A -SB - 8B- 8A - (A - A) (B - B) - (B - B) (A - A) 

= = AB - AB - AB + AB 

- BA -f BA 4- BA -BA 
- AB - BA, (29) 

because A and B arc not operators but ordinary numbers, and 
therefore AB — BA, both being the same operator. 

Since the relation (27) is true for any two operators, we 
replace A by 8A and B by 8B : 

(8 A)’- -(^B)" > - I {(SA) (8By-(Sb) '(8A)P, 

or, on account of (29) : 

(8A)'^ • (7SBf > - I (AB- BA)2. (30) 

For A and B we take the momentum p and the co-ordinate q 
respectively. Then we have : 

r8>)* (31) 

But from the quantum condition (1), viz,^pq — qp == 1, we 

JiTTl 

h V 
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We define the uncertainty in any quantity to be the square 
root of the mean value of the square of its deviation, so that 

A? ■ (33) 

then we get from (32) : 

A/.-A?>A- (34) 

This is then the exact determination of Heisenberg’s uncertainty 
relation, aitd it is true for any two corresponding conjugate 
quantities. 

Since the energy E and time t are also corresponding conju- 
gate quantities, we would have accordingly 

AE-Ai^/^- (35) 

10-7. Principle of Indeterminacy and the Concept 
of Causality. 

The uncertainty relations force us to the conclusions that it 
is impossible simultaneously to carry out the measurement of both 
the x^osition and the velocity with any desirable accuracy. All 
our observations, therefore, represent only a selection out of 
a much broader range of possible observations, so that we get 
only probabilities of occurrences. Consequently^ it is impossible 
to predict with certainty the result of any experiment. 

This conclusion is, liowever, in conii)lete contradiction to tlie 
Taw of Causality, ” as understood in Classical Physics. Accord- 
ing to this law, the behaviour of a sy'stcm is subject to a rigid 
determinism. If the initial conditions of a sy^stem are given, then 
we can calculate the state of the system at any" subsequent time 
and predict it with any desired accuracy". 

W'ith his uncertainty relations, Heisenberg has shown that 
this law of causality in the classical sense, with its consequent 
determinism, is no more valid. It can be said that if we know 
the wave-function p at any time wc can calculate exactly its 
value at a subsequent time from Schrodinger’s equation. It 
would seem therefore that the wave-function p can be accurately 
determined from its initial value. And since every physical 
quantity dex^ends on p, the system may behave, after all, in 
a strictly causal way. 
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A little reflection, however, convinces us that this concep- 
tion of causality is completely empty, and is, therefore, quite 
useless for our purpose. The quantity, which has physical signi- 
ficance, is I 0 1“, so that initially, we can know only the value of 
|0|2. being a complex quantit 3 ^ cannot be completely deter- 
mined from the value of | 0|^. Thus, as Heisenberg has pointed 
out, it may be true that if we know the present exactly, we 
can predict the future,” but it is impossible to know the present 
exactly. Here is the break from classical deterniinism. The 
world processes do take jdace in a strictly causal way, but we 
cannot predict them, because we cannot know the initial condi- 
tions exactly. This indeterministic view prevails among the 
majority of the jdiysici.sts, its chief exponents being Bohr, 
Heisenberg, Born, Kddington^ Dirac and others. They are of the 
opinion that all physical laws are statistical laws, and that 
physics should be based on the calculus of probability. 

There is, howx^ver, an opposite school of thought, led by 
equally eminent physicists like Planck and Einstein, which seeks 
to modify the coneept of causality so that it may still remain 
valid in the new philosophy of vScicnce. I'or this school, the 
question of the law of causality being right or wrong is meaning- 
less. It should rather be judged on the merits of its utilil5^ 
Planck considers the law to be an extremely valuable guiding 
principle of human knowledge. He tries therefore to modify the 
concept of causality so as to reconcile it with the uncertainty 
relations. 

For this purpose, he remaiks that the uncertainty of a 
measurement is due to the fact that the amount of the quantity 
to be measured depends on the nature of the measuring process. 
He finds it, therefore, necessary to include the observer and the 
apparatus in the system wdiieh is being measured. When this 
is done, all laws of nature become again strictly causal. The 
notion of probability arises only when no account is taken of the 
measuring apparatus. 

There is, howxver, a serious objection to this view’. It 
makes the relation of the causal connection between tw^o succes- 
sive events dependent on the human mind. This anthropomorph- 
ism would give quite a provisional and changeable character to 
such a fundamental physical concept as the law of causality. 
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To remove this defect, the determinist introduces ** an ideal 
mind, apprehending everywhere all the physical occurrences in 
their minutest points”. Such an ideal mind would be able to 
predict an event with absolute accuracy. This explains why it is 
actually impossible to predict an event accurately in an individual 
case. ” It is a natural consequence of the circumstance that 
man with his senses, and his measuring instruments is a part of 
nature. ’He is subject to her laws and cannot escape from her, 
while such a^tie does not exist for the ideal mind.'" (Planck.) 

Obviously this leads the discussion into the realm of meta- 
physics, and does not concern us here. The undisputed fact 
remains that in scientific investigations and physical description of 
nature there is no escape for us from Heisenberg’s uncertainty 
relations. 
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REIyATIVlvSTlC QUANTUM MECHANICS. 

11-1 (1). Conservatio 7 i of Electric Charge. 

According to modern ideas, an electric charge is essentially a 
quantity having discrete magnitude, which is determined by 
counting the number of electrons and protons. The total number 
of electrons and protons cannot naturally dex^end on the motion 
of the observers. We must therefore have the electric charge 
invariant for all observers. 

Starting from this assumxitioii of the invariance of electric 
charge, we shall demonstrate that the electro-magnetic field 
equations satisfy the principle of relativity. Thus we should 
have no reason to modify these equations. 


11-1 (2). Density of Electric Charge and Electric Current. 

First we shall find the laws of transformation for density and 
current. For definiteness we assume all electric charges to be 
composed of elementary charges, each of amount e. 

In the neiglibourhood of a specified point P of sj^ace, let 
n («) be the number of these charges per unit volume moving with 

velocity «, as observed by vS. Eet n^ be the number of the same 
charges per unit volume, as observed by Sq who is moving with 
them. Then S sees this latter volume as contracted by a factor 

^ \ in the direction of its motion, and therefore estimates 

the density as — times greater than docs S©, so that we 

V'-y 

find 


n [u) — 

In the frame K of the observer S, the charges under considera- 
tion will contribute an amount en (u) to the charge-density p. 
The number of elementary charges which cross a unit area placed 
perpendicular to the x-^xis per unit time is n (w), so that they 
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contribute an amount eUxti (u) to the a;-corapouent of the current- 

density a. Similarly for the other components. Hence in K, 
we have 

p en (u), a = E e u n (w), (2) 

tt tt 

where the summation is taken over all the velocities u which occur. 

Now consider an observer S' at rest in a frame K' which is 
moving relative to K with a velocity v in the direction of the posi- 
tive A;-axis. Then S' obtains similarly for the charges considered 
in (1) a number-density n* {u') given by 




n' (w') == 


V 


( 5 ) 


1 - 


where n' is the velocity of the cliarges as observed by S'. 

From the equations (3) and (5) of § 1-6 (1), we get the identity : 

_1 ^ y (1 - UxVif') 1 

m '2 / uf 

V 

Therefore on account of (1) and (3) we obtain 


V 


7 = 




(4) 


n' (w') = y (1 — Ujcvlc^) 


Wo 


But from the Lorentz-transformation 

dx' = y {clx ~ vdt), dy' — dy, dz' = dz, di' =y 
we find the law of transformation of velocity : 


Ujc = 


dx' y {dx — V dt) — v 

dt' “ 




Y(dt~ldx) 1 - 
dy 




(5) 

)■ 


-d dx 




[“j' ~dt\ 


u. 


, _d^ __ ££ r _dz'\ 

'' ~~ dt' ~ / ‘UxV\’ ~ diy 


(«) 
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Substituting these in (5), wc obtain : 

(jf') - 7 ( 1 - n iu) = y {u^ -v)n («). 

^ 

Wy' «'(w') = My M (m) , M.' m' (m) = M (m). (7) 

Hence, the charge and current densities in the frame K' are given by 

p' =^2cn' (u')=2cy[l - ''f) n («) , 

= y (p - ^2) ; (S) 

a/ = 2 ei(J n'{u') ^2 cy (m^ - v) n (m) ^ y (a^ — t^p), 

Oy — 2 eUy n' {n') = 2 cUy n (m) = Oy, 

a/ = 2 enJ n' {u') — 2 cii, n (m) = cr*. (9) 

Thus the law of transformation for (a^, Oy, a., p) is the same as the 
Lorentz-transformation for {x, y, z, t). Consequently, the inverse 
transformation would be 

Ojc =Y [oj + J’p). Oy = Oy , <T, = a,', p = y(^p’ + aj ( 10 ) 


11-1 (3). The MaxwelULorentz Field Equations. 

From classical electrodynamics, we know that the Maxwell- 
Lorentz field equations are 




div B ~ />, 

div 11 = 0, 

( 1 ) 




1 m i h-E , u 

curl E = — ^ -rr’ curl H = - ^ + p -• 

C vt 0 ot 0 

(2) 


where K and H are the intensities of the electric and magnetic 

fields, p the density of the electric charge, and u the velocity with 
which it is moving. 

From the equation (2) we obtain, since cr = p m, 
div curl H = ^ (div E) + ^ div a. 


But the divergence of a curl is identically zero, therefore substi 
tuting div E = p from (1) we obtain : 


t)p 


+ djv» . 




( 3 ) 
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This is the equation of continuity which expresses the conserva- 
tion of total electric charge. 

. Further, if we consider the field equations for the case of free 
space with p = 0, then from (2) we get : 


curl curl E ~ curl H = -- 

. c c bt 

But wc know from vector anabasis : 


I- 

jc bt) 


curl curl E = grad div E — E, 

^2 ^2 ^2 

where is the Laplacian operator ^ 

From tlie last two equations we obtain, since div E = p = 0, 




-> 

.o I O Jy r— I 


where □ is the D'Alumbcrtian 




^2 


bx^ by" + 


-0, 

_ 1 

c)2''* C® bP ' 


( 5 ) 


Similarly, for the magnetic field H, we find 

1 bm 


□ H = 


bt^ 


= 0 . 


( 6 ) 


These arc the well-known equations for the jiropagation of Hertzian 
waves in free space, with the velocity c. 

In the general case, we know from electrodynamics that the 

fields E and H can be determined in terms of the scalar potential 

-> 

and the vector potential A, by means of the equations 


-> 

E - 


, , 1 

grad^-- -3^. 


H = curl A. 


(7) 

( 8 ) 

But these equations do not determine the electromagnetic 
potentials A^, Ay, A 2 , ^ uniquely. The potentials are concerned 
in the actual phenomena only through their curl, viz., the electro- 
magnetic force. The curl is unaltered if we repl&ce — A^, by 

A, + <!> by 


A , ^>V . . 


~ A 2 by 


bV 


<i> -f- where V is an arbitrary function of x, y, z, t. To avoid 
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0 . 


( 9 ) 


arbitrariness, an additional condition is imposed on the electro- 
magnetic potentials : 

div A + -^ - ^ 

C bx by bz C bt 

Taking the divergence of both sides in (7) we obtain : 

. . 1 ^ 

div K = — div grad^ ~ c bt 

But we have div grad ^ E ^ p, div A 

_ 1 b^ 
c bt' 

Therefore 


or 


^ r-. J 

v¥ - ^2 = ~porU4> = -p- 

From equation (8) we obtain : 

curl II — curl curl A = grad div A — A, 


V® A, 


( 10 ) 


c U 




Therefore 


-t 1 ^'A a „ t 

=-,<»□ A = 


1 

a. 

C 


( 11 ) 


We shall now transform the equations (10) and (11) to the 
frame K'. In § 1*3 we have shown that the operator □ is an 
invariant, so that we have From the transformation 

equations (10) §11-1 (2), we get therefore 


^ {a/ + Vp'), □' A^ = - 1 a/, □' A, = - i a. 


□ ' A^ = 

U'^ = -y[p' +"^") 


( 12 ) 


Multiplying □' (f) by y ^ and □' A^^ by y, and subtracting 


the first from the second, we obtain 

□ • V ( a . - ’-t) - 


(IS) 



§ 11*1 (3) The Maxwell-Lorentz Field Equatims 


253 


Similarly, multiplying □ ' by y - and □ <^ by y, and subtracting 

c 

the first from the second, we obtain 

n'y{4>-'^) = -p- (14) 

Hence the equation (12) ma 3 ^ be written in the form 

u’l' = - -P, (15) 

provided we set 

A', = y (a. - A/ = A,, A/ ^ A„ <!>' - I A.). (16) 

This again gives the law of transforinatioii for (a^,, Ay, A^, Ihe 

same form as that for {x,y,Zyt). The inverse transformation will 
be therefore 

A;. = y (a, + Ay ^ Ay', A, = A/, .^ = y ^ A/)- (17) 


Substituting these values, we find that the equation (9) is 
transformed to 


div' A' + 


1^' 
c U' 


c)A,' c)A/ M/ 1 5^' _ 0 
Tr'" + T/ + c U’ - 


( 18 ) 


From (15) and (18) we vSee that the field equations hold 
unchanged in form in the system K', when the potentials are 
transformed according to the law (16). 

We now form the quantities F/, H', given by 


F/ = - grad' 9 ^' - i , H' - curl' A'. (19) 

-> -> 

These E' and H' are the quantities recognised by vS' as the electric 
and magnetic intensities, because in his variables [x\ y\ z\ f) 
they satisfy a set of equations in every respect of the same form 

as those satisfied by E and H for S. 

The components of Iv' and H' can be evaluated by using 
(7), (8) and (16), together with the transformation equations for 

^ * ^f'he latter are seen to be 
hx' hy ^z dt 

5 5 hx /c) llc)\5 b b b 

bx' “ bX bx' bt bx' “ ^ \bx bi' ) by ~~ by bz' bz 

b b bx b bt 

~~ hx U’ 5? “ I' W' 
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Then from (19) we obtain : 

= - li - 1 ~c'^ (It + ^ 

-hQt ~ 



hif> 

1 


^ c).r 

C bt 


, hA^ 



hK' 

by'~ 





= V 

^ V cJ-U 

by , 


-y(ih - 

- - Bv 
0 

In 

this way, 

WC 1 


= K 


V th,f> 1 bAy\ 

c \<)y c hi J 


.] 


[ (20) 


as follows : 

E/ = , E/ = y (e, - I II,). E/ -= y (e, H- IT,) ; 

H/ =H„H/ -y (ll, + I E,), H/ =y(lE ~l'^y)- \ 

The inverse Iransf urinal ion is given by 

E. = E.', E, - y (h/ + I H/). % - y (k/ - I H/) ; | 
11, = H,', II, = y (h; - I E/). H, = y (h/ + ^ E,') • | 


11-1 (4). Relativistic Dynamics of a Charged Particle 
in an Electromagnetic Field. 

Suppose that the frame K is so chosen that the A;-axis is 
parallel to the instantaneous velocity v of the charge e. Then 
in the frame K' the charge is instantaneously at rest. We shall 
therefore assume that the usual electrostatic laws hold at that 
instant in K' as far as the particle itself is concerned, so that the 
mechanical force acting upon it is 

1 * ' = eVf. 


(1) 
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In this case it is found that the components of the force F' 
are transformed according to the law : 

. V = F ' F — i F ' F — - F ' 

lx— — 1 s — ^ 1 z . 

Then using (20) §11-1 (3), we find from (1) : 

Vx = F^' - - ^E.^ , 

r, “ H.), 

= .t(k. +'h,). (2) 

Since the velocity u of the particle has components {v, 0, 0) as 
observed by S at the instant, the equations (2) can be written in 
the vector form 


V = e jli + i (u X H)|. 


-> -> 

where « x H denotes the vector product. 


The equations of motion arc given by 


F, so that 


= f {( - grad - I + ^- (« X curl a)}, 


where w# is the rest-mass of the particle. The function T* is 
defined as in (6) § 2 • 4 by 

T* = nio {(1 - i8 = ” • (5) 

Then the itr-coniponent of the equation of motion (4) is 

- - 

dt V bic 




(m X curl A);^ 

^ \^X by J V bz bx ) 


( 6 ) 
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= (* IF + >■ i./ + * FF j - V TF + ^ Fy + * FfJ 

= (a; + y A, + Z A,) - • 

Hence (6) may be written as 

But if we consider the co-ordinates of position and velocities, viz., 
X, y, z, X, y, z, then T* docs not depend on x, y, z explicitly, and 
does not depend on x, y, z, so that 

^y ^z ^x by bz 

Also 

"" L ^ + ■^ A,) = (M- A). 

The equation of motion (7) can tlierefore be written as 

i {s + ' ¥)} - 4 {■‘'' »■ (») 

There are two similar equations for y and z. These are of the 
Lagrangian form with the hagrangian function given by 

L --^T* -I- ^ (k-^. (9) 

The momenta px, py, pz are then 


^ Dh i)T* , e . . 

^ Vx u ^ c 


%+>y ^ 


bz C ^ 


The Hamiltonian function H is then found to be 
H — Px + ypy ^ pz f-/ 


- Jt* -ep +^-{x Ax + y Ky +z A,)J 


.bT , . 3T* , . bT , , 

It was shown in (10) §2-4 that 
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therefore we have 




(«) 


To . obtain the canonical form we require the expression of H 
in terms of py, p^. For this, we see that 


. . e . hT nif,x 

px r- = 


t)x Vi - )8» 


A„ = 


m 




Vi ^ 


Therefore 


so that 


;>■ ^ A _ 

c - Vi - yS* 


* o 






Thus 




From (11) and (12) we obtain therefore 

H + nioc^ - 4 = c {^^(/>^ - I (13) 


If the particle were an electron, we would have to replace e 
by — e throughout this section. We write also E = H + niQC^, 
E being the total energy, then from (13) we get for an electron 

K -t- = c {i: (/>^ + ^ A.,y + Wo“c^}^ (14) 

or squaring, 

Cc + 3 = i + 1 

If there is no external field, we write ^ = Ay = Aj = 0 in 

(13), and get the same Hamiltonian as (11) § 2-4. * 

If the velocity u of the electron can be taken to be very small 
compared to c, as assumed in the classical theory, then the term 
WqV under the root in (13) is very much larger than the rest. 
17 e 
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Therefore, for the classical Hamiltonian H' we get 

H' + jl + [p. - I A,)’)* 

“ {> + ^ *')■}• 

neglecting second and higher powers. Thus 

For the electron, we have therefore 

■■ -■ ^ ''O’- 

11*2. Earlier Attempts at a Relativistic Quantum Theory. 

The quantum mechanics developed so far has taken no 
account of the theory of relativity. This deficiency was supplied 
in i\ui middle of the year 1920 by Schrodinger himself, and later 
by many other workers. Their contribution consisted in general- 
ising the wave-equation to a relativistic form. 

Thus, for a particle of mass w, Cartesian co-ordinates x, y, z 
and corresponding momenta py, pzy moving under a conserva- 
tive field of f<ncc of potential V, we had the classical Hamil- 
tonian 

n 


From this Hamiltonian, wc derived the wave-equation by 
taking the momenta pj^, py, pz, as operators defined by 

27 rf ^y ^ " "lin hz 

so that the wave-equation became 

(H - E) = 0, (3) 

where E is defined as the operator 

K ^ ^ • (4) 

To generalise the equation (3) for the relativity effect, we shall 
assume first that the particle of rest mass is moving in a free 
space, i.e., V = 0. The velocity u of the particle is given by 

= i* + y- i 2 jf write B = the energy E is given by 


VT - jS* 


( 6 ) 
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Further, for the momenta we have 


Px = 
hence 


wto* 


0* h - y. - . 


w + w +w - = '“§1 - - •> 

which, on account of (5) gives 


or 


+P/ +A* = 


Av* + V H- Z’/ + '«o c* - 5 = 0.* 


The relativistic wave-equation would therefore be 

(/>/ + />/ + P/ -I- wto" -A = 0, 

or on substituting from (2) and (4) 

1 \ 

~ hi “ c* 


h- , <)S 47t2 


^jy2 


( 6 ) 

( 7 ) 

(8) 


R 


We write pt = -^ and the wave-equation (7) for a free electron 
can be written as 


{ — pp -f- px^ + />/ + A* + c®) p = 0. (9) 

Now consider an external electromagnetic field of scalar 

potential A^, and vector potential A with components A^, Ay, A,, 
and let the moving particle be an electron of charge — e. Then 

if we write pt — — » the equation (15) of § 11-1 (4) becomes 
c 

— {p! + I A/) + (a + ^ Aj.) + (^Py + - Ay) 

-f (a + “ Aj) -h wio* C- = 0, 

or, on setting 

St =pt +3 A,, = A +l^x, Sy =^Py + I Ay, gz =pz +”A*. 

(10) 

it becomes : 

- A* + A* + A* + A* + »»o* = 0. (11) 

♦ This could be obtained immediately from (IS) §11* 1 (4) by setting 
p = Ax = Ay = A;; = 0, 
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This means that in the case of an external electromagnetic 
field, the ^’s have to be replaced by the g’s. This, if we write 

1-' ^ -g? +Wo*c*, 

the relativistic wave-equation becomes 

bV = ( - + P>y + gz + c®) ./i = 0, (12) 

where ip is a function of x, y, z, i. 


When the relativistic wave-equations (9) and (12) were 
applied to atomic problems, it was found that the. number of 
stationary states olAained from these equations was half the 
number required by experiments. Pauli then pointed out that 
to remove this delicieiicy, one must introduce the idea of the 
spinning electron. According to this hypothesis an electron possess- 


es a spin angular momentum 


1 h 

2 27 


and a magnetic moment 


- -• Pauli and Darwin lilted this hypothesis into the relati- 

vistic wave-equation, and showed that the above-mentioned 
dilTiculty of the wrong number of stationary states disappeared 
if account was taken of the electron-spin. 


Early in 1928 Dirac pointed out that the spin theory was open 
to several objections. At the very outset, it is obvious that the 
idea of a spinning electron is a completely arbitrary assumption. 
In Dirac's own words, it remains incomi^rehensible “ why Nature 
should have chosen this particular model for the electron instead 
of being satisfied with the point charge". Then again, on the 
spinning electron model, we should expect that if the electron is 
moving in a central field of force, the magnitude of its resultant 
orbital angular momentum should be constant. But, it turns 
out that this magnitude is not constant, and the model therefore 
fails in this respect. 


Another, and a very serious, objection to the theory of the 
present section is that the relativistic wave-equations (9) and 

(12) are non-linear in E or The non-relativistic wave-equa- 
tion (3) is lipear in so that if the wave-function ip^ is known 

at time t = 0, its value at any time t is determined in terms of 
ipQ. This property does not hold for the equations (9) and (12) 

on account of their being non-linear in ^ • 
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Finally, it should be remarked that Pauli's spin theory was 
successful only for those electrons whose velocities were not too 
great. 

. A reformulation of the relativistic wave-theory was given by 
Dirac early in 1928. He showed that if the wave-equation is 
set up so as to satisfy the requirements of the principles of 
relativity and quantum mechanics, the existence of the angular 
momentum and magnetic moment of the electron can be deduced 
without any arbitrary assumptions about the spin of the electron. 

11-3. Dirac's Relativistic Theory for a Free Electron. 

Dirac looked for a wave-equation which should be invariant 
under a I/orentz transformation, and should be equivalent to the 
non-relativistic equation (8) §11*2. As pointed out in the last 
section, this equation should be linear in hjU, i.e., in pt, and 
therefore on account of symmetry, it should be linear in px, py, 
pz also. 

Dirac assumed therefore the relativistic wave-equation to be 
of the form 

[pt + CI 3 A j/f = 0 , ( 1 ) 

where aj, aj, ag, 04 are dynamical variables or operators which 
are independent of tlic j')'s, thus commuting with t, .r, y, z. More- 
over, for a particle moving in empty space, all the points in space 
are equivalent, and therefore the Hamiltonian cannot involve 
t, X, y, 2 . The as are therefore indepeudeiit of t, x, y, z, and 
consequently commute with the ^'s. This means that a^, a 2 , as, 
a4 are functions of other dynamical variables and not of the 
co-ordinates and momenta of the electron, and that the wave- 
function 0 is a function also of these other variables besides 
t, X, y, These other variables are the so-called ** spin matrices " 
or spinors," which we shall now investigate. 

Multiplying (1) by the operator { — pt '\-(i\px +^ 2 py +o.zPz 
+ a^m^c) on the left, we get 

( — pt ^Ipx "H ^2py + ^zpz + [pt dipx H" ^2py 4" ^Zpz 

+ a^m^c) j/r = 0, 

or 

{— pt^ + {o.\Px^ + ^2^py^ + ^Zpz^) + Pxpy + («2<^3 + 

ttatta) pypz + (aatti + aia^) p^px + + (aia4 + a4ai) niQCpx 

+ (a2a4 -f- a4a2) fnQCpy+ + a4a3) m^cp^} p = 0. (2) 
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This equation agrees with the equation (9) § 11 *2 if the a's 
satisfy the following relations 


a/** = 1, apa^ =0 (ju, v), 

(/x, y = 1. 2, 3, 4). • (3) 

The problem now reduces to that of finding four dynamical varia- 
bles which satisfy the relations (3). In quantum mechanics, 
these dynamical variables arc matrices. Dirac obtains them with 
the help of six other matrices oi, erg, ag, pi, p^, which are of the 
fourth order, and which are as follows : — 


( 0 1 0 0 \ 

1 0 0 0 1 

0 0 0 I 1 

0 0 1 0 /, 


0^3 


( 1 0 0 

0-10 
0 0 1 

0 0 0 



/>2 - /O 0 - i 

10 0 0 
[tO 0 

\o i 0 




-t 0 0\ 

0 0 0 1 
0 0 J 

0 t 0 / , 

0 1 ov 
0 0 1 ] 

0 0 0 / 

1 0 o/, 

0 0 0\ 

1 0 0 \ 

0-1 0 1 
0 0 - 1 / 


It can be easily verified that the a's and p's satisfy the 
following relations for all r, s, /,= 1, 2, 3 : — 

=1, Or aj +(Ts(Jr = 0, {r s), (4) 

Pr^ - 1, Pr Ps +PsPr=^ 0, (r ^ s). (5) 

Pr(Tt (^) 


The a's are now defined by the following equations* : — 

a3=pia3, a4==p3. (7) 

Obviously, the a's so defined satisfy the relations (3) in virtue of 
the properties (4), (5) and (6). 

The wave-equation (1) now takes the form : 

{/>/ + Pi {<^iPx + (^2py i- (^iPz) + p^niQc) 0=0. (8) 

This is Dirac's wave-equation for a free electron. 


♦ The matrices for the a*s are given in § 11 ‘7. 
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11 • 4. The Electron under an Arbitrary Field. 

Now suppose that the electron is moving in an external 

electromagnetic field of scalar potential A/ and- vector potential 
-> * 

A: We have shown in § 11*2 that in order to get the Hamiltonian 

m e e 

for this case, we must substitute pt + ^ A/ for pt, p^ + - A^, for 

Px» etc., ‘in the Hamiltonian for the case of a free electron. Carrying 
out this substitution, and remembering the definitions of the g’s 
[(10) § 11 • 2], we get from (8) § 11 • 3 : 

{gi + Pi {<^igx + <^2gy + <^agz) + ^ = 0. (1) 

Writing down the values of the operators g^, gy, gz» we 
get Dirac's relativistic wave-equation : 

It + c h C 

( 2 ) 


h h 
2mc dl 


^ + 'c M ■' Gtv4 


For the purpose of this section only, suppose that we take 
a representation of the a's in which all the elements of the 
matrices representing ui, are real, and all the elements of 

the matrix representing a 4 are pure imaginary. This is, for 
instance, possible if in (7) § 11 • 3 we take a 2 == Pz and a 4 = p^a^. 
Then, if we change the sign of i in (3), we see that the complex 
conjugate of (3) also holds, viz., 

{(^C + C ^0 ( “ it 4 + “* ( - iyrily + i^y) 

Now, if we had an electron with a positive charge + e, the 
Equation (4) would become ; 

{(^C It ~ a ^ c ( 2 ^ ^y +3 ^0 


m„c}0=o. 
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This is the same equation as (3). It is obtained from (3) by 
multiplying both sides by — 1. Thus we see that the wave- 
equation (2) refers to a negative electron (with charge — e) as well 
as to a "positive electron" (with charge + i). Half the solution of 
(2) would refer to the negative electron, and half to the positive 
electron. 

On account of the matrices a being of the fourth order, the 
wave-function ^ will have four components, two of which will 
correspond to the negative electron having states • of positive 
energy, and the other two would correspond to the positive electron 
having states of negative energy. At the time when Dirac first 
published his theory, the postive electron, or the " positron ", 
was not known to exist. It is generally recognised that with his 
relativistic electron theory Dirac had predicted the existence of 
these particles. As remarked in § 3 • 4, the existence of the positron 
was experimental! y^demonstrated in 1932 by Carl Anderson. 

Dirac has also proved that his relativistic wave-equations 
(8) § 11-3 and (1) § 11 • 4. are invariant under a Dorentz-trans- 
formation. 

11*5, Existence of the Magnetic Moment of the Electmi, 

To find out how Dirac's wave-equation (1) § 11-4 differs 
from the non-rclativistic wave-equation (10) § 11*2, we multiply 
the former by a factor, just as we did in § 11 -3 to get equation (2) 
from (1). Remembering the definitions of the g*s, vk., 

St + I A/, Sx ^ Px + I gy -=^py + Ay, g. = ^ A., 

(1) 

Dirac's equation is written in the form 

iSt +*Pi {^iSx + (y2Sy + ^zSz) + PzniQc}ijj = 0. (2) 

Multiplying (2) on the left with the factor 

- St +P\ {(SiSx + Ozgy + (^zSz) + p^ntoC, 

we obtain 

{-•St + Pi {f^iSx + <^2Sy + <^zSz) + Pz niQc} {gi + Pi {a^gx + u^gy + 

+ o^g.) -f psW^o^^) 0=0, 

or, on account of (4), (5), (6), § 11-3, 

{-SP + [oiSx + o^igy -f cr3g^)2 +Pi [oigjcgt -gtoigx 

+ <^zgySt —gi^^zgy + cr^g^gt — = 0 , 
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or, since the a’s commute with the g’s : 

{ -- gf + + oigy + aag.-)* + + Pi [ffi (gxgt - gtgf) 

+ {gygt - gtgy) + trj feg/ - ijfr = 0. (3) 

Now 

(('igx + angy + Wag's)* = (wig* W 2 "y + or^g.) ((Tigx + Wagy + Wag,) 
= (wi'^gj:^ + tJi^gy^ + 03%^} + [(wiCT,^;rgy + <^20rigygAr) + 

(waWagygsH- WaWagsgy) + (o'a^'igcgx + WiOTj^^rg^)]. 
But from tlie definitions of the a matrices, it can be easily proved 
that 


(TiCJ^ — — ^ 2 ^ 1 > ^ 2^3 — iCTi — ^ ^■30^2, ^ t,0'2~ — CTj^CTj, 

and as shown in (4) § 11-3 (4) 

0-^2 _ 0-^2 _ ^ 1 

We have therefore 

(Wiga: + Wagy + Wags)* = (g;s* + gy* gs*) + » {wj (gxgy ~ gygx) 

+ Wi {gyg, - g,gy) -I- Wo {g,gx - gxgz)}. (5) 

Now consider 

(g^gy - gyg^r) f = {(a. + I A;r) (/>y + ^ Ay) - 

{py + c + c 'f' 

~ ( 2 ^^ + c^y) { 2^1 bx + c ^■")! ^ 

- iU Sy + L I c ^ Li II + :: ^ ^ 
-{LJ^x - -I ^ Lit ~ 

= & .1- + 2~fc % - LLc L - ^io ^ t 


because of (1) § 11-1. 


he 


iiric 

y bx 



/bx 

by . 



266 


Relativistic Quantum Mechanics 


§11-5 


Similarly we get 


- M,) - 2*4 ( sy - <® “> 

to - to) # - ,4 (t' - h’) " 'L 

I'urthcr, we find 

- g<£’A:) '/' "" {(/’a- -I ^ Aa) ^ 

{p. H-^- A.)} 

"" {(‘iTTiS-'t C (‘iTTJCd/ '*■ C ^0 


( v27ri c)-i^ c 


Mil c ‘''Jiimcil c ''0 

~ (;, * h + £ ^') (at'; it ■•' c ^■')! '/'■ 

m i t:t L L (( - 1 L ^ 


he ^ f. ni' X ^ \ i\ \ 

"" 277-ic c).v c)/’ '*■ irric^ It 2nic 

‘Ittic \ <>.v c i)t 't^nic ^ 


hr. .bp he b 


he . bp 
27!lC ‘ bx ' 


I5a- P. 


because of (1) § 11-1 
Similarly, 

(to - to) * ~ -JHic (tt' ■*• I tt') " is iV'f. c '■) 

(to - to) # - + ! “') 0 - ir^ E. #. (T i.) 

Substituting (5), (C), (7) in (3), we obtain 
{ - g.* + gr* + g*" + g,** + moV + (cr, H, + a,Ky + ajH,) + 

‘^sE,)} «/>= 0 (8) 
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or, substituting the value of the g’s from (1) : 

{pt + {px + ^ + (^Py + 2 + 

{pz -I- I A,y + c* + 1^- + a,TI,) 

+ Pl (viRa- + ffzRy + = 0. (9) 

The Hamiltonian in this equation differs from that in (10) 

h/t 'I h.1* 

§ 11-3 by the terms + ajIL) -f- p, 

+ (XiEy + otjE^). These two terms, divided by 2 wjq, can be 
considered as an increase in the potential energy of the electron 
due to its spin. Thus the additional potential energy is 

i- 

1 He 

+ + cTglVy + cTaBj. (10) 

The electron will therefore behave as though it has a magnetic 
moment with components 

( eh eh e h \ 

\ATrniQC Anm^c Airm^c ' 

and an electric moment with components 

(eh , eh . eh . \ 

\47r;;roC 47rmo^^ ^ 

The magnetic moment has, therefore, just the amount assumed 
in the spinning electron theory, § 11 *2, and which is here derived, 
according to Dirac, as a natural consequence of the relativistic 
wave-equation. 

The electric moment, however, is a pure imaginary quantity, 
and cannot be considered to have any physical meaning. It has 
arisen only after multiplying the real Hamiltonian in (1) § 11-5 
with a factor in order to compare it with the classical Hamiltonian 
in (10) § 11*2. This being rather an artificial operation, we must 
not be surprised if it leads to some terms which have no physical 
meaning. 

11-6. Existence of the Spin Angular Momentum of the Electron, 

We remarked at the end of § 11-2 that the spinning electron 
theory postulated the existence of an intrinsic (spin) angular 
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momentum of the electron of amount — • We have now to 

prove the existence of this spin angular momentum on Dirac's 
theory. Since this angular momentum does not give rise to any 
potential energy, it did not appear in the result of calculations of 
§ 11*5. To demonstrate its existence, we shall consider the 
special case of the motion of an electron in a central field of force, 
and shall determine the angular momentum integrals. 

Take the centre of force as origin, rectangular Cartesian 
co-ordinates x, y, z and corresponding momenta fy, fx is the 
mass of the electron, and V the jpotential energy which is a func- 
tion of 

The classical Hamiltonian, neglecting the relativity effect, is 

H +V +V. ' (1) 

If m is the orbital angular momentum of the electron, we 
proved in § 6*8 (1) that each of niy, m. commutes with any 
function of ^ -f ^^2 p^. The Hamiltonian 

H, as given in (1), being a function of x^ y^+ and px^ +py^ +Pz^» 
we see that each of vix, my, m^, commutes with H. We conclude 
that the orbital angular momentum is a constant of the motion, 
just as in Newtonian dynamics. 

However, if we take account of the relativity effect also, 

it turns out that the orbital angular momentum m alone is not a 
constant of the motion. To get such a constant, we have to add 
another term which comes out to be just the required spin 
angular momentum. 

The force on the electron is given by the potential V (r) 
which can be taken to be the scalar potential A/, the vector poten- 

tial A s (Aj, Aj,, Aj) being zero. Thus 

A, = A, = A, = 0. A, = V (y). (1) 

From Dirac’s wave-equation (1) § 11 -I, we get then 

s 4- f V -H Pi (<Tipx + <r2py + aspi) + psWoc} p = 0. (2) 

E 

To get the Hamiltonian H, we remark that Pt = — » where E is 

c 

the energy parameter. (Since we require only periodic solutions 
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of the wave-equation F0 = 0, pi is no more considered as an 
operator). 

. The equation (2) can therefore be written as 

^ V — Pi + a^py + — PaWocjl 0 0, 

or ' on ijiultiplying throughout by c, 

{E - [ - - cpi {oypx + o.py + cTg/).) - p3^;Zo^“]} -- 0. (3) 

Thus we see that the relativistic Hamiltonian is 


H = — ~ cpi [a^p^^ + ^ipy -1- <^^Pz) — W 

The classical Hamiltonian would have been simply — cY, so 
that the last two terms in (4) are contributed by the relativity- 
effect. 

-> 

We shall prove now that the orbital angular momentum m 
is not a constant of the motion, i.e.y the components nXy, as 
defined in (1) § 6-8 (1) do not commute with H given by (4). 

For 


— llntjc = “ cpi {^iP.x + 0*2/^ + (^3pz) — [^\Px “ 1 - (^zpy 

+ f^3pz)»lx} 

= - cpi {<Ti H- (^2 {m^^py - pyin^) 

+ 0-3 {m^Pz - Pz^x)} 

= cpi {oipz (fapy} =7^ 0. (5) 

JiTT ' 


on account of (5) § 6-8 (1). It can be similarly proved that nty 
and frig do not commute with H. Thus the orbital angular 
momentum is not a constant of the motion. 


We have further from (4) 

^ ~ ^ \ ^iT ^ ~ 

- {oiPx o-zpy + Oip^ ffi} 
= — Pi — <^ 301 ) py + («^20-3 - <^3<yi) a} 

= - ^ Pi l^iO's/'y — 2(CT2 /)j|, 

on account of (4) § 11 • 5. Thus we get 
1 A VT TT f ^ ih 
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From (5) and (6) we find therefore that 

^ ~ ^ + \ 

and similarly, that nty + \^ and ™ ctj commute 

^ £i 'ZtT ^ ^77 

*■ 

with H. Thus if wc define M by the relations 

“h 2 My = ‘ffly “I" ^ Ooy Mjj 1)1^ "I" i>* 2^ ^3t (^) 

we see that M, and not the orbital angular momentum m alone, 
is a constant of the motion. 


This result can be interpreted, to mean that the electron has 
a spin angular momentum with components o^, \ ^ 3 » 

which is just the spin angular momentum postulated in 
the spinning electron theory of § 11*2. 


11-7. The Theory of the Hydrogen Atom) Fine Structure of 

Spectral Lines. 

As a particular example of Dirac's theory, we shall solve the 
problem of the hydrogen-atom, obtaining the fine structure of the 
lines observed in instruments of high resolving power. Sommer- 
fekVs treatment of this problem on Bohr's theory has been de- 
scribed in § 5-7. Dirac solved the problem as an example of his 
theory, but immediately afterwards C. G. Darwin gave a solution 
which is simpler, and which is followed here. 

For the hydrogen atom the electron is under the central 
field from the nucleus only, there being no magnetic field. Thus, 
if r is the distance of the electron from the nucleus : 

A, = V = t A^ = Ay = A, = 0. (1) 

Dirac’s equation (1) § 11-4 therefore becomes on account of (7) 
§ 11-3 : 

|(/’o + + ^xPx + + “s/** + a4>»oc| ^ = 0. (2) 
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From the definition of the a's given in (7) § 11 ‘3, and the 
matrices for the a's and p's, we get 

CLi^ = Pi<Ti = /O 0 0 1\ == Pi« 72 = yO 0 0 

I 0 0 I 0 \ 10 0 i 0 \ 

loiooi lo-io 0/ 

\l 0 0 0/ , \t 0 0 0/ , 


0 0 1 

0 0 0 

1 0 0 

0-10 




0 0 

0 0 

1 0 

0 - 1 


According to these 4-rowed matrices, there are four wave- 
functions i/ji, which can be written in a column 


Since the field is central and we want periodic solutions, wc 
write for pi, the momentum conjugate to the energy E, its value 

—I and for px Ibe operator ^ > etc. 

Thus corresponding to the four rows of the matrices (3), we 
get from ( 2 ) the following four equations for the four wave- 
functions : 


'/'4 =0. 

i/ti = 0, 


Equations (5) show that the two functions (^i, form one 
set of solutions, and the other two functions (^ 3 , form another 
set. 



a-: 

”4’ 

eV 

+ 

> 

i , 





-*-1 


c 


mQC^ 

)<pi 

^ 1 

{bx 

— i 

^y) 

^iri 1 


+ 

aY 


\ 

1 ^2 

+ ( 

( ^ 

+ i 

d \ 

TT ' 

l- 

c 


ntQCj 


i>yJ 

i 



eV 


\ 


+ ( 

(b 


b \ 

~h\ 

< 

c 



WqC j 

1 '/'s 

Kbx 

— i 

by) 

27ri / 

<E 

+ 

eV 



1 

+ 1 

fb 

+ i 

a \ 

T' 

< 

c 



nioc] 

[bx 

by) 
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As the problem is that of a radial force, we must transform 
to polar co-ordinates (y, 0, <^) given by 

X = r sin 6 cos (f), y ==r sin 6 sin6, z cos 0. (6) 

Moreover , since the potential V is a function of f only , being 
independent of 9 and the solutions of (5), i.e., the four wave- 
functions must involve the spherical harmonics Sf : 

(0) (7) 

where Pp are the associated I^egendre functions given by 

= {k - Vt) 1 sin- e • (8) 

k being any positive integer, and m being any integer between 
— k and + k inclusive. 

Now if F (r) is any function of r only, then substituting the 
values of x, y, z, from (6) it is easily calculated that 

{(S -r +^-- 

*-T£x 


. rfr 


+ * +--- F 
r 


) S^r5}> 


^FWS? = 2^1 


(9) 


{(S - ) +(/^+-)(^-»-) {2 + --f' I’O 

Thus considering (5) and (9), we find that if we want each 
one of the ^’s to involve a single spherical harmonic only, we must 
write for a trial solution : 

tfii — *®i/(^) ^» + i> fAi “ + 1 1 /-.rtv 

^>3 = «3 8{y) 'A* ^ Sif) S” ^ ^ 

The same radial function f{r) has to be taken for the two wave- 
functions ifii and ipioi the first set, and similarly, the same function 
g(r) has to be taken for tfi^ and tfi^. Moreover, — i is introduced in 
and 02 to make / real. The constants Sj, a*, Aj, a^ are introduced 
so that all the four equations (6) may be satisfied. Thus substi- 
tuting (10) in (5), and taking account of the relations (9), we obtain 
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27r /E + eV , ^ r o, 


m I y 

* + ^ ^ 2A! + 1 


(* - *) sr,i + (4+M+1H4+™) (* + Sf-, j 

®‘*‘' + a+T 

{(I “ * -(*-»>(« ---I) (g + e) s?*.-} 

” i/in {(* - v) S‘J i' + (* + « + 1)(* - » - 1) X 

(f + «) *!■-■■} = 0 


«i fAV _ h -^1 
2A + 3 r ■‘ 


- «.«)„.« s; - X 

{-(f- ■') ■ +<* +"' ^ +"* +'> (*+^/)5t} 

- 2/+3K* f'/)s.-.. + (‘+-»+I)(4-.»+l) 

X (,f + '~^f) = »■ 

“•ssr" - a-+3 {(f - 

- (4 - »« + 1) (* - »il (^£ + --^/) Sf * *} 

+ a-+-3 0 - ®'”‘ + (*+“ + *) (*-”•) 

=0. 


I ::‘2_ If "V 

2k + 3 (Wt' 


So far the four constants aj, etc. have been quite arbitrary. 
Now we choose them so that the four equations (11) and (12) 
become as simple as possible, This will be the case if out of the 
18 F 
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two spherical harmonics in each equation one disappears, and the 
remaining equations are consistent. 

The two equations (11) show that if we choose 

a^{k m + \) ■\- a 3 {k — m) = 0, ^13) 

then the term in Sy_ri from the first equation, and that in 
from the second equation will disappear. 

Similarly, the two equations (12) show that if we choose 

Ui = (14) 


then the term in 8?+ 2 from the first equation, and that in 8?+ 2 ^ 
from the second equation will disappear. 

The relations (13) and (14) will be satisfied if we write defi- 
nitely : 

ai = ], ^2 = 1, as—k+m + l, Ui^—k+tn, (15) 
because the ratio : a^ can be incorporated in f'.g. 


Substituting (15) in (11) and (12), and equating the coefficient 
of the remaining spherical harmonic to zero, we find that the two 
equations (11) reduce to the same equation 


277 /E + gV 
AA c“ 




(16) 


and the two equations (12) reduce to the same equation 


277 /E 4- eV 
h \ c 


m^c 




df k 
dr ^ 


Y 


(17) 


(16) and (17) form a system of two ordinary linear differential 
equations for the determination of the two unknown functions 
/ and g. 

Writing the value of V = ^. and setting for brevity : 


, 277 /E , \ 1.0 277 / E , \ 277 «* 

" = 7r(c + * = t (“ 7 + “ = ta ' 

where a is Sommerfeld’s fine structure constant (21) § 5-7, the 
two equations (16) and (17) become : 




( 19 ) 
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We transform the dependent variables /, g to g' by writing 

f ^.e-'Krf g =g.\r (20) 

where A is a constant whose value is to be determined. 

•Substituting (20) in (19), and dividing out by we get : 




(21) 


We now try for a solution of (21) in which /' and g' are in the 
form of the series. 


f = ^ -r + • • •, . (22) 

g' =bor<^ + •••, 


where the constant /3, whose value is to be determined, need not 
be an integer. We have taken series of decreasing powers for 
/' and g', because these functions have to be finite at r = 0. 


Substituting (22) in (21), we obtain : 

{aor^ -I- 1 + airP “ ^ + • • • } + 

a {OqT^ " ^ “* + •••} + 

+bAP- l)rP-‘ + •••}- 
A{M +M-' +b^rP-^ + ...} - 
k{b^rP-^ +b{rP-^ +b^rP-^ + •••} = 0 , 


{aoM-^+^iW - lyP-^+a, (^-2)rP-» + •••}- 

A {a^rP + Uii-P - * + a^rP -* + •••} + 

{k + 2 ) {uotP - ‘ + a^rP - * + •••} + 

b’‘ {b^rP + bifP ~ ^ + b2rP “ * + • • •} — 

a{borP-^ +birP-^ + + ...} = 0 . ( 23 ) 

We equate the coefficients of successive powers of r in the 
two equations (23) to zero, and obtain the values of A, )9, : bg, 

«i : bi, «2 • ^ 2 < ®tc. Thus, equating the coefficients of rP to zero, we 
get 

«*ao — Aij = 0, b^bg — A«o = 0, 


from which we find 


«*«o _ ^**0 ,• „ 

— = 9 Z.P, 

bg a 


— = ? and A = ab. 
flp 0 


( 24 ) 
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We have selected the positive sign for A, because the functions 
/ and g have to remain finite at y == oo. 

Next, equating the coefficients of in (23), we get : 

— Xbi + (j8 — A) 6o = 
b^bi — apQ — Xui + (^ + i -f* 2) Uq = 0, 

Substituting the values of — and A from (24), and eliminating 

Uq 

both «!, bi from these two equations, we find 

ci^ — b^ 

(25) 

Finally, equating the coefficient of r^-F + i)in (23), we obtain: 

1 + aa, - 1 + ^ - s)b, = 0, 

b^b^ + 1 — o-bf — Xuf + j + (^ + A + 2 — s) a, == 0. (26) 

Writing the value of A = ab, transposing, and multiplying 
the first equation by b and the second by — a, we get : 

a“6aj+ 1 — ab^s + i = — — b — k — s) b^, 

a^ha^ 11 — a&* + 1 = a ()3 + A +2 — s) a^ — aabf. 

Equating the two right-hand sides, and transposing, we obtain 

a aj. -f A -|- 2 — s -f- a -)- A Aj. — A — s — ® == 0. 

giving 

l^+A-f 2-s-fa^} ' ^ 

where is a new constant to be determined. Then for all s > 1 : 

a, = c, - |a ^ ^ -f- A -f- s)J I 

r b ) (27) 

ix = C, {a - + ^ -f A -f- 2 - sj. 

Substituting these values in any one of the two equations 
(26), we find the recurrence formula for : 

ab (2s -p 2) + i = - c, {(s - i3 - 1)» - (;* - «*)}, (28) 

where we have written 


;■ = A -f- 1. 


(29) 
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If we write also 

y2 == jl _ Cl*. (30) 

and so y = Vj* — a*, supposed positive, we have from (28) : 

*2a 6 (s -f" 1) +1 = (^ + 1 — s ~ y) (^ + 1 — s + y). (31) 

We can find Cj direct from the value of Ui or 6i, and then we can 
determine c^, Cq, etc. successively from (31). This gives 

+ 'I 

(^ + y + 1) (^ + y) • • • (^ + y — s 4- 2)| • (32) 

The functions /', g' are therefore of the type : 

/' =2:c,Ual-^+k+s)r^-\ 

• ^ ^ (33) 

g'=Ec, +i3 +* +2-sjrP-'.. 

As remrakcd above, the boundary condition requires that 
these functions should remain finite for r = 0. The series there- 
fore should terminate at a value of .9, such that /3 — s > 0 (other- 
wise wc would have a negative power of r). 


Supposing that the series terminates at s = n, where n is 
a positive integer or zero, then should be zero. On account 
of (31), this would be the case only when the factor 

jS+l— y= 0 , or p =y + n — I, ( 34 ) 


The two equations (25) an (34) give us the eigen-values of 
the energy parameter. Thus 

^ + 1 =y + « = « — 

E 

on substituting the values of a, b from (18). .Solving this for E, 
we find 




{- 


= < 1 + 


[i+ 


(36) 


This is the same formula as that given by Sommerfeld in 
(21 a) and (21^6) § 5*7, if we remember that W = — E, and that 
for Hi and M2 of § 5*7 we have now written n and j respectively. 
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It is of course pOvSsible to get the selection rules on the new 
theory also, but we shall not go into the details of this question 
here. They are the same as the rules (30 a) § 5 • 7 given by the 
old quantum theory. 


11 • 8. The Atom Under an External Magnetic Field, 

The Normal Zeeman Effect. 

In 1896 P. Zeeman discovered experimentally that in an 
external magnetic field of intensity H, a hydrogen line is split up 
into three components when viewed at right angles to the field, 
and two components when viewed along the field. If the 
frequency of the original line is vq, then the frequencies of the 
two displaced components are I'o + ^'o — Ai^, where 


A 

A — 7 - • 

AnmQC 


0 ) 


Immediately after Zeeman’s discovery, and long before the 
advent of the quantum theory, H. A. Lorenz was able to 
account for this Zeeman effect by his classical electron theory. 
This is not surprising if we remark that the constant h, which is 
characteristic of the quantum theory, docs not enter into the dis- 
placed frequencies (1). Bohr’s quantum theory was equally success- 
ful in giving a solution of the problem. In 1916 Sommerfcld and 
Debye solved it by the method of the Hamilton- Jacobi equation 
effecting a separation of variables. A little later, Bohr gave 
a simpler theory with the help of the following theorem due to 
J. J. Larmor. 

Larmor*s Theorem . — The effect of a uniform magnetic field 
H on the motion of an electron under central forces (and some 
other forces also) is the same, to a first approximation, as if 
the magnetic field were absent and the whole system had a uniform 
rotation about an axis parallel to the direction of the field with 
the angular velocity 0 given by 

^ 2woC ’ 


Take the ; 2 :-axis parallel to the direction of the field H. The 
components of 'the mechanical force on the electron at the points 
X, y, z due to the field are 
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I/Ct the components of the other force be X, Y, Z. The 
equations of motion are 

m^x = ^ + X, = — ^ HAr + Y, — Z. 

^ c 

Writing A = . and transposing, we get 

• * 

Mto (x - Xy) = X, mo {y + A*) = Y, ntoZ = Z. (a) 

Now suppose that the electron is free from the action of the 
magnetic field, but let the system rotate round the 2 -axis with 
a uniform angular velocity ip, then the velocities of the electron 
are given by 

u —X —y<p, V =y + xtji, w — z, 
and the accelerations are given hy U — v^, i) + utji, ie, i.e., by 
x — ‘tyip — y -f 2x>l> — yip^, z. 

The equations of motion then become 

mo {x — 2ytlt — x<jP) = X, {y -f 2x>p — ytji^) = Y, nioZ = Z. 

Suppose we take ^ ^ then since c, the velocity of 

light, is very large, tp is very small, and we can neglect 0*. The 
equations of motion then become 

mo {x - 2y<p) = X, mo (y -I- 2xp) = Y, m „2 = Z. (6) 

Since 2^ = A, we see that the equations {a) are identical with 
the equations (6), and therefore lyarmor’s theorem is established. 

The frequency cdl of this " I^armor Precession ” is then given 
by 

^ 1 _eH ^ eR 
2ir 2moC iTTntoC 

This additional frequency introduces a new quantum number 
m in the expression for the energy which explains the splitting up 
of the spectral lines. 

We shall now give a detailed solution of the problem on the 
new mechanics, following the treatment given by Dirac. 

We take a uniform magnetic field of intensity H, acting in 
the direction of the 2-axis, so that 

R-x ~ = H, = 0, Ej, = 0, E, = 0. (3) 
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Consequently, the scalar and vector potentials are 


A, = V = , A;t = — ^ Hy, Aj, = + ^ H*, A* 


0. (4) 


In equation (9) § 11 • 6 we showed that the effect of the 
spin of the electron moving under an external electromagnetic 
field is to increase the potential energy by 

1 he. . « . u \ f e 

ta. a i +■’>«,+ + 5^^ 5^ - 

Pi (VlE;t + + a,E,), 

which, in the present case, becomes, on account of (3) ; 

^ - o-sH. (5) 

‘iWj 2it c ® 

Since the effect of the relativistic variation of the mass of 
the electron with its velocity is much smaller compared to the 
effect of the external magnetic field, we shall neglect the relativity 
effect, and take the classical Hamiltonian (17) of § 10 • 1 (4), 

v2 / . \2 / e 




+ -^{Py^ I A 


0 


Adding the potential energy given by (5), and substituting 
the values from (4), we have for the Hamiltonian of the problem : 




^2 , ehVL 

— “ — (7a. 

r 47tWoC 


( 6 ) 


If the magnetic field is not loo large, the terms involving H* 
can be neglected, and (C) reduces to 


H 


eH 


«H h 


' ~ 2wo r + 2WoC 2m,c 27r“®- 

( 7 ) 

From (1) §6*8 (1) we know that the coinpoiicnt of the 
orbital angular momentum is = xpy — yp^^. The Hamiltonian 
(7) can therefore be wirtten : 




( 8 ) 


The Hamiltonian of the hydrogen atom for no external field 
1 

is simply;^ — {p^ ■” so that the extra terms due 
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to the magnetic field are {^z + ^ <^3^ ■ Now in equations 

(7) and (8) of § 6 • 8 (1) it has been proved that each component 
of the orbital angular momentum, and therefore m^, commutes 
with r and with 4- py^ + pa- o», being a diagonal matrix, 
conimutcs, of course, with every matrix. The additional terms 
eH /• h \ 

77 commute, therefore, with the total Hamilto- 

2mQC \ 27r 

nian (8), and are thus constants of the motion, as shown in 
Chapter VI. Writing 

'Ro==-.^JP/+Py^+Pz^)-'^< (9) 

and 

the Hamiltonian (8) can be written 

H' +Hi, (11) 

where Hq is the Hamiltonian for no external field, and Hi is the 
additional term due to the field. As shown above, Hj commutes 
with H', and is a constant of the motion. Therefore, the eigem 
functions for the Hamiltonian H' will be those cigen-functions of 
Ho which are also eigen-functions of Hi, since 

HV +Hif (12) 

Moreover, if E, Eq, Ei are the eigen-values corresponding 
H', Ho, Hi respectively, then from (11) we have 

E = Eo + El, (13) 

showing that the presence of the magnetic field causes the 
stationary states to differ only in the vajue of the energy, and 
not in the form of the eigen-functions. This is the wave-meehanical 
analogue of Earmor's theorem. 


Now the eigen-values of the orbital angular momentum ntg 
arc given by the rule that the angular momentum is an integral 

multiple w of ^ : 

(m integer). (14) 


From the matrix for <73, its eigen-values arc easily found to be 
<73'= ± 1, because the eigen-values of a diagonal matrix are the 
terms in the leading diagonal. 
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Thus we find from (10) ; 


El 


gH / ^ 

2»*oC V 27r 



(16) 


The selection rules for w* now require that only those transi- 
tions are possible in which the magnetic quantum number m 
changes to w -f- Am such that ” ■ 


Am = -1. 0, -f 1. ■ (16) 

Since a, commutes with every matrix, and also with the electric 
displacement, it will not change at all. We have therefore the 
result that in a transition F,i changes to Ei + AEi, where 

cH h 


AEi = 


2maC 2Tr 


Am. 


(17) 


I'D 


Considering the Zeeman effect for a particular hydrogen line 

E 

= we see on account of (13) and (17) that it is split up 


into the components j»o 4 A given by 


Av 


h irrtitoC 


Am, 


(18) 


where Am has the three values (16). These displacements (18) 
are in agreement with experiments. 
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